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ABSTRACT

Arjun K. Gupta, Advisor

The classical work horse in finance and insurance for modeling asset returns is the Gaus-
sian model. However, when modeling complex random phenomena, more flexible distribu-
tions are needed which are beyond the normal distribution. This is because most of the
financial and economic data are skewed and have “fat tails” due to the presence of outliers.
Hence symmetric distributions like normal or others may not be good choices while modeling
these kinds of data. Flexible distributions like skew normal distribution allow robust model-
ing of high-dimensional multimodal and asymmetric data. In this dissertation, we consider
a very flexible financial model to construct robust comonotonic lower convex order bounds
in approximating the distribution of the sums of dependent log skew normal random vari-
ables. The dependence structure of these random variables is based on a recently developed
multivariate skew normal distribution, called unified skew normal distribution. In order to
accommodate the distribution to the model so considered, we first study inherent properties
of this class of skew normal distribution. These properties along with the convex order and
comonotonicity of random variables are then used to approximate the distribution function
of terminal wealth. By calculating lower bounds in the convex order sense, we consider
approximations that reduce the multivariate randomness to univariate randomness. The
approximations are used to calculate the risk measure related to the distribution of terminal
wealth. The accurateness of the approximation is investigated numerically. Results obtained
from our methods are competitive with a more time consuming method called, Monte Carlo
method. The dissertation also includes the study of quadratic forms and their distributions
in the unified skew normal setting. Regarding the inferential issue of the distribution, we
propose an estimation procedure based on the weighted moments approach. Results of our

simulations provide an indication of the accuracy of the proposed method.
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CHAPTER 1

INTRODUCTION

1.1 Notations

In this dissertation, matrices will be denoted by capital letters and vectors by small bold
letters. Unless otherwise stated all the vectors are column vectors. The following notation
is used throughout the dissertation:

¢ : d-dimensional real space

Agym : d X m-dimensional matrix A

(A)ij @ (i,7) element of the matrix A

(A); : ith row of the matrix A

(A), @ jth column of the matrix A

AT : transpose of the matrix A

|A| or det(A) : determinant of the square matrix A

A~ : inverse of the matrix A when |A| # 0

tr(A) : trace of a square matrix A

1, : d-dimensional identity matrix

1, : d-dimensional column vector of ones

0, : d-dimensional column vector of zeros



Ogxm : d X m-dimensional matrix of zeros

Ny(p, Y) : d-dimensional normal density with mean p and variance covariance matrix %

ba(y — ;X)) (or ¢q(y; p, X) @ density of a Ny(u,3) random variable evaluated at y
¢a(y) : density of a N4(0, I;) random variable evaluated at y

Q4(y — p; X) (or @y4(y; p, X) : distribution of a Ny(p,>) random variable evaluated at y

®4(y) : distribution of a Ny(0, I;) random variable evaluated at y

d(y — pu;0?)(or ¢(y; p,0?) : density of a N(u,0?) random variable evaluated at y

i

(y — p; 0%)(or ¢(y; p, 0?) : distribution of a N(u,o?) random variable evaluated at y
®(y) : density of a N(0,1) random variable evaluated at y

®(y) : distribution of a N(0,1) random variable evaluated at y

pdf : Probability density function

cdf : Cumulative distribution function

m.g.f : Moment generating function

jmgf : Joint moment generating function

1.2 Preleminaries

1.2.1 Vectors, Matrices and their Properties

A d-dimensional real vector a is an ordered array of real numbers a;,7 = 1,2,...,d,
organized in a single column, written as a = (a;).

A real matriz A of dimension d X m is an ordered rectangular array of real numbers a;;
arranged in rows ¢ = 1,2, ...,d and columns j = 1,2, ...,m, written as A = (a;;).

For two d x m matrices A and B, the addition and subtraction are defined as A+ B =
(a;j £ bij). Product of two matrices A of dimension d x m and B of dimension m x n is
defined as AB = (c;;) where ¢ij = S0 aqb;.

A matrix A is called square matrix of order d if the number of columns and rows of A

are equal to d.
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The transpose of a matrix A is obtained by interchanging the rows and columns of A and
represented by AT. When A = AT, we say A is symmetric. A d x d symmetric matrix A for
which a;; = 0,4 # j for 4,5 = 1,2, ...,d is called diagonal matrix of order d, and represented
by A = diag(ai1, ass, ..., aqq); in this case if a; = 1 for all i, then we denote this by I; and
call it identity matrix.

A square matrix A of order d is called a lower triangular matrix if a;; = 0,7 < 7 and upper
triangular if a;; = 0,7 > j. A square matrix A of order d is called a lower unit triangular
matrix if a;; = 1,7 < j and upper unit triangular if a;; = 1,1 > j

A symmetric matrix A of order d is positive definite if a’ Aa > 0 for all nonzero vectors
a. A symmetric matrix A of order d is positive semi-definite if a’ Aa > 0 for all nonzero
vectors a.

Let A be a d x d matrix. Then the roots of the equation det(A — Al;) = 0 are called
charateristic roots or eigenvalues of the matrix A. The determinant of a square matrix A
is defined as the product of eigenvalues of the matrix. If det(A) # 0, then A is called non-
singular matrix and there exists a unique matrix B such that AB = BA = I, or B = A™1,
B is called the inverse of A. The trace of a square matrix A of order d is defined as the sum
of its eigenvalues and written as tr(A).

The number of nonzero eigenvalues of a square matrix is the rank of A and written as
rank(A). If the rank of a d X m matrix is rank(A)= min(d, m) then A is called a full rank
matrix.

Let A = (a;;) be a d x m matrix. Then a 2 x 2 partition of A is defined as

A A k
Ay Ag d—k



where Aqq, A1a, Agr and Agy are

and

A22:(aij)7i:]€+1,27...,d,j:T+1,27...,m

The Kronecker product for any two matrices A,,x, = (a;j) and B,y, = (b;;) denoted by

A ® B results an mp X ng matrix defined by

CL11B CL12B Ce alnB
A®B=|ayB anB...anB | = (a;B)

‘a1 B amaB ... B

For the properties of the Kronecker matrix product we refer to Gupta and Nagar (2000).
The direct sum operator of two matrices A,,x, = (a;;) and Byx, = (b;;) denoted by A® B

results an (m + p) X (n + ¢) matrix defined by

A O

That is matrix direct sum operator gives a block diagonal matrix.
Note: It is easy to see that & ;A = I, ® A. For other properties of matrix direct sum

operator we refer to Horn and Johnson (1991).



1.2.2 Multivariate Random Variable and Its Distribution

A multivariate random variable is represented by a d dimensional column vector y where
d random variables ¥1,¥s, ... yq are observed on a sampling unit. In the univariate case,
the distribution of a random variable y can be characterized by its cumulative distribution
function (cdf) Fy(.), which is defined as Fy(y) = P(Y < y). We say that the random
variable y with the cdf Fy(.) has the probability density function (pdf) f(y) if dF(y) = f(y).
Similarly, the distribution of a random variable y in R? can be characterized by its joint
cumulative distribution function (jedf) Fy(.). For ¢ in R¢, it is defined as Fy(c) = P(y; <
c1,Y2 < c2,...,ya < ¢q). We say that the random variable y with jedf Fy(.) has joint
probability density function (pdf) f(y) if dF(y) = f(y). The joint moment generating
function (jmgf) of the random variable y is defined as M, (t) = E(exp(t’y)), if it exists for
all ¢ in some neighborhood of 0 in R?. To say that a random vector has a certain distribution
the notation y ~ F(y),y ~ f(y) or y ~ My(t) is equivalently used. If the joint distribution
of d random variables ¥, ..., ys is known, then the marginal distribution of any subset k of
the d random variables 1, ..., 74 can be derived from this joint distribution by integrating
over all possible values of the other d — k variables. Similarly the conditional distribution can
be derived. Suppose that the random vector y = (y1, ...,44)" is divided into two subvectors
x and z, where x is a k-dimensional random vector comprising k of the d random variables
in y, and z is an (d — k)-dimensional random vector comprising the other d — k random
variables. Suppose also that the pdf of y is f; and that the marginal pdf of z is f5. Then
for every given point z = £ € R4* such that f»(£) > 0, the conditional k-dimensional pdf

g1 of ® when z = £ is defined as:




1.3 Literature Review, Problem and Organization

In recent years, there has been considerable interest in the construction of the general
class of skewed distributions which include the standard symmetric distributions such as the
normal, t, logistic and Cauchy distributions. The key is to introduce additional parameters
or parametric functions in the distributional form that accounts for the skewness of the
distribution. The first of this kind of model was studied by Roberts (1966). The idea
became institutionalized when Azzalini (1985) defined a class of distributions (which he
referred to as skew normal (SN)) by introducing an additional skewness parameter that
included the normal distribution as a special case. The name suggests that this distribution,
unlike the normal distribution, is asymmetric in general and allows both positively and
negatively skewed distributions. Subsequently, Azzalini and Dalla Valle (1996) came up
with the multivariate version of the skew-normal distribution. A statistical application of
the multivariate skew-normal distribution was considered by Azzalini and Capitanio (1999).
This paper popularized the application of such distributions and led the way for others to
define similar families of distributions based on other symmetric distributions.

Because of the popularity several other versions of the multivariate skew normal model
are proposed, for example, Sahu et al (2003), Liseo and Loperfido (2003), Gupta, Gonzalez-
Farias, Dominguez-Molina (2004), Gonzalez-Farias, Dominguez-Molina, and Gupta (2004),
Arellano-Valle and Genton (2005), to name a few among many. Arellano-valle and Azzalini
(2006) developed a skew normal model which includes or is at least equivalent to the earlier
versions of the skew normal models. They called it unified skew normal model with the
acronym SUN. The purpose of this dissertation is to study the properties and inferential
issues related to SUN model which is motivated by the realization of the importance of
this model. The unique feature of this study is that the methodologies and tools that are
developed for SUN model, remain true for all the earlier versions of skew normal models.

The rest of the dissertation is organized as follows. In chapter 2, an overview of skew

normal distribution is provided and properties of unified multivariate skew normal random
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vector are discussed that will be used in later chapters. In particular, it is shown that SUN

density is closed under:
e linear transformations of full column (or row) rank
e marginalization

conditional distribution

joint distributions of independent SUN random variables, and

sums of independent SUN random variables

Chapter 3 is devoted to study the quadratic forms under the unified skew normal setting.
Quadratic forms and their distributions are important for statistical inference. They have

their applications in economics and time series as well. The study in this chapter includes:
e Distribution of quadratic forms
e Expected value of quadratic forms and their functions

e Independence of quadratic forms, and independence between a linear form and a

quadratic form

In chapter 4, an estimation technique, called method of weighted moments (MOWM) is
developed to estimate parameters of a SUN model. It paved the way to apply the model
to real data. In chapter 5, two applications of the SUN density are presented in context
of finance and actuarial science. In general, the sum of log-normal and log-skew normal
distribution does not have an exact distribution or follow the parent distribution. In this
chapter, the concept of convex order of random variables is used to construct a lower bound
in order to approximate the sum of dependent log unified skew normal random variables.
The derived bounds are then used to approximate the distribution of terminal wealth and
calculate the portfolio risk, called value at risk (VaR). Performance of the derived bounds is

also compared with time consuming Monte Carlo method.



CHAPTER 2

PROPERTIES OF UNIFIED SKEW
NORMAL RANDOM VECTOR

2.1 Introduction

Unified skew normal (SUN) density has many interesting and appealing properties and
it also preserves some important properties of the multivariate normal distribution. In this
chapter, we explore some of these properties. We start with a brief background description
of the multivariate normal distribution, and univariate and multivariate skew normal dis-
tributions. We then describe the basic properties of the unified skew normal distribution,
starting with the moment generating function that allows us to establish other important
properties of interest. We show that similar to the multivariate normal distribution, the
unified skew normal distribution is also closed under linear transformations, marginalization
and conditioning. To be more precise, we show that for a random vector with a the uni-
fied skew normal distribution all row (column) full rank linear transformations are in the
same family of distributions, marginal and conditional distribution of unified skew normal
distribution belong to the same family, the joint distribution and sum of independent unified

skew normal random vectors is again unified skew normal distributed random vector. Since
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the unified skew normal density includes most of the skew normal models developed earlier,

these properties remain true for all those skew normal models.

2.2 Multivariate Normal Distribution (MND)

Definition 2.2.1. A d-dimensional random vector y is said to have a d-dimensional normal
distribution with parameters p € R and d x d positive definite covariance matriz ¥ if the
density is given by

1 1 Ty—1

) = o ¢

y
(2m)d/2 =12 ' (2.1)
We say that y is distributed as Ny(p, ), and write y ~ Ng(p, X).

Some Properties of Multivariate Normal Distribution
Some of the important properties of the multivariate normal distribution are stated here

without proof. The proofs could be found from any multivariate book.

e The m.g.f of (2.1) is given by

1
My(t) = exp(p’t + étTZt),

where t € R¢.

e The parameters of Ny(u, ) have the direct interpretation as the mean vector and the

variance covariance matrix of y that is E(y) = p and E(y — p)(y — p)? = X.

o If y ~ Ny(u,X), then z = £7Y2(y — ) has the distribution Ny(0, I;). The m.g.f in
this case becomes E(et' #) = exp(—3t"t) and x = 27z has chi-square distribution with

d degrees of freedom and is denoted by x2.

o If y ~ Ny(p1, %), then (y — )" X7 (y — p) ~ x5

e The family of the normal distributions is closed under the linear transformations,

marginalization and conditioning.
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e Let the d x 1 random vector y ~ Ny(p,X), @ be a d x 1 vector of constants and A be

any n x d matrix of constants with rank of A is n < d. Then

(i) z=a’y ~ N(a"u,a’>a).

