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ABSTRACT

Craig Zirbel, Advisor

With the advent of faster computers and the availability of RNA crystal structures we
can now use more information to align homologous RNA sequences. We can take a crystal
structure and construct a probabilistic model, based on a SCFG, of an RNA molecule. We
construct objects called nodes that modularize the model into small pieces that are more
manageable. Using this model we can take sequences that are similar to the sequence in the
3D crystal structure and look for the most probable way that the model could have generated
the sequence. Then we can get a detailed description of how each node of the model could
have generated the sequence. Using this information we can align sequences. Given a seed
alignment we give a procedure to construct a 3D structural alignment quickly. In addition
we show how the parameters from the model can be estimated. We also have the ability to
do motif swaps using objects called alternative nodes.

We have developed an algorithm to quickly search through RNA 3D structures to find
motifs. This is accomplished by taking a query motif with m bases and finding the center of
the heavy atoms for each base and then rotating it onto candidate motifs that have the same
number of bases. Then we measure how good a fit the candidate is to the query by using
a discrepancy that we define which involves the distance between bases and their relative
orientations. A simple inequality allows us to quickly identify candidates whose discrepancy
with the query motif will exceed a cutoff discrepancy. We use this to screen out the vast

majority quickly.
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CHAPTER 1

Introduction

1.1 What is RNA?

Figure 1.1: 23S RNA Molecule, from 1s72 crystal structure, part of the ribosome, which
manufactures proteins. Display created with Swiss-PdbViewer [3]

RNA is a single-stranded nucleic acid molecule involved in protein synthesis and many



Figure 1.2: 5S RNA Molecule, another part of the ribosome. Display created with Swiss-
PdbViewer [3]

other cellular functions. RNA is mostly made up of the four bases adenine, cytosine, guanine,
and uracil, denoted by A,C,G, and U respectively. RNA is similar to DNA. The bases A,C,
and G that are found in RNA are the same bases found in DNA. In DNA uracil is replaced by
thymine. From Figure (1.2)) we can see that even though an RNA molecule is single-stranded
it can fold back onto itself and form interesting structures.

Protein synthesis by the ribosome depends crucially on the RNA molecule having the
specific shape shown here, which is held together by basepairs. The most common basepairs
are AU and CG (shown in figure (1.2)), but others also occur.

Figure gives a 2D representation of what is displayed in Figure. The figure

shows the pattern of basepairs in the molecule. We will call the structure above loop A helix



1, to the right of loop A helix 2, and below loop A helix 3.
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Figure 1.3: Secondary structure of the 5S ribosomal RNA Haloarcula Marismortui

1.2 Isostericity

Over the course of many generations, random mutations will occur in an RNA molecule.
Sometimes basepairs are replaced by different basepairs and the shape of the molecule or the
function of the molecule or both is unchanged. If the shape remains unchanged then there
must be something that the two basepairs have in common. In this case we say that the two
basepairs are isosteric to one another. That is, one basepair can be replaced by another and
it doesn’t change the shape of the molecule. If we have two basepairs that have roughly the
same C1’-C1’ distance and their glycosidic bonds have the same relative orientation then we
say that the two basepairs are isosteric.[5] The C1” atoms are labeled as solid black dots in
Figure (|1.4).

Basepairs can be classified into families. For each base there are three interacting edges.

In Figure (1.5) we can see these edges. They are called the Watson-Crick edge, Hoogsteen
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Figure 1.4: Basepairs [5]

edge, and Sugar edge.

Referring to the right hand side of Figure we see the orientation of the glycosidic
bonds indicated by the arrows. If both arrows are pointing to the same side then we call it
a cis basepair, otherwise we call it trans. Using the hierarchy that the Watson-Crick edges
are referred to first followed by Hoogsteen then Sugar, there are twelve different families.
Basepairs that belong to the same family (c(WW tWW cWH,...) generally have glycosidic
bonds that have roughly the same orientation. But their C1’-C1’ distance can still be different
and therefore not all basepairs in a family are isosteric. Therefore, we make isostericity
matrices. An isostericity matrix is a 4 X 4 matrix that, for each family, tells which basepairs
are isosteric to one another. Below is the table for a cWW interaction.

From Table (|1.1]) we can see that the canonical basepairs A-U, C-G, G-C, U-A are isosteric
to one another because they fall in isostericity family I;. Also note that the G-G position in
the matrix is blank. This is because there is no way for the Watson-Crick edge of guanine

nucleotides to form hydrogen bonds, due to electrostatic repulsion.
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Figure 1.5: Interacting Edges and Glycosidic Bond Orientations from LSW paper [5]

Some basepairs we classify as being nearly isosteric. That is, their C1’-C1’ distances and
relative orientations of their glycosidic bonds are close but not close enough to be considered
isosteric. A further subclass are basepairs that are not close enough to be considered nearly
isosteric but they are still physically possible. These basepairs are called allowed. A basepair
that is physically impossible is called not allowed. Table shows what basepairs are
isosteric, nearly isosteric, allowed, and not allowed, indicated by 2, 1, 0, and -3 respectively,

for a G-C Cis Watson-Crick basepair.

1.3 What is an RNA multiple sequence alignment?

The 3D structures we have shown and discussed are hard to produce. Much easier is to

determine the sequences of bases in a given RNA molecule for a given organism. Different



cWWIA|C|G|U
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Table 1.1: Isosteric families for cWW

cWW | A|C|G|U
A 01,012
C 1101210
G 012 |-3]|1
U 2101110

Table 1.2: Isostericity Matrix for G-C ¢WW basepair

molecules may play different roles in different organisms, but molecules which play the
same biological role in two organisms and which share similar 3D structures are said to be
homologous.

When analyzing RNA sequences we would like to know what are some of the common
features of the sequences and can we tell anything about the shape of the molecule. An RNA
multiple sequence alignment is when we take homologous sequences, RNA molecules that
are descended from a common ancestor, and we line up the columns to indicate which bases
play the same role in the molecule. In practice, since we don’t know the 3D structure of all
the sequences, we line them up in a way that either maximizes some score or probability.

A typical scoring system is one in which high positive scores will be given to alignments
when letters in two columns which we think represent a basepair match a pattern such as
A-U, U-A, C-G, or G-C. [7] If a sequence aligns well, has a high score or probability, to a
sequence for which we know something about the 3D structure, then we can infer that the
other sequence also has a similar 3D structure.

Figure shows 10 unaligned sequences. From this figure it is hard to see if the
sequences are similar. Note that the sequences have different lengths; some molecules simply
have fewer bases than others. In Figure we see the same 10 sequences but now they

are aligned. Now it is quite obvious that the sequences are very similar.
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UUAGGCGGCCACAGCGEUGGEEUUGCCUCCCGUACCCAUCCCGARCACGGAAGATUAAGCCCACCAGCGUUCCAGGEAGUACUGGAGUGCECEAGCCUCUGEGAARUCCGGUUCGCCGCCACT
AGUGGUGGCCATAUCGECGEGEUTCCUCCCCGUACCCAUCCUGAACACGGAAGAURAAGCCCGCCAGCGUCCGGCAAGUACTGEAGUGCGCEAGLCUCTGEEARAUCCGGUUCECCGCCAC
GUAGCGGCCACAGCGEUGGGEUUCCUCCCEUACCCAUCCCGAACACGGAAGAUARAGCCCACCAGCGUUCCGEGEAGUACTGEAGUGCGCGACCCUCUGGEARACCELGUUCGLCGCUAC
GCGEGCCAGGGCGEAGEGEARACACCCGUACCCAUUCCGAACACGCGARGUGAAGCCCUCCAGCGRACCAGCUAGUACUAGAGUGGGAGA CCCUCUGGGAGCGLCUGGUUCGCCGLT
UAAGGCGGCCAUAGCGGUGGGGUUACUCCCGUACCCAUCCCGRACACGGAAGAUARGCCCGLCCUGCEUUCCGGUCAGUACUGGAGUGCGCGAGCCUCUGGEARAUCCGGUUCGCCGCCUACU
UUGGCGACCAUAGCGGLGAGUGACCUCCCGUACCCATCCCGRACACGEAAGATAAGCUCGCCUGCGUUICGEUCAGUACUGGAUTGEECEACCCUCUGGGARAUCTUGAUUCGCCGCCACT
GGCGECCAGAGCGEUGAGGUTCCACCCGUACCCAUCCCGARCA CGGRA GUUAAGCUCACCUGCGUUCUGGUCAGUACUGGAGUGAGCGAUCCUCUGGGRAARUCCAGUUCGCCECCC
GGECEECCAGAGCGEUGAGGUUCCACCCGUACCCAUCCCGRACACGGAAGUUAAGCUCGCCUGCGUUCUGGUCAGUACUGGAGUGAGCGAUCCUCUGGGARAUCCAGUUCGCLGCCCCU
GUAGCCGGLCAGAGCCEUAGCCAMACACCCOUACCCAUUCCCARCACGGRAAGUUAA GCCUACCAGCCUAUCCUGAAGUACUCCACUGA GCCAUCCUCTGECGAACCACCAGUCGCCGCCUAL
GUAGGCGGCCAGAGCGEUAGGGAARCACCCGUACCCAUUCCGARCACGGRAGUUAAGCCUACCAGCGUAUCCUGRAGUACUGGAGUGA GCGAUCCUCTGEGAACCCCGGUUCGCCGCCUGLT

Figure 1.6: Unaligned Sequences of archaeal 5S Haloarcula Marismortui

This alignment, Figure ((1.7)), is mostly a matter of identifying where the difference in
the number of total bases occur. Here it is clear that most of the differences occur at the
beginning and the end of the sequences. This corresponds to differences in the length of

helix 1 in Figure ((1.3)).