(ii) 2= Ay ~ N, (Ap, AZAT).

e If y and « are multivariate normal random vectors with X,, # 0, then the conditional

distribution of y|x is multivariate normal with the mean vector

E(y|z) = Hy + EymZ;é(az - Ua),

and the covariance matrix

Cov(y|z) = Xyy — LyaYpnSay-

2.3 Skew Normal Distributions

The normal distribution is the most popular distribution because of its many appealing
properties. Two main reasons for its popularity are: first, the effect of the central limit
theorem, in most cases the distribution observations is at least approximately normal; sec-
ond, normal distribution and its sampling distribution are easily tractable. However, the
same family of distribution is not used frequently in modeling financial and insurance data
because they do not behave in the normal sense. Most of the economic and finance data
usually have outliers that produce “fat tail” distributions and in this case normal distribu-
tion is not a good model to use. Researchers have been looking for an alternative model
than the normal to cope with the skewness property of the distribution of these kinds of
data. The first of this kind of the models was originated from a paper by Roberts (1966).
Azzalini (1985) named this class of distributions as the skew normal class. The multivariate

skew normal distribution have been introduced by Azzalini and Dalla Valle (1996) and sub-
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sequently by Azzalini and Capitanio (1999), Gupta, Gonzalez-Farias and Dominguez-Molina

(2004) etc. Gonzalez-Farias, Dominguez- -Molina, and Gupta (2004) defined the multivari-
ate closed skew-normal distribution which has properties similar to the normal distribution
than any other multivariate skew normal distribution. The study of the skew normal dis-
tribution explores an approach for statistical analysis without the symmetry assumption for

the underlying distribution.

2.3.1 Univariate Skew Normal Distribution

Definition 2.3.1. Let Y be a continuous random variable. Let ¢ and ® denote the standard
normal density and corresponding distribution function, respectively. Then Y, is said to have

a skew-normal distribution with the parameter a,—oo < a < oo if the density of Y is

fly) =20(y)®(ay), —oo<y< oo (2.2)

and we write Y ~ SN(«).

The component « is called the shape parameter because it regulates the shape of the den-
sity function. As « increases (in absolute value), the skewness of the distribution increases.
Figure 2.3.1 on the next page shows the density for different values of alpha. In practice, to
fit real data, we work with an affine transformation Z = £ + oY with £ € ® and ¢ > 0. The

density of Z is then written as

o(=60.0) = 26" 8)a(a®24),

and we write Z ~ SN(&, 0%, a).
Properties of Univariate Skew-normal distribution

The density (2.2) possesses some interesting properties as noted below:

e When a = 0, we re-obtain normal distribution.Thus normal distribution is a special
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Figure 2.3.1: Univariate skew normal distribution for different values of alpha.
case of skew-normal distribution.

e As « tends to oo, (2.2) becomes f(y) = ¢(y), 0 <y < oo which is the half-normal (

folded normal) pdf.
o If Y ~ N(0,1) and X ~ SN(«), then |Y]| and | X| have the same pdf.
o If Y ~ SN(a), then Y2 ~ y3.
o If Y ~ SN(a), then =Y is a SN(—a).

Moment Generating function of univariate skew normal distribution

Let Y be a SN(«) random variable. Then the moment generating function of Y is given

2

M(t) =2 exp (5)0(50),
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where § = a/v/1+ a?. From the m.g.f the first two moments of the univariate skew normal

density are obtained as
2 2
E(Y)=4/=0 and Var(Y)=1-(2/m)o".
T

2.3.2 Multivariate Skew Normal Distribution (MISND)

A multivariate version of skew-normal density was introduced by Azzalini and Dalla Valle
(1996) and Azzalini and Capitanio (1999). Like univariate skew normal distribution, these
classes of distributions include normal distribution and have some properties similar to the

normal distribution.

Definition 2.3.2. (Azzalini and Dalla Valle (1996)) A random vector y follows a multi-

variate skew-normal distribution if the density of y is given by

fa(y) =204(y,)0(a’y), y,ach’ (2.3)

and is usually denoted by SNy(a,Y). As in the univariate case, introducing location and
scale parameters, € = (£1,&,...,&)T and S = diag(o1,04,...04) respectively, the density

usually denoted by SNy(€, SE.S, ) can be rewritten as

fa(y) = 20a(y; €, SES)@(a" S (y — £)). (2.4)

Properties of Multivariate Skew-normal distribution

Like univariate case the density (2.3) possesses some interesting properties as noted below:

e When a = 0, we re-obtain multivariate normal distribution.Thus multivariate normal

distribution is a special case of multivariate skew-normal distribution.
o If y ~SNy(,Y) and & ~ Ny(0,%), then y? Sty is equal to £ ¥~z in distribution.

o If y ~ SNy, Y), then yT Sty ~ 2.
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o If y ~ SNy(at,>) and B is a positive symmetric semidefinite d x d matrix with rank

k such that BXYBT = B, then y” By ~ x3.

e Suppose y ~ SN4(0,3, ). Then the distribution of yy” is Wishart with d.f 1 and

the scale parameter X.

Liseo and Loperfido (2003) derived a multivariate skew normal distribution in the Bayesian

context and called it hierarchical skew-normal (HSN) density. Here is the formal definition.

Definition 2.3.3. Let 8|0y ~ N,(0o,%) and 6y ~ N,(p,2). Then under the constraints
OOy +d < 0 where C is a full rank k x p matriz and d € R*, the marginal distribution of 0

18 given by

1

0p(0, 1, X+ Q)P (0; CA(XT'O+ Q) +d, CACT), (2.5)

where A=t = S714+Q71. The heirarchical skew normal density is denoted by HSN,(p, d, %, Q, C)

The multivariate skew-normal distributions discussed so far do not cohere with the joint
distribution of a random sample from a univaraite skew-normal distribution which is im-
portant for the sampling distribution theory. To overcome this drawback, Gupta and Chen

(2004) provided a new definition of multivariate skew-normal distribution as given below:

Definition 2.3.4. Let ¥ be a k X k positive definite matriz. A k x 1 random vector y is

said to follow a multivariate skew-normal random vector if the density of y is of the form

k
faly, B, d) = 26 (y, ) [ 2N w), (2.6)

j=1
where d = (01,01, ...0x)" for some real numbers 81, 0a, . . . 6 and A1, Ag, . .. Ay, are real vectors
satisfying

A = XY 2diag(6y, 0, ... 01).
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Besides the multivariate models described so far, several other versions of multivariate
skew normal distribution have been proposed in literature. Gupta et al (2004) defined a
more general version of MSND that has the same property as (2.6). In addition, it takes
care of the hidden truncation problem arises in skew normal distribution. Gonzalez-Farias,
Dominguez-Molina, and Gupta (2004) defined a multivariate skew-normal distribution. Since
this distribution is closed under the linear transformation, conditioning, summation and
joint distribution of random variables from the same family, it is called closed skew normal

distribution. For the details of this density we refer to Chapter 2 of Genton (2004).

2.4 Unified Skew Normal Distribution (SUN)

The study of SN class of distribution has been a resumption of interest because of two
reasons: first, it opened the door for robustness study. Second, it includes the normal density,
and has very similar properties as that of normal density. However, because of the popularity
of this class of distribution there have been intense developments in the theory of this class
of distribution. In fact, the developments are so numerous that sometimes it is confusing
(especially for applied statisticians) which class of skew normal model is to be used. The
other question of interest could be: is there any version which is better than the rest? or is
there any generalized version that represents other models as a special case or that is at least
equivalent to others up to some reparameterization? With this view in mind, Arellano-valle
and Azzalini (2006) developed a skew normal model and named it unified skew normal model
with the acronym SUN. They showed that this multivariate skew normal model includes or

at least is equivalent to the earlier versions of skew normal models.

Definition 2.4.1. Suppose (U,,Uy) is a multivariate normal vector of dimension m+d with
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the density

U[) m r AT
U= ~ Nm-i-d(OaQ*)?Q* = )

U] d A Q

where Q* is the correlation matriz, and Q = wQw is the covariance matric with w, a d X d
diagonal matriz. Now, suppose 2* is positive definite and consider the distribution of Z =

(U1|Ug +~ > 0). Then the density of y = p+ wZ is

(v + ATQ tw Hy — p); T — ATQLA)
P (1) 7

f(y) = daly — ;) (2.7)

for y € R4 The notation ¢q(y — p; Q) is used to denote the d dimensional multivariate
normal distribution with the mean vector p and the covariance matrixz Q, ®4(y—p; Q) denotes
the corresponding distribution function. This density is called SUN (acronym for unified skew

normal distribution) and is denoted by y ~ SU Ny, (p,~y,®, %), where @ = wlq.

Note that if A equal to zero, then the density reduces to the d dimensional multivariate
normal distribution. The derivation of the SUN density was given in Arellano-valle and

Azzalini (2006). The density of univariate SUN distributon is given in figure 2.4.1.

2.4.1 Properties of SUN Density

Before describing the properties of SUN density, we state a lemma as follows which is

useful for evaluating some integrals used in this chapter and some of the rest of the chapters.

Lemma 2.4.1. Let V be a d-dimensional random vector with distribution Ng(p,>) where

pis a d x 1 vector and X is a positive definite matrixz. Then
E, [(I)d(a +BV:v, T)] — &(a — v+ Bu; Y + BEBT),

where a and v are d-dimensional vectors, B is a constant d x d matrix and Y is a positive
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Figure 2.4.1: Univariate SUN distribution for different values of 9.

matriz of dimension d X d.
Proof. For the proof of the lemma we refer to Gupta et al (2004) [

Remarks: Since @,,(a;p,Y) = ¢,(0;p — a,X) = @,,(a — 1;0,%) = &,,(a — p; X),

lemma (2.4.1) can be stated and used in a variety of ways.

2.4.1.1 The Moment Generating Function

In this section we present the moment generating function of the SUN density. In order
to derive many of the most important properties of SUN distribution we need the following

result.
Theorem 2.4.1. If y ~ SUNy (o, v, @, %), then its m.g.f is given by

(v + ATwt;T)

. te R 2.8
P (v; 1) (28)

1
My (t) = exp (u"t + §tTQt)
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Corollary 2.4.1. Let y be a d dimensional random vector. Then the following results can

be deduced from equation (2.8).

o Taking A =0 we get My(t) = exp (u't + StTQL) which is the m.g.f of Na(p,Q), the

multivariate normal distribution.

ing m= - - ___Ya : S
e Taking m=1,~v=0,I"=1and A = WaEEa where a is a d dimensional vector,
we get

1 by
My(t) = exp ("t + EtTQtﬁD( > ),

V(14 a'Ea)
which is the m.q.f of the distribution SNq(p,Q, &) defined by Azzallini and Dalla Valle
(1996).

o Taking~y =0, Q=% A=XDT T =1I,+ DXDT we get

dy(DXt; I, + DEDT)

1
M, (t) = Tt + ~tTOt

2

which is the m.g.f of the distribution SNy(w,>, D) defined by Gupta et al (2004).

o Taking~y=—-v, Q=%, A=XDT, T' =V + DEDT we get

1 ®,,(DXt; ¥ + DEDT)
My(t) = Tt + ~t'5t) =~ ’

which is the m.g.f of the distribution CSNy,(p, X, D, v, ¥) defined by Gonzalez-Farias,
Dominguez-Molina and Gupta (2004).

o TakingQ ="+, I'=CYCT, A=—(CYT)" and v = Cp + d we get

1 3,,(0;Cp + d + CTt,CYTCT)
M, (t) = T+ 2T+ D)t ! ’

which is the m.g.f of HSNy(p,d, 3, Y, C), the hierarchical skew-normal distribution
defined by Liseo and Loperfido (2003).
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2.4.2 Cumulants and Moments

The cumulants and moments can be obtained from the m.g.f defined in (2.8). We deduce
first two moments of SUN random vector. The third and fourth moments can also be derived
accordingly. However, the mathematical espressions for these moments are too complex to
be of any practical use. Therefore we will not derive these moments.

Mean and Variance of SUN random vector

The mean and variance for the SUN random vector is computed from (2.8) by successive

differentiation with respect to the vector ¢t. Taking first derivative with respect to ¢, we get,

9, 1 D, (v + ATwt; T)
— M, (t) = Ot T+ —tTat) = ’
o* (v + ATwt;T) r. L1,
m t+ -t Qt
Su(viT) (it gt )
where
P (v + ATwt;T) = %@m(’y + ATwt:T)
and
* 8 T
oy (v;T) = atq)m<’)’+A wt; ') | =0
Therefore,
9 o (v; 1)
Euy = — M. (t m 2.
Y= y(t) | =0 = p + ®,,(~v;T) (2.9)

Now using lemma B.1 given in the Appendix of Dominguez-Molina et al (2001) we have

d m
:ZZ (I){]} ’}’,F) €;,

i=1 j=1

where (ATw);; is the (i,j) element of the matrix ATw, e; is a d x 1 vector with one in the ith

position and zero elsewhere, and

O (v;T) = ¢(7;: Tj) @i (v_3T];)
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where 7 _; is the vector v without the jth element.

Next taking second derivative of M, (t) in (2.8) we get,

0
— M, (t
otot” u(t)
1 QT (v + ATwt; T) 1
= Ot Tt 4 T Q) — ’ Tt 4+ 47O
(b +Qt) fexp ('t + St7 Q1) Doy T) +exp (pit+ 5t 0t) X
Dy (v + Afwt;T) r| | Py +ATwtT) T, L7
(w+Q0)" | + exp ('t + —t" Qt)Q +
P (v; 1) P (v 1) 2
O (v + ATwt; T) v, Lo O (y+ ATwt;T) v 1 T
m ’ t+ -t UL ’ t+ -t Ot
T
where &7 (v + ATwt; T) = [@;(7 + ATwt; F)] and
O (v + ATwt;T) = L(t)q)m(’y + ATwt;T).
" otot”
Hence,
0 o7 (v; 1) T Oy (v;D) | (D)
— M..(t g = L—f— —}—Q—{— m ) + m y T'
ot o) [0 = b oy T (i) T B (i)
and we get,

() (v D) o (T

Eyy’ = Q+ pp” + p=2 + p'+ 2.10
ey I WoTis L WoTiy M
Finally from (2.9) and (2.10) the variance of the SUN density is
Var(y) = Eyy" — (Ey)(Ey)"
O (i) | @I O (v 1) 5, (v: 1) 5, (v 1)
= Q+HI’LT+N m ! mA D HT‘FL_ “_‘_L o+ mA D
Oy (y; 1) P (y;T) Cp ;1) O (3 F)] [( Oy (7; 1)

o(viT)  @n(viD) @5 (v 1)

= D) (D) (i)
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The variance of the SUN density can also be expressed as

o (v; 1) T
Var(y) =0+ """~ —E(y — nwE(y — pn)", 2.11
W =0tg () YT MY (2.11)
where
O (y;T) = pYev (v + ATWET) | 4.

Example 2.4.1. Consider the univariate SUN density SUNy1(p, 0, w, 2*), where

1s the correlation matriz. Then the corresponding density is given by

fy) =20(y; p, o) (60w (y — p); > — 6% /v ™).

The mean of this density from (2.9) is

1 ow /2
Ey = pu+ 28%(0;¢%) = pu + 2 &U\/ﬂg = -I—; o (2.12)
where 7(0; g%) = 5P1(3;9%) | 1=0 = dw(0; 9%) = dw 7.

The variance of the density from (2.11) is

2
d 2 2 0% w?
Var(y) = o* + 207 (056°) — (207(0:%))* = * - (fﬁ) —t -2 )

where

*kk 8
3*(0; ¢%) = %@1(5@%;92)

t=0-

Note: Taking § = 0 we get the mean and variance of the M N D1 (u, o).
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Cumulants and moments in a special case

As mentioned in the previous section deriving moments from (2.8) could be cumbersome.
The difficulty arises because of the absence of the analytical representations for the derivative
of ®,,(.;.). The derivation of cumulants and moments is simplified when T" is taken as
[ = diag(7Z, .....,72). With T defined as diag(7Z, .....,72), the cumulant generating function

from (2.1) is given as
K(t) = logM(t) = p"t + tTQt+Zl0g<I> T Ly +7; 1(5th) log®(~;T),
7=1
where 8 1, ....., 8, are the columns of A. Now taking derivative with respect to t € R¢ we

K'(t)=p+Qt + Z (ID_l(T]-_lvj + ijléﬂwt)¢(7]717j + ijlézwt)rj_lwdj.

J=1

Hence the first cumulant (or first raw moment) or mean of SUN distribution is obtained as

k=M =E(y) =K (0)=p+> o (r; )7} v)7; 'wd ;.

J=1

Next, taking second derivative we get:

m —1 15T ro 1 15T 1 15T, 4\12
K//(t) a4 @(Tj Y+ 7; o wt)o (Tj v+ 7; o wt) — [gb(rj Y+ T; o wt)] 205 T
J J=g
7j=1

[QD(Tj’l’yj + ijléﬂwt)]Q

Therefore, the 2nd cumulant(or 2nd central moment) or variance of SUN is

-1, 72
e ) = Q+Z _— [q:(T %’Y) )2 R 7 Wb ;6 .
i i

Now suppose, (.(z) is the rth derivative of (o(x) = log{®(x)}. Then the mean and
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variance of SUN density can be expressed respectively as:

E(y) =p+ Y Gty wd,, (2.14)
j=1
and
Var(y) =Q+ Z Cg(Tfl’yj)Tj_zwdjé?w. (2.15)
j=1

Thus we have the following two theorems:

Theorem 2.4.2. Let y be a random vector with a unified skew normal distribution,

Yy ~ SUNgm(p,7v,@,Q"), where

r AT
QF = B
A Q
Suppose T = diag(T, .....,72). Then the first two central moments of y are:

(a) my = Z Cl(Tj_lvj)Tj_lwdj
j=1

(b) ma =Q + Z Cg(Tj_lfyj)Tj_Qwé,jé_z;w.
j=1
Corollary 2.4.2. Let y be a random vector with a unified skew normal distribution,
y ~ SUNgm(p,0,0,Q0%), where
I, AT

A Q

Then the first two central moments of y are:

2
(a) my = \/;wAlm.

(b) mg = — zwAATw.
7T
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Proof. With v = 0 and I' = I, it could be easily shown that §1(7'j_17j) = \/g and

CQ(Tj_l’Yj) = —2. The proof then follows from plugging in these values in Theorem 2.4.2. [

Theorem 2.4.3. Let y be a random vector with a unified skew normal distribution,

Yy ~ SUNgm(p,7,@,Q), where

r AT
O = B
A Q
Suppose T = diag(t¢, .....,72). Then the first two raw moments of y are:

(a) My =p+ Z Cl(Tj_lvj)Tj_lwdj.

J=1

() My=Q+> Glr; ') wd ;08%w + (m+ > Glr; )75 ' wd )
j=1 j=1

(n+ Z Cl(Tj’lfyj)Tj’lwdj)T.
j=1
Note that taking é ; = 0 for all j in (a) and (b) we obtain the moments of multivariate

normal density(MND).

Corollary 2.4.3. Let y be a random vector with a unified skew normal distribution,
y ~ SUNgm(p,0,0,Q0%), where

I, AT

A Q

Then the first two raw moments of y are:

(@) My =p+ \/gwAlm.
T
T
(b) My =Q— 20AATw + (,u + \/zumm) (,u, + \/Z,Jmm) .
T T T

Proof. The proof follows from Corollary 2.4.2 using the relationship between raw moments

and central moments. O
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2.4.3 Linear Transformation

The SUN density is closed under translations and sclar multiplications. Thus

o If y ~SUNym(p,v,@,Q) and a be a real vector of dimension d, then

Yy +a~ SUNd,m(IJ’ + Cl7")’,(IJ,Q*>-

o If c € R then

cy ~ SUNg (e, 7y, c, Q).
The above two results can be easily verified by m.g.f given in (2.8). Next we establish
two most important properties of SUN density namely:

e The SUN family is closed under the full row rank linear transformation

e The SUN family is closed under the full column rank linear transformation (defining

singular SUN density).

The first property, the closure under the linear transformations property is useful to establish
joint distribution of the independent random variables from the same family and to establish
closure under marginalization, conditional distribution and summation properties of SUN

density.

Theorem 2.4.4. Let y ~ SUNgm(p, v, @,82) and A be ann x d (n < d) matric with rank

n. Then
Ay ~ SUNn,m(/J’A777(DAJ QZ)?
where
r AT
s =Ap, wy=wsl,, ws=AvAT O = ], A= (AwAT) T AwA,
AA QA

Oy = (AwAT)TAQAT(AWAT)™ and Q4 = AQAT = wAQawa.
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Proof. For t € R" the m.g.f of Ay is given by:

D, (v + ATwATE; T)
©p(7; 1)

M ay(t) = My(ATt) = exp (u" ATt + %tTAQATt)
Now by noting that:
O, (v + ATwATET) = B, (7 + (AwAT) 1 AwA) (AwAT )t r)

and using py, w4, Qa, A4, and % as defined above, we obtain:

D, (v + ALwat; T)
(Dm('YS F) ’

1
M ay(t) = exp (uhit + étTQAt) (2.16)

which is the m.g.f of SUN,, m(pey, v, @4, 2%4). O

Remark 2.4.1. Ifn =1 in Theorem 2.4.4 and if a is a non-zero vector in R¢ then

a,Ty ~ SUNl,m(/JJaa Y Wa, QZ)’

where
fa=a’p, @,=a'wa, A;=(a'wa)ta’wA,
T T T T I A,
Q, = (a’wa)aa’ (a’wa)™, Qq=a"Qa, and Q) =
Ng Qg

As mentioned before, the result in Theorem 2.4.4 remains true for most of the earlier
versions of skew normal models. As an example, the following corollary shows that closed
skew normal distribution (CSN) when written as a special case of SUN distribution, is closed

under the linear transformation.

Corollary 2.4.4. With the reparameterization scheme v = —v, Q =%, A =XDT T =
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¥ + DEDT,

Ay ~ CSNn,m(IJ’A7 EA7DA7V7 \I]A>7

where y ~ CSNy (1,3, D, v, V) and py = Ap, Y4 = ALAT, Dy = DTAT(ATAT)!
and

U,y =+ DYDT — DY AT (AN AT) 1AL DT).

Proof. Using p 4, X4, D, v, U 4 as defined above and taking v = —v, Q= Q = ¥ that is w =
I;, A=YDT T =¥+ DYDT in (2.16) we get,

®,, (DS AT, v, U + DE.DT)
®,,(0; v, U + DEDT)

1
M ay(t) = exp(pn” ATt + §tTAEATt) (2.17)

Now the numerator in the fraction of the equation(2.17) can be written as,

@, (DZAT(ASAT) Y ASAT Yt v, U + DYDT — DEAT(AXAT) 1 (AXDT) +
DY AT(AZAT)HAXAT)(AZAT) L (AXDT))

= &, (DaSat;v, V4 + Dy¥4DY).
and the denominator can be written as

®,,(0;v, ¥ + DYDT — DY AT(ALAT)"H(AXDT) +
DY AT(AZAT)HASAT)(AZAT) L (AXDT))

= ©,,(0;v, U, + Ds¥4DY).

Therefore (2.17) becomes

®,,(DaXat;v, VU4 + DaXa DY)
(Dm(O;V,\I/A+DA2AD£) ’

1
MAy(t) = 6$p(/ﬁ£t + §tTZAt)

which is the m.g.f of CSN,, (g, X4, Da, v, Vy). O
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Theorem 2.4.5. ( The singular SUN distribution)

Let y ~ SUNgm(p,y,@,2) and A be ann x d (n > d) matriz with rank d. Then

Ay ~ SUNn,m(NA? Y, WA, QZ)’

where

r AL
py=Ap, Q= A, AL =AUATA) A

AA QA
and

wyp = AWAT, Wy = LdAld, QA = AQAT = (.UAQAWA.
Proof. For t € R" the m.g.f of Ay is given by:
May(t) = My(A"?)

D, (v + ATwATET)
O (; 1)

1
= exp (u ATt + §tTAQATt)
By noting that,
Oy (v + ATwATET) = &, (7 + (A(ATA) ' A) (AwAT)E; r)

and using py, 2%, Ay, and 4 as defined above we obtain:

D, (v + Alwat; T)

1
My (t) = Tt + =t Qut 2.1
which is the m.g.f of singular SUN,, ,,,(f 4,7, @4, 25). O

Corollary 2.4.5. (Singular closed skew normal density) With the reparameterization scheme

y=-v, Q=% A=%DT, I' =¥+ DED7,

Ay ~ CSNn,m(“‘Aa EA» DA7 v, \Ij>7
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where y ~ CSNypm(p, 3, D, v, ) and py = Ap, Y4 = ASAT, Dy = D(ATA)~1AT.

Proof. Using p 4, %4, D4 as defined above and taking v = —v, Q@ = Q =% thatis w =
I;, A=YDT T =0+ DYDT in (2.19) we get,

MAy(t)
A(ATA) 12 DT) T AATE O + DZDT)
O, (—v; ¥ + DEDT)
o, (DZATt v, U+ DZDT>
®,,(0;, ¥ + D.DT)

@ (
1 m
= exp(put ATt + §tTAZATt

1

= exp(pt ATt + §tTAZATt
1

= exp(pt ATt + §tTAZATt) X

@y, (D(ATA)LA(ATAT v, @ + D(AT A) AT (AR AT) A(AT 4) DY)
B,,,(0; v, U + D(ATA)LAT(ASAT) A(ATA) -1 D7)
(I)m(DAEAt; v, v+ DAEADZ;)
<I>m(0, I/,\I/—i—DAZADZ) ’

1
—tTy .t
2 at)

= eap(uit +

which is the m.g.f of singular CSN,, (o4, X4, Da, v, V). O

2.4.4 Characterization

In the following theorem a characterization for the unified multivariate skew normal
distribution is provided which is similar to the characterization of multivariate normal dis-

tribution.

Theorem 2.4.6. The vectory ~ SUNy (s, 7, @, Q) if, and only if , a”y ~ SUN 1 (fa, Y, @as )

, for every non-null vector a € R, where fiq,7,0a, QY are given in Remark 2.4.1.

Proof. We will only prove the sufficiency since the proof of the necessity is straightforward.
Note that, if a”y ~ SUN; (1, s @a, ) for every non-zero vector a, then for ¢ € R using

(2.8) we obtain,

D, (v + ALw,at;T)

1
Myr, (1) = exp (ot + =1*Qq
(1) ) P (v;T)

2
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Taking ¢t = 1 and using the identity M,r,(t) = My(at), we get

D, (v + AZwa; I)
P (v; 1)

1
My(a) = exp (:ua + §Qa)
Using ftq, Wa, (g, as defined in remark 2.4.1 and observing that
Alw, = ATwa(a’wa) H(a'wa) = ATwa,

the expression for M, (a) reduces to

P, (v + ATwa;T)

1
My(a) = exp (a”pu+ ~a’Qa

2

(2.19)

Since a is arbitrary, the right-hand side of (3.4) is then the m.g.f of y ~ SU Ny, (p, vy, @, Q")

and by (2.8) the proof is complete. O

2.4.5 DMarginal and Conditional Distributions

The SUN family is closed under the marginalization, conditional distributions and joint
distribution of independent random variables in this family. These three results are stated

and established as follows:

Theorem 2.4.7. Let y be a random vector distributed as SU Ny, (w,y,®,2*) and be par-

Yy k
titioned as y = ' . Consider a k x d matrix A = (I, 0), with a k x k identity

Yy )d—k
matriz I, and a k x (d — k) zero matriz 0. Then the marginal distribution of y, = Ay is
SUNk,m(l‘l’lv 77@17 QT):
My k Wi k Al k

where  p = , W= A=

py | d—k Wy | d—k Ao d—k
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Proof. By Theorem 2.4.4,

Y= Ay ~ SUNn,m(MA777@A7 Qj:l)

Now,
31 _ T
PJA:AN:(]k 0) = My, wA:wAld:AwA ld:wlld,
Ko
Ay = (AwAT) TTAWA = wlw A = Ay,
Q4 = (AwAT)TAQAT (AwAT) ™ = ' Qi t = Q.
Therefore,

Yy = Ay is SUNpm(py, 7, @1,€2), where

r AT
;=

A1 Qll

We provide an alternative proof here as follows:

For t € ®* the m.g.f of Ay is given by,

May(t) = My(A"t)
D, (y + ATwATET)
Op(vi)

1
= exp (uT ATt + §tTAQATt)
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Since, A = (I 0) and considering the partion above,

[,LTAT = [J,{, AQAT = QH, ATLUAT = A{wl.

Then
(v + ATw t:T)
O (v;T) 7

1
May(t) = My, (t) = exp (uit + 5tTQHt)
which is the m.g.f of SUN .., (peq, 7, w1, Q7).

Corollary 2.4.6. With the reparameterization scheme v = —v, Q =%, A =XDT T =
U+ DYDT,
Yy ~ CSNk,m(u'la E117 D*a v, \Ij*)7

where
D* = Dy + D2221E1_11, U = v+ Dzzzz.ng and g9 1 = Yoo — 22121_11212.