UUAGGCGGCCACAGCGEUGGEEUUGCCUC-CCGUACCCAUCCCGRACACCGGARGAUARAGCCCACCACGCCUUCCAGGGAGUACUGGAGUGCGCCAGCCUCUGGGARAUCCGGUUCGCCGCCACC—
AGUGGUGGCCAUAUCGGCGGGGUU-CCUCCCCGUACCCAUCCUGRACACGGARGAUARGCCCGCCAGCGUCCGGCA-AGUACUGGAGUGCGUGAGCCUCUGGGARAUCCGGUUCGCCGLCAC——
—GUAGCGGCCACAGCGGEUGGLGUT- CCUC—CCGUHCCCAUCCCGHHCHCGGAAGHUBHGCCCACCAGCGUUCCGGGGAGUHCUGGHGUGCGCGBCCCUCUGGGAAHCCGGGUUCGCCFF z

Figure 1.7: Seed alignment of archaeal 5S Haloarcula Marismortui

1.4 Why do alignments?

1.4.1 Predict secondary structure

The original use of alignments was to use sequence data alone to predict secondary structures,
as in Figure ([1.3)), before any 3D structures were available. There are several techniques to
predict secondary structure. These include the Nussinov algorithm and the Zuker folding

algorithm [I]

1.4.2 Infer global 3D structure

We know what the 23S looks like since we have a crystal structure. If we have a homologous
sequence that aligns well to the 23S then we can infer that the 3D structure of the homologous

sequence is very similar to the 3D structure of 23S.



1.4.3 Phylogeny

If two sequences align well then this tells us something about the phylogeny, which is the
evolutionary link between the two organisms. There are algorithms available, such as UP-
GMA and Parsimony, that make phylogenetic trees[I]. These procedures create a measure
of distance between two aligned sequences. The smaller the distance, the more closely the
two sequences, and thus the organisms, are related. The requirement for these algorithms is
a good multiple alignment. Unfortunately, current multiple alignment procedures can only
parse helical regions with any accuracy. Therefore when creating a phylogenetic tree non-
helical regions have to be ignored since they are not aligned well. Our 3D structure-based
multiple alignment procedure can align non-helical as well as helical regions. It is reasonable
to assume that if we have a better alignment then we should be able to generate a more
accurate phylogenetic tree. We can also define a different distance than the one usually used
in Parsimony, based on isosteric substitutions. When isosteric substitutions are made in an
RNA molecule the shape and function of the molecule remains unchanged. Therefore, we
can set the distance between a pair and one isosteric to it as zero. We could also define
distances between pairs that were nearly isosteric or just allowed. All of this will lead to a

better understanding of phylogeny.

1.4.4 Predict 3D structure - motif swaps

Some RNA molecules have very similar structures. They just differ in a few locations. For
example, the bacterial and archaeal 5S have nearly the same 3D structure. In fact, if we
superimpose the two structures we see that they have nearly the same shape. The main
difference between the two is the loop E region. If we are given a sequence that is either
bacterial or archaeal then by parsing the sequence according to both bacterial and archaeal
models, we may be able to determine what type of sequence it is based on how the loop E
region was parsed.

Aligning sequences can help us predict 3D structure from sequence data alone. From
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the RNA 3D structures we have available one can build a database of models for motifs,
collections of up to 20 bases. We can then align a sequence or portion of a sequence with an
unknown 3D structure using all the models in our database. The alignment that gives the

best score would then be our best guess as to what the true 3D structure of the sequence is.

1.4.5 Allows you to check your isostericity conjectures

We can align sequences based on our isostericity rules. If the alignment score is high and
there is diversity in the sequences we have reason to believe that our isostericity rules are true.
Once we create our alignments we can then re-estimate isostericity substitution parameters,
which tell the probabilities for making Isosteric, nearly Isosteric, allowed, and not allowed

substitutions. How to estimate isostericity parameters will be discussed in Chapter

1.5 Alignment procedures

1.5.1 Hand alignment

Biologists have created a few multiple alignments by hand either by aligning the sequences
from scratch or modifying existing alignments. While these alignments are usually good they
take a very long time to produce and therefore it is impractical to do for large sequences or

when doing a multiple alignment on a large number of sequences.

1.5.2 Progressive alignment

A progressive alignment is a procedure that constructs a succession of pairwise alignments.
First, two sequences are aligned by a pairwise alignment procedure. Then, a third sequence
is aligned to the first alignment and so on until all the sequences have been aligned. The
problem with this procedure is that it is a heuristic procedure that depends on the order

that the sequences were aligned. It is important to align the sequences that are more closely
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related first. The upside to this approach is that it is fast and the alignments are usually

not too bad. [2]

1.5.3 Stochastic Context Free Grammars

Stochastic Context Free Grammars (SCFG’s) are part of Chomsky’s hierarchy.[I] They con-
sist of a set of terminals and nonterminals as well as a set of production rules. Terminals are
usually denoted with lowercase letters and nonterminals with capital letters. For example,
let {S, Wy, Wy, W3} be the set of nonterminals and {a, ¢, g, u} be the set of terminals. Let

the production rules be given by

S — aWig|cWiu
Wy —  aWau|cWaglaWig (1.1)
Wy —  aWau|cWag|cWsg

W5 — wucceglggga

The symbol | in (1.1)) can be read as "or”. Then the first production rule says that if we
start at S our first production is either alW;g or ¢Wju. Production rule 3 generates au or cg
basepairs. Assume that S goes to aWW;g. Then from W we can get either aWWyu or cWsg or

aWig. let us pick ¢Wsg. Then, so far we have

S — aWig — acWagg (1.2)

Now maybe Wy goes to cWsg. And then from W5 to ¢Wsg. Finally we let W3 produce

ggga. Combining all this we get

S — aWig — acWagg — accWaggg — acccWsgggg — accegggagggg (1.3)

The above is an example of a context free grammar. To make it into a SCFG all we need
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to do is to create probability distributions for the production rules. That is, for example, if
we take the first production rule in ([1.1]), we could say that S goes to alV;g with probability
ps1 and aWig with probability pss. Likewise we could set the probability that W; produces
aWou, cWag, or aWig as pu,1, Puy2, OF Puw, s respectively. Doing this gives a way to randomly
generate sequences. But we could also look at it from the other direction. We could have
a sequence that we want to know what was the most probable way the grammar generated
the sequence. This is called parsing. SCFGs can be used to model sequence variability for

RNA molecules because they can preferentially generate basepairs of a specified type.

1.5.4 Covariance Model

A covariance model (CM) is a SCFG that uses an annotated secondary structure, which is
obtained from a secondary structure prediction algorithm, to determine the production rules
for the grammar. The set of nonterminals are given by the letters S, P, L, R, B, E.[1]

The production rules are similar to the rules given by (1.1]) and are defined as

— W

— aWb

M W = &~ v »
|
<
IS

Where We {P,L, R, B, E} and a,b € {A,C,G,U} and € is the empty string.

The production rules are set in such a way as to mimic the secondary structure. For
example, if the secondary structure of a molecule is given by Figure (1.8)) we can construct
a CM with the form given by Figure (L.9).

Then we can construct a CM that has the structure given by (Figure to model the
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Figure 1.8: Secondary structure example for CM

molecule.

Figure 1.9: CM for the secondary structure given in Figure (|1.8))

What we do in chapter 2 is similar to a CM. The difference is that we use a 3D structure
to construct the model and therefore we have more information available and we introduce
new rewriting rules (cluster, alternative). This allows us to construct a more comprehensive

model.
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1.6 Why do we want to do multiple alignments?

1.6.1 Why do alignments when there are already alignments avail-

able?

While the procedures described do a reasonable job of aligning sequences they have yet to
capture the intuition of the trained biologist. Most alignment procedures are based only on
sequence data and they use ad hoc parameters. The algorithms are designed to create as
many canonical basepairs as possible (helical regions). The problem with aligning sequences
this way is that helical regions only account for approximately 70% of the interacting base-
pairs. By just using sequence data we miss out on 30% of the information. It has been
shown that the non-helical regions are not aligned well.[6] In addition, there are problems
with the alignment of the helical regions also.[6] Clearly there is room for improvement here.

If we use more information we should get better alignments

1.6.2 Why do 3D structural alignments?

A 3D structure of a molecule gives us information that is not available from a set of sequences
alone. In addition to showing the locations of all the canonical basepairs the 3D structure
shows where all the insertions and non-canonical basepairs are. Using this extra information
we can make more elaborate models of RNA molecules. We can model situations where
bases are are involved in multiple interactions. Therefore, we can model the 30% of the
molecule that the other alignment procedures don’t take into account. This will give us a
more informed model and therefore a better multiple alignment of the helical as well as the

non-helical regions.
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CHAPTER 2

SCFG-MRF model for RNA

sequernces

Our research group has created a program that can analyze an RNA crystal structure and
then display a 2D representation that tells what bases are interacting and what type of
interaction it is. From this information we can create a model for the molecule. Our working
hypothesis is that closely-related organisms have molecules with similar 3D structure, with
minor evolutionary variations. More distantly-related molecules may differ more. We wish
to make a probabilistic model for sequence generation based on the 3D structure and use it
to understand (parse) sequences from other organisms, whether closely or distantly related.

A secondary structure is a 2D representation of an RNA molecule that shows where the
canonical basepairs are and which gives some idea of the shape of the molecule. Figure
shows the secondary structure, inferred from multiple sequence alignments based only
on canonical basepairs, for the 5S ribosomal RNA of Haloarcula Marismortui. Solid lines
indicate canonical basepairs. Non-canonical basepairs occur in the regions marked B,C,and E
but are not shown in Figure . Figure shows, in addition to the canonical basepairs,
the non-canonical basepairs that are present in the 5S RNA Haloarcula Marismortui. This

information is derived from the crystal structure given in Figure (1.2)).
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Figure 2.1: Secondary structure of the 5S ribosomal RNA Haloarcula Marismortui, as in-
ferred from sequence alignments.

The location of the 5’ is where the RNA starts and it ends at the 3’ side. This particular
molecule is 122 bases long. If we start where the 5" and 3’ are and we move toward loop A

we can see that the molecule branches and forms other loops/helices.

2.1 Nodes

The model we are about to describe is an SCFG model. The non-terminals are called nodes

and we organize them into a tree. Also, MRF is explained in Section (2.7). In terms of

generation the nodes are capable of generating letters with some dependence structure. The

letters that the nodes generate will be independent from node to node. More complicated

dependence will be considered at a later date. The nodes that are used are determined

directly from the 3D structure, rather than being inferred from a sequence alignment.
There are seven different node types : (I)nitial, (B)asepair, (C)luster, (J)unction,

(J.)unction Cluster, (A)lternative, and (H)airpin. The nodes will be described in detail later.
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Figure 2.2: 3D annotation of the 5S RNA Haloarcula Marismortui [6]

Using these nodes connected in a tree we can model most situations, but not pseudoknots
[8] or other long-range interactions.