The parameters py, 11, 22, 212, X921 come from the partition

1231 k Dl k 211 212 k
K= , D= , L= :
Ho d—k DQ d—k 221 222 d—k

Theorem 2.4.8. Lety be a random vector distributed asy ~ SUNg ., (@, 7y, @,2*). Consider
two subvectors y, and y,, where y* = (yI' yI), y, is k dimensional. Suppose p, ©, A

and Q0 are partitioned as in above Theorem. Then the conditional distribution of y, given

Yo = Y19 15 SUNpm(y2, Y12, @1,805), where
Boio = iy + Q1205 (Y10 — M), Y10 =¥ + A5 Qo wy (Y10 — Ha), Q2 = Qi1 — Q12055 Qo

Q12 = wi1owr = Q1 — Qoo Qor, with Uy = wiQywy, 4,5 = 1,2, Ao = A1 —Q1205, Ao,
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_ T, AT
Pio=T—ATOIA, and QF, = | "% 72

A1.2 Qll.Q

Proof. The proof follows from direct calculations as shown in Arellano-Valle and Azzalini

(2006) page 571. O

2.4.6 Joint Distribution of Independent SUN Random Vectors

In this section we will show that if we have a collection of n independent SUN random
variables then the joint distribution of the n random variables is again SUN distributed
random variable. As mentioned by Gupta et al (2004), this property does not hold for the

multivariate skew normal distribution defined by Azzallini and Dalla Valle (1996).

Theorem 2.4.9. Suppose y,,...,y, are independent random vectors with

Y; ~ SUNg, m; (Wi, Vi @i, Q7). Then the joint distribution of y,,...,y,, is given by
y=(y1: - yn)" ~ SUNg i (01,71, 07, ),
where

dt=>"di, m'=> "mi, pl=(uf,.p) A=) O = (@], @)
=1 =1
and

rt At"

wi = éwi Of = éQi, Of = éQ“ 't = éri’ At — éAu Ot —
i=1 i=1 i1 — ~

AT Of

Proof. For y = (y?,...y)T |y, € R%, the density function of y is given by,

9(w) = [ [ faom: (wis 10 vi @1, )

=1
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Dy, (v + A?Qi_lwi_l(yi — ;)i Ty — A?Qi_lAi)

I
—=

Ga,(Y; — w; Qz)

i=1 (I)mi (71'; Fz)
- ﬁ¢d (Y — 1y; Q‘)H?:1 P, (v + AiTQi_lwi_l(yi — ;) T — A?Qi_lAi)
o Z o [T, @i (7i T0)
=¢dy—urmf%Wﬂ+A”W“w”@—wﬂﬂﬁ—A”W”AU
‘ ’ (I)mf(’YT7FT) )

where

n

P - AT A = éri —Para )
; =1

- Pr.- @ an@a D

— Tt AT QI AT

]

Corollary 2.4.7. If y,,...,y, are independent and identically distributed (iid) random

vectors from the SU Ny, (w,7y,@,¥*) distribution, then the joint distribution of y,,...,y,

18
Y = (y{, .. yg)T ~ SUNdT’mT(uT,'yT,LDT, Q*T),
where
d=nd, m'=nm, p'=109u =10 & =1,
and

_ _ Tt Al
V=520 Q=120 Al=ILoA I'=Iel Q=
AT QF
In the above two theorems, we showed that the SUN family is closed under the linear

transformation, and the joint distribution of random sample belongs to the same family.

These two properties will help us to obtain an important property of SUN density: the sum
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of independent SUN distributions again follows the SUN distribution.

2.4.7 Sum of Independent SUN Random Vectors

In this section we present the main result regarding the additive properties of SUN
random vector. More precisely, we show that the sum of independent SUN random vectors

is again a SUN random vector.

Theorem 2.4.10. If y,,...,y, are independent random vectors with
Y, ~ SUNgm, (1,74, @0, %), i =1,...,n, then
Z Yy, ~ SUNd,m* (I’l’*a 7*a @*7 Q**)v
i=1
where
m* = Zmi, u= Z“i’ v =l A0, W= Zwi, w'=w"l,y Q= ZQ’
i=1 i=1 i=1 =1
and
F* A*T

i=1 i=1 A* QF

Proof. Let y = (y1,...y.)" and A =1} ®I;. Note that >_" |y, = Ay, where y is a nd x 1

vector and A is a d X nd matrix of rank d. Then by Theorems 2.4.4 and 2.4.9,
Ay ~ SUN, fov i, wal, @
Y dnm (s Y, wa', ),

where

pho=Aut, Al =~ W = AutAT Gt =wi1,, Qf = 40f AT,
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and

_ f ATT
O = (AT AT) O (AGTAT) T Th =TT, A = (AufAT) AulAl, o = |
AA QA

where pf, AT, @, QF AT and I'f are given in theorem 2.4.9. Now it is easily observed that,

Ap' = Zn: py, AwtAT = Zn:w AQTAT = Zn: Q,
=1 =1

i=1

and,

Al Z(Z Wi)flA(@ wz‘)(@ Aj)
= (Z wi)*lA(@wiAi)

= (1, ® wd_l)(EB wil\;).
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CHAPTER 3

QUADRATIC FORMS IN UNIFIED
SKEW NORMAL RANDOM
VECTOR

3.1 Introduction

There is a rich literature on the distribution of quadratic form on the multivariate normal
random vector. Earlier works were due to Cochran (1934), Craig (1943) and Rao (1973a).
Recent references includes the book “Quadratic Forms in Random Variable” by Mathai and
Provost (1992). The quadratic forms of multivariate skew normal distribution was studied
by Genton et al (2001), Loperfido (2001), Gupta and Huang (2002), Huang and Chen (2006),
and most recently by Wang, Li and Gupta (2009). In this chapter we study the quadratic
forms under unified skew normal settings. We will explore their distributions, moments and

conditions under which quadratic forms are independent.
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3.2 Moment Generating Function of a Quadratic Form

of SUN Random Vector

Theorem 3.2.1. Lety ~ SUNg (@, vy, »,"). Let A be a dxd symmetric matriz. Consider
the quadratic form, Q(y) = y* Ay. Then the m.g.f of Q is

|1y = 2tAQ7E B (5 T 4 2tATw(Iy — 2tAQ) T AwA)

Mq(t) exp (tuTAQ(I; — 2tAQ) 1) @, (;T)

Proof. By the definition of m.g.f for ¢t € i we have,

Mo(t) = B(e" )
N C/ eV MYy — Q)P (v + AT W (y — p) T — ATQTIA) dy
§Rd

= K etyTAy_%(y_“)Tgfl(y_“)CIDm('y + ATQ_lw_l(y —p); I — ATQ™IA) dy.
§Rd

By expanding (y — p)TQ7 ' (y — p) and rearranging the terms we have,

1 _
ty" Ay — 1A p' QN (y —p)

1 1 1
- —§MTQ_1N + 5 + uTAQI; — 2tAQ) Q) — §(y —a)TQ !t —2tA)(y — a),

where

a= Q' -2tA)7'Q .

Therefore

Mq(t)
I, — 2tAQ| 2 / . eyt
— Q7 = 2tA) I
exp (tpTAQ(1; — 2tAQ)1Q 1 w) @ (v; 1) Ja & (y ( ) at
Q' - 2tA)’1> X B (v + ATQw  (y — p); T — ATQIA) dy
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|Iq — 2tAQ|*% L .
B Ey[®n(y +A70 T — ATQO A
exp (tuT AQ(I; — 2tAQ)~1Q"tu) @, (v;T) U@y + w U )]

where

U ~ Ny(0, (27 — 2tA)7Y).
With the lemma (2.4.1) we get,

L= 2AQ D, (i T — ATOTIA + ATQ 1w Q7! — 2tA) L QA

Mq(t) exp (tpTAQ(I; — 2tAQ)1Q ) @n(v;T)

. (3.2)

Noting that
Q7' —2tA) T = Q) (2t) (AQY
j=0

J

for ||2tAQQ|| < 1, where ||.|| is the matrix norm. The last term in Mg(¢) becomes,
®,,(v;T — ATQA + ATQ w1 (7! — 204) 1w Q1A

=&, (v; T = ATQ A+ ATQO W QIO TTA + 2t ATQ W Q1 — 2tAQ)_1AQw71(2_1A)

= O, (7; [ + 2tATw(I; — 2tAQ) L AwA).

The last identity was obtained from the relation = wQw or equivalently Q = w™1Qw™!

Finally, from (3.2) we get,

Mo(t) = I, — 2tAQ|"2 @ (7: T + 2ATw (I, — 2tAQ) L AwA)
QW exp (tuTAQ(L, — 20AQ) Q1) @, (v: 1)

]

Corollary 3.2.1. Let y ~ SUNgm(p,v,@,0%). Let A be a d x d symmetric matriz and

Q(y) = yT'Ay. Then the following results can be deduced from equation (3.1)
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(i) Suppose p = 0, then the m.g.f of Q becomes

L= 2tAQ| T B (v T+ 2tATw (I — 2tAQ) T AwA)

L, QT —2tA >0, te R
(3 1)

Mq(t)

(it) Suppose p =0, and AwA = Ogxm, then the m.g.f of Q becomes
Mo(t) = |1 — 2tAQ| 2, Q' —2tA>0, t € R,

which is the m.g.f of yT Ay where y ~ Ny(0,Q) and A is a d x d symmetric matriz. Con-
sequently, properties of Q) can be showed by using known results of the multivariate normal
distribution.

(i1i) Suppose p =0, AwA = 04y, and AQ=diag(m,.....,7q), then the m.g.f of Q becomes

d
Mo(t) = [J(1 —2tr)™'2, te .

j=1

Hence y" Ay ~ Z;l:l 7 X;,where X; ~ x3, j = 1,...,d are independently and identically
distributed.
(iv) Suppose p = 0, and AwA = Ogum, and A =Q71 such that AQ = Q71Q = I, then the

m.g.f of Q = yTQ 'y becomes
Mq(t) = (1 —2t)"%% t e R,
Hence,
Yy Oy ~ G
(v) Suppose p =0 and @ = 14, then the m.g.f of Q) becomes

L= 2tAQ7E @, (y; T+ 20AT (I — 26 AQ) T AA)
D (1) ’

Mq(t)
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which is the m.g.f obtained by Arellano-Valle and Azzalini (2006). Taking AA = 0 and

substituting A=Q~" yields

y Q7 ly ~ \2

3.3 Independence of a Linear Form and a Quadratic
Form

In this section we study the conditions under which a linear function of SUN random
vector is independent of its quadratic form. We also give conditions under which the two

quadratic forms are independent.

Theorem 3.3.1. Suppose y ~ SUNy,,(0,7v,@,Q"). Then for h € R?, the linear form h'y

and the quadratic form y* Ay are independent if and only if AQh =0 and AwA = 0.
Proof. We first derive the joint m.g.f of h”y and y” Ay. For t, s € R, the joint m.g.f of hTy

and yT Ay is

M(t,s) = ﬁ/ exp{t K y+s y" Ay}oa(y; ., (v+ATQ Wy T-ATQ ' A) dy
m ) Rd

1 _ _
=K exp{—é(yTQ_ly —2t KTy — 25 yT Ay)} &, (v + ATQ'w ™y, T — ATQA) dy.

Now,

exp{—%(yTQ‘ly — 2t h'y — 25 y" Ay)}
= enpl—y (O ~24) 'y~ 21 BTy))
= ea;p{—%(y —t(Q7' —2sA)Th)T(Q7! — 254) x

(y —t(Q ' —2s4)7'h) — > AT (Q7! — 25A) "))}
= exp{%tQ RT(Q7' —2s4A) YR} x

exp{—%(y — (7 = 25A) TR)T(Q7 — 2sA)(y — (! —2sA) " th)}.
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Therefore,

exp{it? K (Q7' — 2sA) "R} I, — 25AQ| 2
= X
@ (v 1)
ba(y — (7t —25A)Th; (U7 = 25A) D, (v + ATQ Wy T — ATQTA) dy
Rd

M(t,s)

12 BT — 25A) YR} I, — 2sAQ| 2 _ _
6:17]){2 ( 5 S( )F)> }| d S | EU[(I)m(’)’—FATQ_lw_lU;F—ATQ_lA)],
m\7Y;

where U ~ Ny(t(Q7! — 2sA) 7 h, (7! —2sA4)71).

L2 BT = 25A) YR}, — 2sAQ)| 2 _
_ GfL’p{Q ( 5 S( )F)) }| d S ‘ % (I)m<,y+tAT971w*l(Qfl _ QSA)ilh;
m\7Y;

T — ATQ'A + ATQ W 1(Q7! — 254) lw ™ Q7'A)

st2 AT (7 —25A) A -
- erpis ( - s4) )k} X D (v +HtATQ W N QT — 254) h;
|I; — 2sAQ|2 @, (v;T)

I+ 2sATw(I; — 2sA0) T AwA). (3.3)
Now, note that
Q' —2s4)1 = Q) (25)(AQY (3.4)
j=0

for [|2sAQ|| < 1, where ||.|| is the matrix norm. Finally from (3.3) and (3.4) it follows that

the necessary and sufficient conditions for the independence are AQQh = 0 and AwA =0. O

Remark 3.3.1. Takingm =1, w = I; and defining A = (1%—‘;2); the condition AwA = 0.
+at la) 2
becomes —A22__ — 0 or AQa = 0. Thus in this special case the conditions are AQh = 0

(1+aTQa)%

and AQa = 0. These are the conditions for the independence obtained by Gupta and Huang
(2002) for the Q.F of Azzalini’s SN4(Q2, &) distribution.

To study the independence between two quadratic forms we need the following lemma:

Lemma 3.3.1. (Joint m.g.f of two quadratic forms of SUN density) Lety ~ SUNg ., (w,y, o, 2%),
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and A and B be d x d symmetric matrices. Consider the quadratic forms Q:(y) = y* Ay

and Q1(y) = y" By. Then the joint m.g.f of Q1 and Qs is

MyTAy,yTBy(tv S)

L= 20A+ sB)Q 2 B (3T 4 287w (1 — 2(tA + sB)Q) L (tA + sB)wA)

t R.
cap (tpTAQ(Ly — 20A + sB)Q) 101 ) @ (7 T)  hSE
(3.5)
Proof. By definition,
Myr ayyry(t, 8) = Elexp(ty” Ay + sy’ By]
= Elexp(yT (tA + sB)y]
= Myra+sp)y(1)-
The result then follows from equation (3.1).
O

Theorem 3.3.2. (Independence of two quadratic forms) Let y ~ SU Ny, (0,7, @, Q%) and A
and B be d x d symmetric matrices. Then the quadratic forms Q, = y* Ay and Q, = y* By

are said to be independent if and only if AQB = 0gxq, and AwA = Ogxm = BwA.