To model an RNA molecule we start by creating a tree structure to connect the nodes
which generate parts for the sequence. At the root of the tree will be an I-node and an
H-node will be at the end of every branch. In Figure , loops C and D are hairpins. The
rest of the tree is constructed in such a way that it generates basepairs and insertions in the
desired way.

The child nodes for a node n are all the nodes after n such that they are directly connected
to node n in the tree structure. We denote these nodes as ¢,. Most of the time ¢, is one
number. However, in some cases there is more than one child node, and then ¢, is a vector
that contains the numbers of all the child nodes, as we will explain below.

Example: Using nodes to generate a sequence.
Referring to Figure we would like to see what kind of sequence that configura-

tion of nodes could generate. First, Node 1 could generate an A on the left and nothing
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on the right. Then we can write Ny —AN,. Node 2 generates a G-C basepair. There-

fore, we have AN, —AGN3C. It is possible that node 3 generates no letters. Then we get
AGN3C—AGN,C. The junction node tells us that we are now going to branch and form
other loops. In particular those loops will start at nodes 5 and 9. We can write this as
AGN,C—AGN;NyoC. For nodes 5,6, and 7 assume they generate a U on the right, A-U
basepair, and a U-A basepair with an inserted G on the right respectively. This is written
as AGN5;NgC—AGNgUNyC— AGAN;UUNyC— AGAUNgGAUUNGC. The hairpin node ,

node 8, now generates an GGGA to close the loop.
AGAUNgGAUUNyC—AGAUGGGAGAUUN,C.

Now starting with node 9 we repeat the process we did for the first 8 nodes. So if nodes
9,10,11,12,and 13 generate no letters, A-G basepair, CCA on the left and UG on the right, C-
G basepair, and UCCG respectively then, the sequence our model generated is AGAUGGGA-
GAUUACCACUCCGGUGGC.

Figure 2.3: Example of a tree structure with nodes
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2.2 Initial Node

An Initial node (I-node) can generate unpaired bases to the left and right. Let L and R
denote the letters generated on the left and right respectively. Then L and R take values in
Q={e,A,C,G, U, AA, AC, ...} where e is a null character. L and R are independent random
variables. In the generation phase, an I-node first generates the number of insertions to be
made on the left and right according to independent truncated Poisson distributions A and
R with parameters A and p respectively. The distributions are truncated at a user-defined

value b, which could be co. Therefore,

Ake—A ke—p
c 0<k<bd c,’ 0<k<b
AR =4 TS m = T (2.1)

0 otherwise 0 otherwise

b
where ¢y and ¢, are constants such that Z A(k) =1 and Z R(k

=0
The inserted letters on the left and rlght are generated mdependently with probability dis-
tributions £(-) and ((-). Now we can write down the joint distribution of (L, R) which is

given by

AeDm(r)) (TIL €6 (T <o) 18Il >0
A(e)R(0) (TIL €(e7))) 4> 0,]r] =0
AOR(r) (TTH <o 6)) 0= 0,1 >0

A(O)R(0) €], Ir =0

P((L,R) = (¢,1)) = (2.2)

If we set H'fll £(¢(7)) and H‘Tl C(r(j)) equal to 1if |[¢] = 0 or |r| = 0 respectively then

can be written as

1|

|
P((L, R) = (¢,7)) = A(|L)R(|r]) Hf 7)) HC(T(J’)) (2:3)
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Figure (2.4) shows 10 sequences that were randomly generated using an initial node with

b=10, £ = [.15,.30,.40, .15], ¢ = [.25,.50,.15,.10], A = 2, and r = 3:

UGA. .. AA
G ... cccC

o C
¢ ... 7ucuc
AGU. . .GCCGAA
CC ... CGAAA
CU ... CUCGC
GC ... C
CA ...CAGAUC
C ... GCAU

Figure 2.4: Randomly generated Sequences from an Initial Node

2.3 Basepair Node

To simplify the situation we will not take into account basepair stacking interactions. That
is, we will assume that a basepair is generated independently of what basepairs are near it.
The model should be capable of generating basepairs along with insertions. There should
also be a possibility that no letters are generated. i.e. the basepair is deleted. The generation
probabilities for a basepair will be guided by isostericity. Therefore each basepair could have

its own substitution probabilities.