Proof. From the equation (3.5), the joint m.g.f of ) and Q)3 is

MQ17Q2(t7 8)
1I;— 2tA + sB)Q| "2 @ (v T 4 2ATw(Iy — 2(tA + sB)Q) L (tA + sB)wA)
P, (v; ) ’
I, —2(tA+sB)Q2 >0, t,s € R

Hence the m.g.f of @)1, and Q2 are Mg, o,(t,0), Mg, 0,(0,s) and are obtained respectively
as
I = 2tAQ 7 B, (y; T+ 2tATw(Iy — 26AQ) T AwA)

Mg, (t) = , teR,
a(0) ®,,(v;T)
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I, —2sBQ|"2 @, (~v:T + 2sATw(l; — 2sBQ)~' BwA
and MQQ(S):U L (7’<1>+(7Sjr)w<d 5 w),se%.

Now ()1 and @)y are independent if and only if

MQ17Q2 (t’ S) = MQ1 (t) MQQ(S)'
That is, if

D, (1T + 2ATw(I; — 2(tA + sB)Q)"H(tA + sB)wA)
®p (73 1)

I, — 2(tA + sB)Q)

m(7: T+ 2ATw(I; — 26AQ) T AwA)
P (7;T)

@, (v; T + 2sATw(I; — 2sBQ) "' BwA)
P (7 1)

o
= |1 — 2tAQ — 25 BQ + 4ts AQBQ)

By imposing AwA = 04xm = BwA, we observe that the denominator and numerator
of the fraction in both sides of the above equation cancel out. Then it is seen that for the
remaining parts to disappear one needs condition AQB = 044

Therefore, the conditions for the independence are

(1)AQB = 0, and (i1)AwA = 0 = BwA.

Remark 3.3.2. The following results could be derived from Theorem 3.3.2.

(i) Recall that we retain the multivariate normal distribution taking A = 0 in the SUN
density. When A = 0, the only condition left in the above theorem is AQB = 0, which is
the condition required for the independence of two quadratic forms for mlitivariate normal

random vector.

(ii) Takingm = 1, w = I; and defining A = (1%—‘;)%, the conditions AwA = 0 = BwA
+at o

become AQa = 0 and BQa = 0. Thus in this special case conditions are AQh = 0 and

AQa = 0 = BQa = 0. The first condition was obtained by Gupta and Huang (2002) for
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the independence of two Q.F of Azzalini’s SN¢(Q), &) distribution. The latter two conditions

are not necessary because the joint m.g.f for the two quadratic forms of Azzalini’s SNy(S, a)

distribution does not depend on a.

3.4 Expected Value of the Quadratic Form and their
Functions

Theorem 3.4.1. Let y be a random vector with a unified skew normal distribution,

SUNgm(p,~y,@,Q), where
r AT
O = )
A Q

Let T = diag(72, ..... 72), A and B be two symmetric d x d matrices. Then

E(y"Ay) = tr(AQ) + Z Cg(ijlyj)T]-’Qd.Tijwdj + (p+ Z G (ijlyj)T]flwé.j)TA

J=1 J=1
m

(e + Z Cl(Tj_Lyj)Tj_IW(s.j)a

j=1
where 8 1, ....., 0, are the columns of A and (.(x) is the rth derivative of (o(x) = log{®(x)}.

Proof. We have the following relation from Li (1987).

E(y" Ay) = tr(AM,),
where Ms is the second raw moment of y obtained from Theorem 2.4.3

= tr(AQ+ ) Gl ) wé 05w + (et Y Gi(ry )7y 'wd )

j=1 j=1

(4D Gl ) ws ))

J=1

= tr(AQ) + Z (g(ijlyj)T]-_25.Tijw6_j + (p+ Z Cl(Tj_l’Yj)Tj_IW(s'j)T
=1

J=1
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m

Alp+ > Glr ) wd ).

j=1

Corollary 3.4.1. Let y be a random vector with a unified skew normal distribution,
SUNgm(p,0,0,Q), where
I, AT

A Q

Let A be a symmetric d X d matriz. Then

2
E(y’ Ay) = tr[AQ] + " Ap + 2\/j/,LTAWA1m.
T
Proof. We have,

E(y"Ay) = tr(AMy),
where M, is the second raw moment of y obtained from Corollary 2.4.3
2 2 2 T
- (A <Q _ ZWAANT L+ (u + \/ijlm) (u + \/ij1m> ))
™ T T

— r(AQ) — Z(ATATW) A(wAL,) + uT Ap +

™

\/ENTAwAlm + \/EI%ATLUAN + z(lﬁATu))A(u;Alm)
7r m m

= tr[AQ) 4+ pTAp + 2\/§uTAwA1m.
7r

]

When m = 1, the result in the above corollary reduces to the one obtained by Genton et

al (2001). When A = 04y, ,the result reduces to the one obtianed in case of MND.
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3.4.1 Expected Value of the Ratio of Two Quadratic Forms

The ratio of two quadratic forms is used as an estimator in economic and time series data.
The expected value of the ratio of two quadratic forms for a multivariate normal distribution
was studied by Magnus (1986) and Gupta and Kabe (1998). The expected value of the ratio
of quadratic forms for skew normal distribution has not been studied extensively. In this
section we will obtain the expected value of the ratio of two quadratic forms in SUN density.
Before presenting the main result, we present some lemmas which are needed to evaluate the

expected value.

Lemma 3.4.1. Let y be a random vector with a unified skew normal distribution,

r AT
SUNgm(p,y,@,Q"), where 0 = and assume p = 0 . Then the m.g.f of

A Q
Q = yT Ay is obtained as
D, (v; T + 2t ATWAWA)

My (t) = . I, — 2tAQ > 0. 3.6
o= S aiant sy 3)

Proof. From the equation (3.2) we have,

g - 2UAQ 2D, (v;T — ATQIA + ATQ 1w 1 Q7! — QtA)*lw_lf_TlA)

Mq(t) exp (tpTAQ(L; — 2tAQ) 10 Tp) @, (v:T)

(3.7)

Using p = 0 and noting that
Q7' —2tA)T = Q) (2t) (AQ)
j=0

for ||2tAQ|| < 1, where [|.|| is the matrix norm. By ignoring 2nd and higher terms, the

multinormal c.d.f in the numerator of (3.7) becomes,

O (v;T = ATQTA + ATQ P Q! =2t A) W OTIA) = @, (v T + 2tATWAWA).
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The last identity was obtained from the relation Q = wQw or equivalently Q = w™'Quw™.

Hence from (3.7) we obtained the desired result. O

Lemma 3.4.2. Let y be a random vector with a unified skew normal distribution,

I AT
SUNgm(p,v,@,Q), where Q* = and assume pu = 0 . Then the joint m.g.f of

A Q
Q1 = yT Ay and Q, = y* By is obtained as

Mo, o,(t) = 2L 4287 WUA Y sBYWA) ) o pio s (3.8)
’ Lo — 2(tA+ sB)Q|EF ®p(v:T)

Proof. The proof is similar to the proof of Lemma 3.3.1. O

Lemma 3.4.3. (Sawa, T. (1978))
Let y be a random vector. Consider the quadratic forms Q, = y* Ay and Q, = y* By,
where A and B are d x d symmetric matrices. Define R = % = Z;gz If M(t,s) is the joint

m.g.f of Q1 and Qy, then the kth order moment of R is given by

E(Rk) — =~ / Sk 1 |:—; M(t _8):| =0
I (k) 0 6 t 7 =
Lemma 3.4.4. (Gupta (I'I'Ld Nagcw (]99.9))

Lett € R and A be a symmetric matriz. Let the elements of A be differentiable functions

of t. Then

O (2]

Lemma 3.4.5. (Gupta and Nagar (1999))

Let A be a symmetric matriz and the elements of A be functions of t, wheret € R. Then

e

Main result
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r AT
Let y be a random vector distributed as SUNg (@, 7y, @, Q2*), where Q* = B
A Q
and assume pu = 0 . Let Q; = y! Ay and @, = y* By are quadratic forms in y, where A and
B are d x d symmetric matrices. Define R = Q,/Qy = y" Ay/y?" By. Then from Lemma

3.4.3, the kth order moment of R is given by,

1 oF

E(R") = T(h) /000 skt [%M(t, —5)]| =0 ds. (3.9)

Using Lemma 3.4.2 in (3.9) we obtain,

E(RY) = —— /°° 1] O | P (T 4 20T w(tA — sBwA)
0 Okt | I, — 2(tA — sB)Qz @, (7;T)

(k)

t=0 } ds

tzo} ds. (3.10)

B 1 /OO el O | @ (73T + 2ATw(tA — sB)wA)
L(k) @m(v;T) Jo o*t 11, — 2(tA — sB)Q)?

Theorem 3.4.2. Suppose k = 1 in (3.10). Then the first moment of the ratio of two

quadratic forms is obtained as

[ Iy +2sBQITY? . _ T
E(R) —/0 oy T) tr(([d—i- 25BQ) QA) Q.. (v;T — 2AwsBwA) +

E: (22" (I' — 2ATws BoA) ' ATwAWA(T — 2ATwsBwA)'x) +

} ds,

E: (2tr((I' = 2ATws BuA) T ATwAwA))

where & ~ N,,,(0,T — 2ATwsBwA).

Proof. Suppose k =1 in (3.10). Then the first moment of R is given by,

E(R) = — / * [0 | ®u(niT +28Tw(tA + sB)wA)
Pu(viD) Jo | O |1g— 2(tA — sB)Q>

t:O} ds. (3].1)



Let
R=1;—2(tA—sB)Q = R(t,s),
V =T+ 2ATw(tA — sB)wA =V (t, s).
Then
@ = —20A, 8—V = 2ATwAWA.
ot ot

With the notations defined above, the problem reduces to evaluate

t=0-

0 1 ' B _ 0 1 _%3 _
IR0 (V)] im0 = [@n(r: VISR + RIS (7 V)]

Now using lemma (3.4.4) we get,

o . 1. 0B
§|R| = —§|R| TS

1 . /9|R

= IR tr(R (—m ))
1 1

= —§|R|‘5 tr(R71(—2QA))

= |R|"z tr(R'QA)

= |I;—2(tA— sB)Q| 2 tr((I; — 2(tA — sB)Q)'QA).

The last identity was obtained plugging back the value of R.

Thus
)
E\Ry—% im0 = |+ 2(tA — sB)Q| "2 tr((I; + 2sB)Q) 'QA).
Next
0 o [m T VT2 iy
—O,.(v;V) = — zq
V) = /_oo /_oo (2m)m2 © v
m Tm 10 ity _1gmy-1, 01
= C/_OO.../_OO \4 2§e e~ 2 a|v| de

20

(3.12)
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o[ e e e G«
eV |y tr(V%-‘j)}dw,

where lemma 3.4.5 was used to find the derivative of V!

|262w\/w

B / /7 (2m)m/2 [“’T( - V_l(a—v)V‘1>a: + tr(V—la_V

ot ot

)|de.

Now plugging back the value of V' and in the integrand, we obtain,

0
/'7 |F+2ATw(tA _ sB) | % — 12T (T +2ATw(tA—sB)wA) ™1
e (2m)™/
[ ( — (D 4+ 2ATw(tA — sB)wA)~ (QATwAwA> (T +2ATw(tA — sB)wA)_l)
tr(T + 2ATw(tA — sB)wA)_l(QATu)AwA))} de.

Therefore

0

— O, (v V) | =

ot (7 ) t=0

/"Y |F _ 2ATWSBWA|—% e—%mT(F—ZATwstA)_lm
. Gy

[mT ((r — 9ATwsBwA)! <2ATWAMA> (r— QATwstA)‘l)w +
tr((T — 2ATwstA)‘1(2ATwAwA))] de

R [mT<(I‘ — 9ATwsBwA)~! (2ATWAWA) (T — QATwstA)_l)w] +
OF" [tr((F - QATwstA)‘l(ATwAwA))] ,

where  ~ N,,(0,—2ATwsBwA) and the notation EZ(.) is introduced to denote incomplete
expectation of of (.).
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Therefore from (3.12)

| @

t=0

| [B] (v V)|

0, 1 _10
(V) |RIE RIS 0 (: V)

I
— Q

t=0

@ (7 V)| Ig + 2(tA — sB)Q|"2 tr((Iy + 2sB)Q) 'QA) + |1, + 2sB)Q| 2

1

2E> [a:T ((F —2ATwsBwA) ™ <2ATwAwA> (r— QATwSBwA)_l):B] +

—N—

2K, [tr((F - 2ATwstA)*1(ATwAwA))} }

Finally from (3.11) we obtain,

[ L+ 2sBQ| B | .
E(R) = /0 5 T tr((La+ 25BQ) 1 QA) @y (3 T — 2ATwsBwA) +

E: (22" (T — 2ATws BuA) T ATwAWA(T — 2ATwsBwA) 'x) +

} s

E: (2tr(T — 2ATws BoA) T ATwAWA))
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CHAPTER 4

ESTIMATION OF PARAMETERS
OF SUN DENSITY: METHOD OF
WEIGHTED MOMENTS

4.1 Introduction

Concerning the inference of the SUN density, the first problem is how to estimate its
parameters based on a sample of observations. Although the method of maximum likelihood
estimation is very useful in various estimation problems, use of this method to estimate SUN
parameters could become cumbersome because of the large number of parameters involved
with this density. On the other hand, in order to apply the SUN density to real data, one
needs to be able to implement an easy estimation method that provides reliable estimators
for SUN parameters. Among other existing alternatives “the method of moments” (MOM)
is often used because it leads to very simple computations and provides consistent estimators
although not as efficient as the maximum likelihood estimators. In this chapter, we use the
method of moments (weighted) to estimate the parameters of SUN density. We will observe

that even the MOM estimation to the general form of SUN density may not achieve the goal
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of estimating all its parameters. The aim could be achieved in some specific cases as would

be discussed in the subsequent sections.

4.2 Estimation Method

To estimate the SUN density parameters by MOM, we need explicit expressions for the
moments of the density in terms of unknown parameters. As pointed out in chapter 2,
the mathematical expressions for the higher moments of SUN density are very complex and
have no practical use. Moreover, estimations of the third and the fourth SUN moments
are contaminated by large variances. In addition, in the univariate case for the values of
the skewness parameter near zero, the third moment gets closer to zero and optimization
becomes complicated and sometimes even impossible. Thus use of third or fourth moments
may not produce accurate estimates. Following Flecher (2009) we will use weighted moments
method (WMOM) to estimate the unknown parameters. In order to obtain the weighted

moments we need the following results.

Lemma 4.2.1. Consider two multivariate normal cumulative distribution functions (cdf)
O 4(Ab; 1, X)) and @, (Bb; v, T'), where A and B are d X d and m x d matrices respectively, ¥

and I' are d x d and m X m matrices, b and p are d X 1 vectors, and v is an m x 1 vector.

Then
O4(Ab; u, X)) @, (Bby v, T') = @y (Ch; v, V), (4.1)
> 0
where CY(d—l—m)xd = s Vd+m)x1 = and Wd+m)x(d+m) =
v 0 I
Proof.
R.H.S

= (I)d-‘rm(Cb; v, V)
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= P(y < Cb),
where
Y [ %0
Yy = ~ Nd+m 9
Yoy v 0 I

and y, and y, are independently distributed as y, ~ Ny(p, X) and y, ~ N,,,(v,T'). Therefore

Y, Ab
Ply<Cb)=r < = P(y, < Ab,y, < Bb)

Yo Bb
= Og(Ab; p,X) - @,,,(Bb; v, T').

O

Theorem 4.2.1. Let y be a SUN random vector distributed as y ~ SUNgm(p,y, @, Q")

with the density

D (v + ATQ W (y — p); T — ATQTIA)
©p(v; 1) ’

f(y) = daly — ;)

T
where Q) = wQw, @ = wly and O = . Also let h(y) = h(y1,...yq) be any real

A Q
valued function such that BE(h(y)) is finite, then

Drgim (’YTS FT)

E(h(y) ®'(y;0,I E(h(y")), 4.2
(hlw) @0, 1a) = Po= L) B(hey) (42)
where Yyt follows a SUNg arm(p, v, @, Q) with 7I7Z+m)x1 = (A:{N 7) AL isa dxord

ATWLQ Lqg+ ATQA, ATWA
matriz defined by A, = (14, ... 1), A;Z(”Hm) = LI =

AT ATwA, r



and

Proof.

E(h(y) ©4(y; 0, 1))

K | h(y)®y(y: 0, Ia)da(y — g Q) m(y + ATQ W (y — p); T — ATQTIA) dy,
Rd

where K= = ®,,(~;T") is a constant

K/ Y)Pa(y — 1 Q)Prg(AL (y — p); —Alp, Ig) %
m(ATQ W (y — p); =, T — ATQT'A) dy,

where A, is defined as above.

Now using lemma 4.2.1 we have,

D, q(AL(y — p); AL p, Lg) P (ATQ '™ (y — p); =, T — ATQ7IA)

AZ _Afl'l’ Ird 0
= q)rd+m B (y - “’)7 _
ATQ ! —y 0 T—ATQA)
ATWQ Y ~ATp 1.4 0
= Drqm _1w_1<y - “’)3 B
AT oy 0 T'—ATQ'A)

= D (AT Q70T (y — p); =y T = ATTQTIAT)

= Crgim(y' + ATQT W (y — p); T = ATTQTIAT),

26



57
where 4T, At T'f are defined in the statement of the theorem. Therefore,

E(h(y) ®4(y; 0, 1s))

= K N hy)da(y — 15 D Prarm (v + ATQ W (y — p); TT = ATTQTIAT) dy

Crarm(vH TT) Draim(Y + ATQ W (y — p); TT — ATTQIAT)

= —- h — ;2 d
Dy (Y15 1F)
= e R (n(yt)),
O (v; 1) ()
where y' ~ SUNg arm(p, v, @, Q). ]

Remark 4.2.1. The following calculation was done in Theorem 4.2.1.

o Note that

It — ATTQ AT
La+ ATQA, ATwA AlwQ) _ /.
= - Q (QwA* A)

ATWA, T AT

La+ ATQA, ATwA ATQA,  ATwA
ATwA, T ATOA, ATOIA

1.4 0

0 I'—ATQ A

e The independence condition required by Lemma 4.2.1 is satisfied here as shown below

A*TwQ — ~ATp 14 0
(I)’/‘d-l—m O w™ (y - IJ’)’ _
AT —y 0 I —ATQ'A)
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AZ _A*TM [rd 0
- (I)rder B (y - l’l')7 B
ATQ 1! —y 0 [ —ATQ'A)
L1 Az
= P|X= < ] (y—n)
T ATQ 1wt

= O, y(Al(y — p); Al p, La) @ (ATQ W (y — p); —, T — ATQTA).
The last two equalities are obtained by observing that

T
ITq —A* jv Ird 0
T = ~ INrd+m

T3 — 0 I'-ATQIA

and x; and x are independently distributed as x ~ Nyg(—=ATp, I,4) and

xy ~ Np(—v, T — ATQ7IA).

Corollary 4.2.1. Let yi, k = 1,2, ..., n be univariate independent and identical (iid) random
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variables distributed as SUNy 1(p, 0, w, ), where Q* = 15 the correlation matriz.

O v
Then

e Defining h(y) = y;,1 = 1,2,...,n we obtain

7 1+0% wé

+ P ,07 = wiw.

1 1+0% wé
E(y:®(yi)] = 2ud;

0 wo 1

0 wo 1

e Defining h(y) = y?,i=1,2,...,n we obtain
1 1+0% wo 1 1+0% wo
; pto® | +2ud; : :
0 wd 1

0 wo 1

E(y?®(y;)] = 2P,
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where

1402 wd —w?s
3 " ; :2U2¢</L;1+02)®<%;1+02—w252> +
wo 1 +0o

25%@(;@ 1+02— w252>.

Proof. Taking r = m =d =1, in Theorem 4.2.1 we have,

e For the first part,

E(®1(y))
Dy(vF T i
B (0;1)
1+0% wd
where y' ~ SUNy o(p, v1, @, Q1) with v" = (p,0)", TT =
wo 1
Now plugging in the value of E(y') and using (2.9), we obtain
E(®1(y)) = 2uP2(y": TT) + 205(7 " T7).
The value of ®}(y';T'T) is calculated following Example 2.4.1.
e For the second part,
E(y°®1(y))
o~ T 1+0% wé
= BOSTR); where 5 = (1,07, =
®,(0;1) wo 1

Now plugging in the value of E(y™) and using (2.10) and ®3(y";T'T) , we obtain the

desired result.
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I; AT
Corollary 4.2.2. Suppose y ~ SUNy4(p,0,o,Q*) with Q* = ! and h(y) = 1.

A Q
Then

. 7 Ij+wQuw wAT
E<(I)d(y> 07 [d>) =2 (DQd

0 wA [d

Proof. Taking r =1 and m = d, in Theorem 4.2.1 we have,

E(¢d(y) 07 Id))
Oyr (T
= %E(h(gﬁ)); where v, I'f .and y' are defined in Theorem 4.2.1.
al?ys

With h(y) =1 and y ~ SUNz4(p, 0, &, "),

E(®4(y,0,14))

DT
D4(0; 1)
I+ wQw wAT
= 290y, K ; !
0 wA Id
]
4.2.1 Estimation of Univariate SUN Density
Let yg, k = 1,2,...,n be univariate independent and identical (iid) random variables
1 6
distributed as SUN; 1 (s, 0, w, Q) with the correlation matrix Q* = . Thus we have
0 v

unknown parameters p, w,v and 6. To estimate these parameters we need four equations.

From Theorem 2.4.3 the first two moments are given by

2
E(y:) = u+5w\/j
™
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and

2
Var(y;) = 0 — 6*w? =, where 02 = wow.
s

For the remaining two equations we could use third and fourth moment accordingly. However,
the third and fourth moments do not have simple form even in the univariate case. Flecher
(2009) also pointed out that estimation of higher order moments are classically contaminated
by large variances. Therefore we use weighted moments instead of the higher order moments.
The remaining two weighted moments are obtained from Corollary 4.2.1.

By the method of moment approach we need to equate these moments to the sample
moments. The sample mean and the sample variance which have usual expressions of g, =
S yi/n and S2 = ﬁ St (yi — Un)? respectively can be plugged in the above first two
moment expressions. For the weighted moments E(y;®(y;)] and E(y2®(y;)], we will use the
unbiased statistics my, = =" %:®(y;) and mg, = =37 y?®(y;). Thus in terms of

estimation the following system of four equations with four unknown parameters follows

—fab2s A A28 < y 3 028
P55 1+07 —0%8) + 250 (s 1+ 6% - @),
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4.2.2 Estimation of Parameters of Multivariate SUN Distribution

Following our univariate procedure we estimate the parameters of the density

I T
SUNg4(p,0,0,Q%) with Q* = 4 . According to the discussions in section 4.1, for

A Q

simplicity we assume m = d,~ = 0 and take I' to be the identity matrix. These assumptions

ease the estimation procedure and make the optimization faster. In this case the moments

2
Ey=p+ u)Alal\/j
i

2
Var(y) = Q — “wAATw
m

are given by

v’ Id + Q wAT
]E(q)d(ya 07 Id)) = 2dq)2d

0 wA Id

4.3 Numerical Results

In this section we perform numerical analysis for the theoretical results obtained in sec-

tions 4.2.1 and 4.2.2.

4.3.1 Simulation Study in the Univariate Case

The specifications of the simulation design are described as follows. For simplicity we

2 and we just need first three equations in (4.3). The sample sizes

take, w =1,s0v =0
n are set at 50,100, and 500. We choose the values of § to be 0.80,0.89 and 0.97. From
figure 2.4.1, we notice that the skewness is not evident for the ¢ values less than 0.80, so the
delta values only near one are considered. The true values for © and o are set to 0 and 1
respectively. The following table gives estimated values of the parameters of univariate SUN

density. In parentheses are the mean squared error (MSE).

From the table 4.4.1 we see that our estimation method accurately estimates the param-
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eter especially for the large sample sizes. Figure 4.3.1 shows the box plot of the estimates
from 1000 samples of size 500 with the ¢ value 0.97. The Boxplot also illustrates that our

estimation method works well especially for the large sample size.

Table 4.3.1: Estimated values (mean square error) of the parameters of univariate SUN

density

Sample size  J il o )
0.80 0.1203(0.0942) 0.9331(0.0378)  0.7606(0.1028)
n=50 0.89 0.1108(0.0579) 0.9318(0.0311)  0.8312(0.0512)
0.97 0.0934(0.0401) 0.9201(0.0267) 0.8718(0.0394)
0.80 0.0938(0.0585) 0.9500(0.0241)  0.7977(0.0687)
n=100 0.89 0.0605(0.0242) 0.9507(0.0147)  0.8906(0.0223)
0.97 0.0632(0.0159) 0.9500(0.0145) 0.9175(0.0163)
0.80 0.0130(0.0088) 0.9903(0.0054)  0.8929(0.0194)
n=500 0.89 0.0251(0.0040) 0.9834(0.0034)  0.9455(0.0073)
0.97 0.0271(0.0032) 0.9796(0.0028)  0.9651(0.0026)
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Figure 4.3.1: Boxplot of estimated values of 1,0 and § obtained from 1000 replicates of size
500 with the true values 0,1,and 0.97 respectively. The dot lines represent the true values.
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4.3.2 Simulation Study in the Bivariate Case

Following our univariate procedure, we assume w = I; and A = 5Q2 for some 0 <§<1

for simplicity. Since w = I;, we also have Q = . Thus for WMOM approach we use the

I, 692
bivariate SUN density SUNss(p, 0, 15, Q) with Q* = : . In this setting, the
00z Q
parameters involved in the bivariate study are mean vector u, covarince matrix ) and shape

parameter 6. The true values for the parameters p and € are taken as pu = (0,0)7,Q =

1 0.90
. Following the univariate case the ¢ values are selected to be 0.80, 0.89 and

090 1
0.97. The sample sizes n are set at 100 and 500. Table 4.3.2 gives estimated values of the

parameters of bivariate SUN density. From the table we observe that estimated values and
true values are almost same especially for large sample sizes. Thus our WMOM approach
accurately estimates the parameter of bivariate SUN density. However, from the tabulated
values we also see that there is some tendency of underestimation for 9 when § = 0.80 and
the sample size is 100. Figure 4.3.2 to 4.3.5 present a series of histograms of the parameters
obtained from 1000 samples of varying sample sizes and varying delta values. In Figure
4.3.5 with 6 = 0.97 and the sample size 500, we observe a slight departure of some estimates
from the true values. Overall, the histogram plots reveal that WMOM approach works
well especially for the large sample sizes. In figure 4.3.6 we also present the boxplot of the
estimates obtained from 1000 replicates with the size 500 and ¢ value 0.89. From the boxplot

we do not observe too many outlying observations.



Table 4.3.2: Estimated values of parameters of bivariate SUN density

Sample size 9 o Q )
[0.9968 0.8975]
T
0.80  (0.0285,0.0281) 0.8975 0.9984] 0.7566
n=100 +  [0.9892 0.8999]
0.89  (0.0251,0.0217) 0.8999 0.9920) 0.8769
[0.9760 0.8991]
T
0.97  (0.0388,0.0378) 0.8991 0.9775] 0.9556
[1.0064 0.8994]
_ _ T
0.80 (—0.0147,—-0.0155) 0.8994 1.0068] 0.8090
n=500 T [0.9989 0.8999]
0.89  (0.0010,0.0015) 0.8999 0.9983, 0.8931
[0.9778  0.9784]
T
0.97  (0.0387,0.0379) 0.89960.8996] 0.9784

66
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Figure 4.3.2: Histogram of estimated values of uq, us, 01,09, p and § obtained from 1000
replicates of size 100 with the true values 0,0,1,1, 0.90 and 0.89 respectively. The dot lines
represent the true values.