2.3.1 Constructing the basepair model

A basepair node can generate a pair, a pair with one or more insertions on each side, or
nothing. Like I-nodes we let L and R denote the letters generated on the left and right
respectively. Then L and R take values in €. For example, if L="GA’ and R="C’ then the
node generated a G — C' basepair with an inserted A after the G. L and R are dependent
random variables that have the property that if either L or R takes the value e then both
are equal to e. Hence we have P(L = eand R # e¢) = P(L # eand R = e¢) = 0. The
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first thing that needs to be determined is whether the node is deleted or not. Let d be the

probability that the node is deleted. If the node is deleted then L. = e and R = e. If the
node is not deleted then it generates a basepair. Let P(o, ) be a function that gives the
probability of generating the basepair («, 3) given the information o about the 3D structure.
Then P(o,-) can be thought of as a 16 dimensional vector that gives the probability for all
16 possible pairwise combinations of A, C,G,U. Once we have a basepair we then generate
a random number of insertions on the left and right according to independent truncated
Poisson distributions, just like we did with [-nodes, with parameters A and p. And, just
like I-nodes, the inserted letters on the left and right are generated independently with
probability distributions £(-) and {(-). Now we can write down the joint distribution of
(L, R) which is given by

P((L, R) = (¢,7))

14| Ir|

= dlisyy + [(1 = d)lyszy] Plo, 6rO)AGENR(A) [ [T | | TI¢eG) | 24

j=2 j=2

Where S} is the set of all s, 1 < s < S, such that (¢:(1),75(1)) = (e, e) and S? is the set of

r'n

all s, 1 <s <S5, such that (¢;(1) # e and r3(1) # e).

2.3.2 Summing over all possible values of (L, R) adds to 1

We want to show that

s=%" (dl{s%} +[(1 = d)1gsy] Plo. (QRW)AGDR(r)
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equals 1. We can rewrite this as

Ir|

Il
S=d+(1—d) ) (P(a,m) (D)A([EDR(7)) (H£ (HC(r(j>>)>

Lr#e J

¢l Ir

- ( > Plo(1 )ZAE/ (ng’ )Z R(Ir1) (HC(r’(j)))

(e e =t

'|
where ¢'(k) = ¢(k + 1) and (k) =r(k + 1) for £ > 1. Then

1| [7']
S=d+(1—d)> Al (Hw’ )Z%r ( C(r ()))
U'+#e j=1

b || b |7']
—d) {Z Aky) ( > (Hf(é’(j)))) > R(ky) ( > ( <<r'<j)>))]

The probability for the insertions on the left is given by

17|
> (st ) Zu’ §(0' (k)

0l Fe

|¢/|=kq \é | kl

(Zw’ ) --(Zgwkl )
(1) (k1)
=1---1=1

Similarly
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therefore we have
b

> Alk)

ki1=1

S=d+(1-d)

o

ko=1
By the definition of A and fR in 1' we know 221:1 A(ky) = 1 and 222:1 R(ks) = 1.
Hence,

S=d+(1—d) =1

Therefore, (2.4) is a distribution function.

Figure shows 10 sequences that were randomly generated using a basepair node with
o =AG Hoogsteen Sugar edge basepair, b = 10, £ = [.15, .30, .40, .15], ¢ = [.25,.50, .15, .10],
A=3,r=2d=.01and P(o,-) = [0.1343,0.1343,0.0009, 0.0182, 0.1343, 0.1343, 0.0009, 0.0009, 0.1343, 0.0(
0.1343,0.1343,0.0009, 0.0009]

CcC ce A
ACGG ... CUG
AGUUGG S A
CGG ce U
ACGG ... GAC
ACGA ... CUG
ACGAGCCC ... CG
C ... UCU
A ... CGA
uu ce G

Figure 2.5: Randomly generated Sequences from a Basepair Node

2.4 Junction Node

A junction is where an RNA molecule branches and forms other loops. See Figure
The simplest kind of junction involves no interactions between these loops. With a junction
node there are no letters generated. The node tells where the next two or more nodes are
located. So if Ny, is the junction node then it will point to the beginning of all the loops
Nj Ny, -+ Ny where Jy < J; < Jo < - < Jp.
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N

Figure 2.6: Junction From 5S Haloarcula Marismortui

2.5 Hairpin Node

Hairpins are the bases that close a helix. See Figure . At this point the hairpins
generated by the model are very simplistic; one can specify that a hairpin match the pattern
GNRA, or that it have 3, 4, or 5 nucleotides, but uniformly distributed within these limits.
BGSU student Jesse Stombaugh of our group is currently doing research to better understand

hairpins. In the future we will incorporate Stombaugh’s findings into the model.

2.6 Parsing

Once we construct a model we would like to take homologous sequences and align them with
the model. This is called parsing. If we are parsing a sequence z of length L = |z| and we
have N nodes then we create a N x L x L matrix mp that stores the maximum probability,
for each node n and subsequence that starts at ¢ and ends at j, over all the ways that node

n and its children could have generated the subsequence of = that starts at ¢ and ends at j.
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Figure 2.7: Hairpin from 5S Haloarcula Marismortui

For example, mp(8,13,54) gives the maximum probability that node 8 and its subsequent
children would generate the sequence that started at 13 and ended at 54.

Notation: let z(7 : j) be the subsequence of x that starts at ¢ and ends at j.