68

h h
B Kz
o o
5 2 z B
5 § o
o
g ° § B
(I'%
[ T T T 1 I T T T 1
0.4 0.2 0.0 0.2 0.4 0.6 0.4 0.2 0.0 0.2 0.4 0.6
L3 L
o Oz
2
= 8 w
g 8 g
o ) ]
2 @ 2 =
g = [
('R (I'N
= [ T T | T i = T T | T T |
07y 02 05 10 14 1.2 0.7 03 09 1.0 1.4 12 13
A A
p i
o o
(] Ly
- (=] - (o]
[+] (]
§ o 5
- | (=] 3 ]
o — o
2 g =
L (I'N
o o
I T 1 [ T T T T 1
0.280 0.35 0.50 0.85 0.75 020 035 050 095 1.00

Figure 4.3.3: Histogram of estimated values of uq, us, 01,09, p and § obtained from 1000
replicates of size 100 with the true values 0,0,1,1, 0.90 and 0.97 respectively. The dot lines
represent the true values.
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Figure 4.3.4: Histogram of estimated values of uq, us, 01,09, p and § obtained from 1000
replicates of size 500 with the true values 0,0,1,1, 0.90 and 0.89 respectively. The dot lines
represent the true values.
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Figure 4.3.5: Histogram of estimated values of uq, us, 01,09, p and § obtained from 1000
replicates of size 500 with the true values 0,0,1,1, 0.90 and 0.97 respectively. The dot lines
represent the true values.
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CHAPTER 5

LOWER CONVEX ORDER BOUND
APPROXIMATIONS FOR SUMS OF
LOG UNIFIED SKEW NORMAL
RANDOM VARIABLES

5.1 Introduction

It is well known that in finance and actuarial science, the data usually have “fat tail”
and in that case the normal distribution is not a good model to use. The skew normal
distributions recently draw considerable attention as an alternative model. Unfortunately,
the distribution of the sum of log-skew normal random variables does not have a closed form.
In this work, we discuss the use of the lower convex order of random variables to approximate
this distribution. Further, two applications of this approximate distribution are given : first
is to describe the final wealth of a series of payments, and second is to describe the present

value of a series of payments.
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5.2 Basic Concepts and Definitions

Definition 5.2.1. Consider two random variables X andY such that E[¢p(X)] < E[¢(Y)] ,
for all the convex functions ¢, provided expectation exist. Then X 1is said to be smaller than

Y in the convex order denoted as X <. Y.

Definition 5.2.2. (Convez order definition using stop-loss premium) Consider two random

variables X and Y. Then X is said to precede Y in convex order sense if and only if

where

(X —d)y = maz(X —d,0).

An equivalent definition can be derived from the following relation
E[(X — d),] — El(d - X),] = B(X) — d.
For the random variable Y the same relation is given by,
EIY = d).) - El(d—Y),] = B(Y) - d.

Now assume X <.. Y, which implies that

and

BI(X = d)4] € BI(Y — d)y], I (d).
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Hence

E[(d - X):] < El(d - Y)s].

Therefore, a definition equivalent to the definition here is

Bl(d— X),] < B[(d—Y).].

Remark 5.2.1. In economic term E[(X — d).] is the net premium for a stop-loss contract.

It represents the expected loss over d, and (X — d)y is often called stop-loss premium. It is
defined as follows:

For a nonnegative loss X the payments equals

(X —d) ifX>d
(X —d); =max{X —d,0} =

0 if X <d,

The insurer retains a risk d (also called priority) and lets the reinsurer pay for the remainder.
From the insurer point of view the loss stops at d and hence the name “stop-loss”.
Properties of convex order of random variables
1. If X preceds Y in convex order sense i.e if X <., Y, then
E[X] = E[]Y]| and Var[X| < Var[Y].
2. If X <., Y and Z is independent of X and Y then X + 7 <., Y + Z.

3. Let X and Y be two random varibales, then X <., Y & —X <, -Y.

4. Let X and Y be two random variables such that E[X]| = E[Y]. Then X <. Y if and
only if E|X —al| <. E|Y —al|,VaecR.

5. The convex order is closed under mixtures:
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Let X, Y and © be random variables such that [X|© = 0] <., [Y|© = 0] ¥V 0 in the

support of ©. Then X <. Y.

6. The convex order is closed under convolution:

Let Xy, Xs,....., X,, be a set of independent random variables and Y7, Y5, .....,Y,, be

another set of independent random variables. If X; <., Y;, for i =1, ...., m, then
Z;nﬂ Xj Sex Z;nzl YJ

7. Let X be a random variable with finite mean. Then X + E[X] <., 2X.

8. Let X1, Xs,......; X;, and Y be (n+1) random variables. If X; <., Y, i=1,....,n, then
YorqaiX; <. Y, whenever a; > 0i=1,..,nand ) .  a; =1.

9. Let X and Y be independent random variables. Then X; <., Y; if and only if
EIB(X, V)] < E[B(Y, X)] ¥ 6 € pru, where g = {62 B2 —> R 1 6(X, ) = ¢(¥, X) is

convex for all x in y}.

10. Let X; and X5 be a pair of independent random variables and let Y; and Y5 be another

pair of independent random variables. If X; <., Y;, 7= 1,2 then X; X, <., Y7Y5.

5.3 Risk Measures and Comonotonicity

5.3.1 Risk Measures

A risk measure provides the information contained in the distribution function of a ran-
dom variable in one single real number. Risk measures are useful to evaluate and monitor
the risk exposures of investors. One of the most commonly used risk measures in the field
of actuarial science and financial economics is the p-quantile risk measure, based on a per-
centile concept. It is also called value-at-risk (VaR). Roughly speaking, VaR at level p, is

the amount of capital required to ensure that the enterprise does not become technically
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insolvent. In probabilistic terms, the VaR at level p is defined as the 100p% quantile of the

distribution of the terminal wealth. More precisely, for any p € (0, 1), the p-quantile measure

or VaR for a random variable X, denoted by (), X], is defined as
Q[ X] =inf{xr € R|Fx(x) > p} (5.1)

It is a non-decreasing function and left continuous function of p. Other risk measures con-
cerning the upper tail of the distributions are conditional tail expectation, tail-value-at-risk

ete.

5.3.2 Comonotonicity

Comonotonicity is a well-studied and attractive property with diverse applications in the
financial and actuarial field. It describes a very special dependence structure of a random
vector in the sense that a random vector is comonotonic if all its components move in the
same direction. To put it in a simple way, a random vector is said to be comonotonic if all its
components are non-decreasing (or non-increasing) functions of the same random variable.
One of the most important uses of comonotonic property is found in calculating the risk
measures of sums of random variables. When the marginal risks posses the comonotonic
dependence structure, the global value-at-risk can be obtained by summing up the marginal
VaR measures (Roach and Valdez, 2008). Thus for a comonotonic random vector X =

(X1, Xs,...,X,) and the sum W = >"" X, the value at risk (VaR) is

Qp(W) = Z Qp[X]
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5.3.3 Main Result on Convex Order: Convex Lower Bound for

Sums of Random Variables

For the evaluation of lower bound for the distribution of sum of log unified skew normal

density we need the following result:

Lemma 5.3.1. For any random vector X = (X, Xo,...,X,) and any radom variable A,

which 1s assumed to be a function of X, we have,

SELGA <0 30X 5.2

Proof. From the convex order definition we have, X <., " if and only it E[p(X)] <w Elp(y)].
In accordance with this definition we need to show that
B S BIA)] < B %))
Now
B[o(>- 0] = EVE[e(° XIN] > Ba oL X0

=1 =1
n

— E, [@(ZE[XAA])]

i=1

The last inequality was obtained by using Generalized Jenson inequality. Therefore,

(o)) < Efe3 %]

5.3.4 Examples

*These two examples follow from Dhaene et al (2002)
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Example 1: Convex lower bounds for the distribution of sum of independent
normal random variables

Let X and Y be independent N(0, 1) random variables. We want to derive lower bounds
for S = X 4+ Y. In this case we know the exact distribution of S which is N(0,2). Let us
demonstrate how lower bound approximation works. Let Z = X +aY for some real a . Then

Z ~ N(0,1+ a*) . The conditional distribution of S|Z is

l+a (1—a)2]7

Ps,20s 2 2 ] _ [
N - 1— =N
’J’S_l_ o (Z I‘Lz)vas( ps,z) 21—|—(I2’ 1—|—CL2

z

where Cov(X + Y, X +aY) = Cov(X,X) + a.Cov(Y,Y) =1+ a and p,, = —=-t%. Then

V2v1+a2"
E(S|Z) = %7 is a random variable and has the distribution N [O7 q:ﬂ Now for some

choices of a we obtain the following distributions for the lower bounds of S:

a=0 gives N(0,1) <., S=X+Y ~ N(0,2)
a=1 gives N(0,2) <., S=X+Y ~ N(0,2)

a=—1 gives N(0,0) <., S=X+Y ~ N(0,2).

Thus in this case best lower bound is obtained when a = 1, which is same as exact distribu-
tion. The variance of the lower bound is seen to have a maximum at a = 1 and a minimum
at a = -1.

Example 2: Convex lower bounds for the distribution of sums of independent
log normal random variables

Suppose Y] and Y, are independent N(0,1). Define X; = e which implies that X; ~
lognormal(0,1), and X, = e¥17¥2 that is Xy ~ lognormal(0,2). We want to find the lower
bound for the distribution of S = X; + X5, Let Z = Y] + Y,. As shown in Example (5.1)

the conditional distribution of Y;|Z is given by,

1 1
3/1’}/1+§/2=ZNN(527§)~
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Therefore, E| X; = e"1]Y] + Y, = z} = My(l; %z, %) with Y ~ N(u, 0?)

1 1
= e:cp(§z + Z)

We also observe that E|:X2 = 6Y1|Y1 +Y, = 2] = ¢?. Therefore the lower bound for ap-
proximating the distribution of S = X; + X5 is S = E[Xl + X2|Z} = exp(%z + %) It can
be easily verified that E(S;) = E[exp(%z + i)} — ez + e and E(S?) = €2 + 2e2 + e*. Thus
variance of the lower bound is 64.374 and is close to the variance of S =67.281. The idea
is to obtain lower convex bound in such a way that the variance of the lower bound gets
as close as possible to the variance of the sum. With this view in mind considering more
general form of the conditioning variable as Z = Y] + aY5, , it could be shown that optimal
lower bound is reached for a = 1.27 and the variance in this case is 66.082. Thus the choice

of the conditioning variable is crucial in determining the lower convex order bound.

5.4 Description of the Model

Let ag, a1, qs,...,a, 1 be non-negative real numbers. Let Y = (V1,Y,,...,Y,)T be
a multivariate skew normal random vector with the specified mean vector and variance-
covariance matrix and satisfying additive properties. Define Z; = Y, _. Y i=0,1,...,n—
1, that is, Z;’s are linear combinations of the components (Y7, Ys,...,Y,). With the compo-

nents so defined, consider the sum

n—1 n—1
S = E aiezizg ettt Y (5.3)
=0 i=0

From economic or actuarial point of view, the sum S could be interpreted as the final wealth
or the terminal wealth or the accumulated value of a series of deterministic saving amounts
or alternatively the accumulated value of a series of payments. In this situation, «; (i =

0,...,n — 1) represents yearly saving in period i or amount invested in period i, ;4 refers
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to the random rate of return in period i for i = 0,...,n-1. The term Y, = logpffl =
logP, — logP,_ i.e e¥r = Pf:’ where P, is the price of the asset at the period k = 0,...n ;

is called the random log-return in period k and Z; denote the sum of stochastic or random
returns in the period ¢ = 0,...,n — 1. With some suitable adjustment, S could also be
referred as the present value of a series of payments. More precisely, if —Z; denotes the
stochastic log-return over the period [0, i], then eZ represents the stochastic discount factor
over the period [0, i]. In this situation, the sum S is the present value of «; (Vanduffel et al
2008).

The sum defined in (5.3) plays a central role in the actuarial and financial theory because
it allows computation of risk measures such as value at risk or stop-loss premium. To
calculate the risk measures we need to evaluate the distribution function of S. Unfortunately,
the distribution of the sum S (of log-normally or log-skew normally distributed random
variables) is not available in the closed-form. It is possible to use Monte Carlo simulation
method to approximate the distribution function. However, Monte Carlo simulation of the
distribution is often time-consuming. Thus one has to find alternative way to approximate
the distribution of the sum. Among the proposed solutions, moment matching methods
and inverse gamma approximations are commonly used. Both methods approximate the
unknown distribution function by a given one such that the first two moments coincide.

Kaas et al (2001) and Dhaene et al ( 2002a, 2002b) propose to approximate the distribu-
tion function of S by so called “convex lower bound”. The underlying idea of convex lower
order bound is to replace an unknown or too complex distribution (for which no explicit form
is found) by another one which is easier to determine. In this approach, the real distribu-
tion is known to be bounded in terms of convex ordering to the approximated distribution.

n—1 Z;

To be more precise, the distribution function of S = Y " a;e” is approximated by the

distribution function of S;, where S is defined by,

n—1
Si =Y aE(e”|A). (5.4)
=0
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An appropriate choice of the conditioning random variable A is required. This approach
has two-fold advantages. Firstly, use of this approach transforms the multidimensionality
problem caused by (Zy, Z3,...,Z,_1) to a single dimension caused by A. Secondly, an
appropriate choice of A (that makes the expectation in (5.4) non-decreasing or non-increasing
function of the conditioning random variable A) will make a comonotonic sum, i.e, the
elements of the sum in (5.4) posses the so called comonotonic dependence structure. Using
additivity properties of sum of comonotonic random variables risk measures related to the
distribution function of S is then approximated by the corresponding risk measures of .5;.
According to Kaas et al. (2001), comonotonic upper bound for the sum in convex order

sense can also be derived using the result

n—1 n—1
ZXz Scx ZFXZ<U) ’
i=0 i=0

where U is the uniform random variable over (0, 1). However, the comonotonic upper bounds
generally provide too conservative estimates of the cumulative distribution function (Roach

and Valdez 2008). Thus we only discuss convex lower bound here.

Remark 5.4.1. In general, the random wvector (E(Xo|A), E(X1|A),..., E(X,-1|A)) does
not have the same marginal distribution as (Xo, Xi,...,X,_1). However, if the condi-
tioning random wvariable A is chosen in such a way that all random variables E(X;|A),
(1t =0,1,2,...,n — 1) are non-decreasing functions of A (or non-increasing functions of
A), then the sum "'~ E[X,|A] is a sum of n comonotonius random variables and can be
referred to as comonotonic lower bound. Hence the risk measures for the sum could easily be

obtained by summing the corresponding risk measures for the marginals involved.
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5.5 Bounds for the Sum of Log Unified Skew Normal

Random Variables

In this section we derive the bounds to approximate the distribution of sums of log unified
skew normal variables. The derivation of this bound requires some results that are presented
in the following lemmas. Recall that Y, denote the random log-return in the period k, for

k=1,2,...,n and Z; denote the accumulated returns from th time ¢ to the final time t = n.

Lemma 5.5.1. (Joint distribution of Y = (Y1,...,Y,)T) Let Y,k = 1,...,n be univariate

1d random variables distributed as

L AT
SUNy (1,7, @, 2), where 2 = i
A Q

Then the distribution of Y = (Y1,...,Y,)T is

SU Ny (By, Yy, @y, ),

where

By =1, Qu, vy =1L, @v,wy =1, 0w &y =wy ®1,,

and

i i ry AL
O =1,09 O =030 Ay=L3A, Ty=ILcoT, Q=

Ay Qy

Proof. The proof follows from Corollary 2.4.5 by noting that &7 = I,, ® A for any matrix A

where [, is an n X n identity matrix and 1,, is a unit vector of dimension n. O]

Lemma 5.5.2. (Joint distribution of Z = (Zy,...,Zn1)") Let Z;;i = 0,...,n — 1 be the

sum of returns of one unit of capital invested from time t = i to the final time t = n, that
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18, 4; = ZZ:Z‘H Yi. Let T € R™™ be an upper unit triangular matriz. Then the distribution

Of Z = (Z(b ey anl)T 18

SUNp (g 7, @7, 505)

where

pz=Thy, vz="y, wz=TwyT", wz=uwsly,

and

_ T AT
QZ = TQyTT, QZ = wEIQZu}EI, AZ = (TQyTT)_lTwYAy, FZ = Fy, *Z = 7 _Z
Az Qy

Proof. The proof follows from Theorem 2.4.4 with T" being the matrix of coefficients m

As mentioned in section 5.5, the comonotonicity of the convex lower bound strongly
depends on the special choice of the conditioning random variable A. Therefore, it is required
to choose a functional form of this random variable. Since a good choice of A is important
in determining the accurate approximations for the final wealth, different choices of A have
been proposed in the literature. Following Dhaene et al (2002a), we will choose A in such
a way that it becomes a linear transformation of a first order approximation to S,. This is

known as “Taylor-based” approach. In this approach, A is defined as,

n—1
A= Z ViZi7
1=0

with the following choice of the coefficents v;,

If the random variables Y,k = 1,...,n are iid then the coefficients v; is given by

v; = ozieE[Zi] = ocie]E[Y].
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Lemma 5.5.3. (Distribution of A) Let the random variable A be defined by A = Z?:_()l Vi Z;

and V = (v, ... Vy—1) be a row vector. Then the distribution of A is

SUNLmn(/’LA7PyA7@A7QR>
where
pa=Vig, Yy=7z wr=Vw, V' @)=uwsl,

and

_ Iy AT
QA =V VL Qp =wi' it A= (VQ VY)Y WwyAy, Th =Ty, Q) = ]
Ay Q)

Proof. The proof follows from the Theorem 2.4.4 with V' being the vector of coefficients. [

Lemma 5.5.4. (Joint distribution of A and each of the elements of vector Z) Let S; € R¥*™
be a matrix with the first row as V' and second row of 0’s except in column i + 1 where the

0 s replaced by 1. That s

vy V7 ... Vi... Vp_1

0O 0 ... 1... O
Then the distribution of X; = (A, Zi)T 18
SUNZ,mn(IJ’Xi)’YXia (DXN Q;(Z)a

where

_ _ _ T o
Hx, = SilJ'Zv Vx;, =Yz, WX; = SinSi y WX = in127

QXi == SZQZsZT, QXi = w;(zlﬁxlw;(ll, AXi == (SiniSiT)_lSiniAZ, FXi = Fz,
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and
[y
. i X;

Axi QXi

T

Proof. The proof follows from Theorem 2.4.4 with S; being the matrix of coefficients. O

Lemma 5.5.5. (Conditional distribution of Z;A = \) Let ux,,Qx,,ox, and Ax, be parti-

tioned as in Theorem 2.4.7. Then the distribution of H; = (Z;|A = X) is given by

SUNl,mn(/J/HZ » YH,> @H«n Q*HZ)

where
p, = piz + Q' (A = ), vy, = vx, + AT Qi wy (A = ), om, =@,

FHi = FXZ.—A{QﬁlAl, AHz = AQ_Q21(21_11A]., QHz = 922—921(21_11@12, QHz = wHiQHin“

and

r, AT
0 = Hi B
Ap Qp

Theorem 5.5.1. (The lower convex order bound) The lower convex order bound S which
1s used to approrimate the distribution function of the sum S, = Z?:_ol aze?i is given by

n—1

1
Sh = Zoz,-ea:p(uHi -+ §QHZ)

=0

5.6
CI)mn('YHﬁ L) (56)

with pg,, Qu,, Yu,, A, wh,, and Uy, defined as in Lemma 5.5.5.

Proof. By Lemma 5.3.1 the distribution of 2?1_01 a;e?i is approximated by the distribution
of the sum >0 E[aze? |A = S0 v, Zy].
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Thus the lower convex order bound S! is given by

n—1

n—1
S, = > E [aiez" A=) ViZi:|
=0 =0
n—1 n—1
N [ez”‘ A=Y uizl} . (5.7)
=0 =0

The expectation in (5.7) is the m.g.f of a random varible y evaluated at t = 1 where y is

distributed as

SUNLmn(“’Hi?'YHH @Hm Q*Hl)

From (2.8), this m.g.f is obtained as

1
My (1) = exp(pm, + =52
@ ( q)mn<7Hi§FH¢)

2

Therefore from (5.7) the convex lower order bound is

n—1
1\ P (vy, + AL wn,; Ta,)
St = aex .+ =Qy, - L
2 cueaplpa+ ) g

5.6 Lower Bound in Multi-Asset Case

In the previous section we consider only one asset while deriving the distribution of
terminal wealth. In the same fashion it is also possible to find the lower bound when the
portfolio consists of multiple assets including risk-free and risky assets. Throughout this
section we will assume that the portfolio has one risk-free asset (e.g cash account) and
multiple risky assets (e.g stock funds). Following the previous section we will derive the
lower bound step by step. However, we will have to redefine some variables to accommodate

in case of multiple assets.
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Let Z;» be the sum of returns of one unit of capital invested at time ¢ = j to the final

time ¢t = n of assest 7,7 = 1,...,q, that is

k=j+1
and the terminal wealth S,(7) is given by
n—1 n—1
Sp(m) = Z mioy; exp(Z;) + Zﬂ'oaj exp((n — j)r),
i=1 j=0 5=0
where 7 = (m1,...,m,)" is the vector of proportions of savings amounts in the risky assets

and 7 is the weight in the risk-free asset.

Lemma 5.6.1. (Joint distribution of Y = (YT,....YI)T) Let the joint returns random

vector Y,k =1,...,n be ud distributed as

r AT
SUNva(l'lﬁ Y, @, Q*>, where QF = -
A Q

Then the vector of log returns Y = (Y71, ..., YT is distributed as

SUNpgmn(By, Yy, @y, Q),

where

”Y:1n®IJJ7 7Y:1n®77 WY:]n®W7 ‘DY:wY®1n

and

i i ry AL
O =020 O=0L0 Ay=1L3A, Iy=Lal, Q =
Ay Qy

Proof. The proof follows from Corollary 2.4.5 O
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Lemma 5.6.2. (Distribution of Z = (Z1, ..., ZqT)T) Let Z=(Z7T,. .., ZqT)T be the vector

of accumulated returns, where Z; = (Z§,...,Z¢ )i =0,...,q. Let T; be an m.n dimen-
sional row vector of 0's except in the (i + q(j + k))th positions, k = 0,1,...,n — (j + 1)
where they are 1's and let T be a matriz whose rows are defined by vectors T; Then the
distribution of Z is

SUN pgmn(Bog, Y 7, @2, 0,

where

py=Tpy, vz="y,wz=TwyT", @z=uwzl,,

and

_ T AT
QZ = TQyTT, QZ = wEIQZu);, AZ = (TQyTT)_lTu)YAy, FZ = Fy, Q} = 7 7
AZ QZ

Proof. The proof follows from Theorem (2.4.4) with T being the matrix of coefficients [

As in the single asset case, we use “Taylor-based” approach for choosing the random
variable A. The random variable is accommodated to the multi asset case in the following

way:
q n—1

A(m) = Z V;(W)Z;

i=0 j=0

with the following choice of the coefficents V},

vi(r) = mae®!

ZJZ]
J

If the random variables Y;, k = 1,...,n are iid then the coefficients V; is given by

; 0
vi(r) = moy P4l = ma e

(n—j)E[]
Vi Y

where E[Y"] denotes the expectation of the ith marginal distribution of the random vector
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Y;.
Lemma 5.6.3. (Distribution of A) Let the random wvariable A(m) be defined by
A = 32022:3 vi(m)Z: and let V.= (Vi,... V), where V; = (v§(n),...v, (7)),i =

1,...,q. Then the distribution of A(m) is

SUNLmn(/’LA7 7/\7 (I)A7 Qj\)’

where

pa=Vipy, ="z wr=VwV' Gz =uwl,

and

_ T AT
QA = Vﬁsz, QA = wlewal, AA = (VQZvT)ilvaAz, FA = Fz, Q}k\ = A 7A
Ap Oy

Proof. The proof follows from the Theorem 2.4.4 with V' being the vector of coefficients. [

Lemma 5.6.4. (Joint distribution of A(r) and Z?) Let S§ € R**9™ be a matriz with the
first row as V' and the second row of 0’s except in columni-n—(n—j—1),i=1,...,q,j =

0,...,n — 1 where the 0 is replaced by 1. Then the distribution of X; = (A<7T), Z;)T s
SUNZmn(N’X;v 'YX;H "DXJZH Q};)’

where

% 3 T —
Kxi= Siktz, Yxi =7z, Wxi= SiwzSji Wxi = WX;Z12a

Qi T . —, ~1o . —1 _(qi,, aoT\-1lqi,, . o

and
Iyv: AT,
Q* P — Xj Xj
T\ Ay Qs

J



90
Proof. The proof follows from Theorem 2.4.4 with S; being the matrix of coefficients. [

Lemma 5.6.5. (Conditional distribution of Z! given A(w)) Let pyi, Qyi,&xi and Ay be
partitioned as in theorem 2.4.7. Then the conditional distribution of H} = (Zi|A = X) is
given by

SUNI,mn(MH;77H;a@H;7 Ql*t];)a

where

fri = p2 + Q015 (A — 1), Yui =Yxit AT Wyt = ), Whi = Wi,

FHJZ — FX;_A{QI11A17 AHJZ — AQ—QQZLQl_llAl, QHJL - 922—021(21_11012, QH; - CL)H]LQH;(/L)H;’

and

J

Q*H": —
j —

Theorem 5.6.1. (The lower convex order bound)

The lower convex order bound Sk (m) to approzimate the distribution function of the sum

Sp(m)=>"1, Z;L:_& ma; exp(Zh) + Z;:& moay; exp((n — j)r) is given by

7 P (’7 i+ AT wyi T z) n—1
1 mn\"V H} m¥Hi L H
Su(m) = Z Zﬂia'e“’p fi + 582 : L+ may exp((n — j)r)
i=1 j=0 ’ ( 172 HJ) (I)mn('YH}ZEFH;I) j; !

with [t QH]@, Yuis AH;;, Wi and FH;; defined as in lemma 5.7.5.

Proof. The proof is same as the one given in Theorem 5.6.1. [

5.7 Numerical Results

In this section we numerically illustrate the accuracy of the approximations obtained in

the previous two sections by using two examples. We do not use a real data set to analyze
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the approximations since making inference on the unified skew normal distribution is difficult
due to its large number of parameters, instead we use a hypothetical data to evaluate the
accuracy.

In the first example, the final wealth of yearly savings distributed as log unified skew
normal random variables is computed using Monte Carlo method and the result presented
in section 5.6.

For n = 20, at every period ¢,7 = 0,...,n — 1, consider the yearly savings amounts
a; = 1,9 = 0,...,19. That is, at the beginning of each year one unit of savings amount
is invested in the considered asset. At time ¢ = n the invested amount «, = 0, i.e, no
contribution is made at the final period. The returns are considered to be independently and
indentically distributed SUN random variables with parameters m =d =1, p = 0.02, v =
0, w=1 0=0=0.03, I'=1, and A =0.97.

The results for some selected quantiles of the distribution function of the terminal wealth
obtained by the Monte Carlo simulation (denoted by MCB) and from the convex lower bound
(CLB) are presented in table 5.8.1. The simulated results are obtained from 5000 random
paths. The relative deviations of the approximated values from the Monte Carlo simulation

are computed as follows:
Qp[S] — @plSp"]
Qp[Sa"C]

x 100.

Table 5.7.1: Comparison of the selected quantiles of the distribution of the final wealth in
single asset case

P MCB  CLB Relative deviation
0.01 22.5789  22.8575 1.23%
0.025 259758  26.1992 0.86%
0.05 29.7387  29.9730 0.78%
0.95 152.9541 151.5890 -0.89%
0.975  184.0342 182.4662 -0.85%

0.99 226.9628 222.1930 -2.10%
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Comparing the results obtained with the Monte Carlo simulations, all the lower bound
approximations seem to perform reasonably well, some of them are excellent. The approxi-
mations lose some precision in the tails of the distribution.

In the second example, we illustrate the approximations for a portfolio consisting of two
risky assets and one risk free asset. We consider the same savings amount as in the first
example (that is, oy = 1,7 = 1,...,n) and the weights are assigned as follows: 19% in
the risk-free asset, 45% in the first risky asset and the remaining 36% will be invested in
the second risky asset. In addition, the yearly return of the risk-free asset is considered

to be 0.03. The parameters of the joint distribution of the risky assets are chosen to be

_ 0.01 0.01
m=1d=2 u= (006007 ~v=0 w=10 Q== , I' =1, and
0.01 0.04

A = (—0.95,-0.97)T.

The results for the distribution function of the terminal wealth obtained by the Monte
Carlo simulation and from the convex lower bound are presented in table 5.8.2. Following
single asset case, the simulated results are obtained from 5000 random paths.

Table 5.7.2: Comparison of the selected quantiles of the distribution of the final wealth in
multi asset case

P MCB  CLB Relative deviation
0.01 19.4143  19.7961 1.97%
0.025  22.0037  22.3248 1.46%
0.05 24.5388  24.7480 0.85%
0.95 124.8726  124.3719 -0.40%
0.975  152.1901 150.5944 -1.05%
0.99 196.4655 191.0344 -2.76%

As observed from Table 5.8.2, the approximation is still reasonably good when we consider
a portfolio. The approximations at the tails of the distribution lose more precisions compared
to the single asset situation. One of the reasons might be that in multi asset case we include

an extra risky asset thus making the number of log unified skew normal random variables
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double compared to the single asset case. However, the approximations will surely improve

with a better choice of the conditioning random variable A.
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