Parsing is done by dynamic programming. To parse we start by looking at subsequences
of length one. For each ¢, 1 < ¢ < L, we start with node n = N and work our way backwards
through the nodes. We determine all the possible ways that node n and its subsequent
children could have generated subsequence z(i : j) and then we calculate the probability for
each possibility. We store the maximum of these probabilities in the matrix mp. So we now
know the values of mp(n,i,i) for all n,i. Next we look at subsequences of length two. For
eachnandi,i+ 1,1 <i<i+ 1< L, we again determine the different ways in which node
n and its children could have generated the sequence x(i : ¢+ 1). But now some of the work
has already been done. We are trying to calculate mp(n,i,i + 1). In general there are four

possibilities. First, node n could generate both letters in the subsequence. If this is the case
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then if node n had children we would have to compute the maximum probability that its
children generated no letters. This probability will be zero since every hairpin generates at
least one letter, and every loop ends with a hairpin. Second, node n could have generated
x(i) and then asked its children how they would generate z(i + 1). Third, the roles could
be reversed and node n could have generated (i + 1) and then asked its children how they
would generate x(7). Finally, node n could generate nothing and ask its child node how it
and its children would generate z(i : i 4+ 1). This last case illustrates why we have to start
from the last node in the tree and work our way back through the nodes. Once we have
determined which parse yielded the maximum probability we record how the subsequence
was parsed.

In general, to parse the subsequence z(i : j), 1 < i < j < L, using node n, we have
already computed the maximum probability for all contiguous subsequences with length less
than 7 — 7 4 1 for all the nodes. We have also computed the maximum probability for all
contiguous subsequences with length 7 — i + 1 for all nodes k, k > n. Therefore we start
by determining all the possibilities in which node n and its children could have generated
x(i: 7). Since we know how ¢, parsed all the subsequence, the problem is reduced to looking
at all the ways that node n could have generated the first few letters on the left and right
and then we ask how node ¢, and its children would generate the rest of the subsequence.
Again, once we have found the most probable way the model could have generated the
subsequence z(i : j) we record how the subsequence was parsed. Once we have parsed all
the subsequences we can then use the stored information to trace back through the nodes
and determine the most likely way the whole model generated the entire sequence. This
procedure will be discussed in Subsection . This algorithm is attributed to Cocke,

Younger, and Kasami. [4]

2.6.1 Parsing an Initial node

Parsing with an I-node is the same as parsing the insertions of a basepair. See below.
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2.6.2 Parsing a Basepair

Given a subsequence z(i : j), we wish to determine for each node n, the value of mp(n, i, j).
Suppose that node n is a basepair and we want to calculate mp(n,i,7). There are many
ways in which node n and its children could have generated x(i : 7). First, node n could be
deleted so the node looks to see how its child node would generate the subsequence from i
to j. Then the probability that node n would generate the subsequence in this way would
be given by the deletion probability d, for node n times the maximum probability that the
child of node n would generate the subsequence from i to j. So the probability would be
given by

P((L, R) = (e,€)) = dn - mp(cn, i, ) (2.6)

If node n generated a basepair with no insertions then the probability would be given by
1 —d,, times the probability that the node generated (z(¢), z(j)), which is P(o,, ((i),z(j))),
times the probability for zero insertions on the left and right, (A(0) - 28(0)), times the maxi-

mum probability that the child node generated z(i +1:j —1). i.e.

P(node n would generate x(i : j) by a basepair (z(i),z(j)) with no insertions)
(2.7)

= (1 —dn) - Plow, (2(i)x(5))) - mp(cn, i+ 1,5 — 1) - A(0) - ]R(0)

The basepair node could also generate the sequence as a basepair with an insertion on the
left. In this situation we would still have the probability that the basepair was not deleted
times the probability for the generation of the basepair (z(i),z(j)). Also, the right insertion
probability would be the same, 28(0), but the left insertion probability would be A(1) times
the probability that the inserted base was (i + 1), which is given by {(z(i+1)). Now, since
there are two bases on the left and one on the right the child node would be responsible for

the generation of the bases from ¢ + 2 to j — 1. Therefore we multiply by the maximum

probability that the child node could generate the subsequence from z(i + 2) to x(j — 1).
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Hence,

P(node n would generate the basepair (x(), x(j)) with an insertion on the left)

(2.8)
= (1 =dn) - Ploy, (x(i)z(4))) - mp(cn,i+ 2,7 — 1) - A(1)§ (2 (i + 1))R(0)

If we consider the possibility of one insertion on the right and none on the left then the

probability is given by

(1 =dy) - P(on, (x(i)z(4))) - mp(cn, i+ 1,5 = 2) - AO)R(1)¢(z( — 1))

In general if the basepair node parses the sequence as a basepair with ¢ insertions on the left

and r insertions on the right the probability is given by

(1) =(1 = dy) - Plow, (x(D)2())) - mplea,i + L+ 1,j —r = 1)

- A(0) (Hf(x(i + k))) RA(r) (HC(@"(]’ - k)))

(2.9)

Now that we know the probabilities for all the possibilities we are interested in, we choose
the configuration that yields the highest probability. Therefore,
mp(n,i,j) = max {dn -mp(cp,1,7), max ®(L, r)} , (2.10)

0<¢<b
0<r<b

and we also note, for trace back, what the maximizer is.

2.6.3 Parsing a junction

Parsing a junction is easy. If the subsequence we wish to parse is z(i : j) then we need to
consider all the locations where the sequence could branch. That is, we want to find the
values of ki, ko, ... ky (i < ky < ky <--- <k, < j) that maximizes

mp(J1, 4, k1) - mp(Ja, k1 + 1, k2) - - mp(Jp, k. + 1, 7).
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2.6.4 Parsing with a Hairpin Node

Since the model for a hairpin is very simple, parsing a hairpin is very easy. A probability of 0
is given to all subsequences of length less than 2 or greater than 5. For GNRA, higher prob-
abilities are given to 4-letters sequences matching GNRA, lower for other 4-letter sequences,

0 for sequences of all other lengths.

2.7 Cluster nodes and Markov random fields

Bases are capable of making more complicated structures than just helices. An RNA molecule
can bend, fold back onto itself, bifurcate, or form a number of more complicated interac-
tions. These structures are often called motifs. An example of a group of bases forming a

complicated structure is a kink-turn, which connects two helices at a sharp angle. See Figure

23).

77 G - U1OO
5 3

Figure 2.8: Kink-turn from 23S Haloarcula Marismortui, courtesy of J. Stombaugh

The long equals sign indicates that there is a cWW interaction between a C and a G.
The circle is for Watson-Crick, square is for Hoogsteen, and the triangle is for Sugar edge.
See Figure (1.5)). If both bases of a basepair are using the same edge to form the interaction
then we just use one circle, square, or triangle and not two with the exception of C-G cWW,

represented by double lines, and A-U cWW, represented by a single line (not shown here)[5].
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An example of this are bases 77 and 100, which form a cWW interaction.

The bases on the left are GGGACC, on the right GGAUGGAAU reading from the 5’ to
3" ends. The first and last are forming a basepair, also the second and second to last, but the
next several bases have a more complicated dependence. Presumably isosteric substitutions
could be made for some of the pairs. But some nucleotides, such as A80, are involved in
more than one basepair.

We need to construct a different tool to generate bases having more complicated depen-
dence. To model these situations, consider a base as a vertex and an interaction between two
bases as an edge. At each vertex we have a random variable that can generate an A,C,G,
or U. Some of the vertices have dependence between them. If there is an edge between
two vertices then the corresponding random variables cannot generate letters independently.
Thus, there is long range dependence between random variables that have a path between
their vertices. The letters at two vertices are independent if there is no path between their
corresponding vertices. Now we break up the graph into the largest subgraphs that are con-
nected graphs. Since we are not modeling stacking interactions, each connected graph will
be independent of the other connected graphs.

In the kink-turn, Figure , there are two connected graphs. Bases 79, 81, 93, and 98
form one graph and 80, 94, and 97 form another. Since the graphs are intertwined, base 80
is between 79 and 81 on the left, we will have to model these two connected graphs together.
Now we can define what a cluster is. A cluster is a group of connected graphs that are
intertwined together with inserted bases. In most cases a cluster will just be a connected
graph with inserted bases. Thinking of a cluster this way leads nicely to Markov Random
Fields (MRF’s). Let Xy, ..., X} be random variables taking values in some finite set S, and
let G = (V, E) be a finite undirected graph where V = {1,... k}. Forv € V let

0{v} = {a € V\v| there exists an edge between v and a} (2.11)
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Then, the random variables are said to define a Markov random field if for any x € SV,

P(X; = @] Xj = 25,) € Vi) = P(Xi = wi|X; =, 5 € 0{i}) (2.12)

Another way of saying this is that the value at a current location only depends on the valuse
at other locations through the values that are near it.[10]

Referring to the kink-turn, Figure , suppose that we have a sequence that has this
same kink-turn. In addition, suppose that we know all the bases in the kink-turn except the
base in position 81. We know it is forming a cWW interaction with the base at location 93
and a tSS with the base at location 98. Notice that base 81 also has a long range dependence
with the base in position 79. We would like to know the probability that the unknown base
is an A,C,G, or U. Clearly the bases at 93 and 98 will play a big role in choice of base that
goes into 81. But, what about the base in position 797 If we didn’t know the value of the
base at 98 then it would have some effect on the value of 81 since it would affect the base
at 98. It is conceivable that the way 79 interacts with 98 would rotate 98 so that it can’t
make certain basepairs with 81. But in this model we deliberately ignore this possibility.
[sostericity generally means that glycosidic bond angles remain the same, so the base 98

would have the same orientation. which limits the effect 79 would have on &81.

2.7.1 Constructing the Cluster Model

A C-node can generate a wide range of possibilities. Just like with basepairs we let L and
R denote the letters that we generate on the left and right respectively. L and R again
take values in €). In this case L and R have a more complicated dependence structure
than the basepair case. For a basepair there is only one interacting pair, namely L(1) and
R(1). With a cluster there are multiple interactions and some bases will interact with more
than one base. For example, if |L| = 4 and |R| = 3 it is possible that the value of L(4)

interacts directly with the values of R(2) and L(1). (This will cause problems later when we



31
estimate parameters.) Again, just like basepairs, we let d be the probability that the node

is deleted. If the node is not deleted then it generates letters to the left and right. Let o
be the information about the 3D structure. Then o tells what kind of graph we have. The
joint probability of generating interacting bases is given by
12
P((L, R, Up, Up) = (6,0, 00)) = 11 Pe(),v()v(T2) (2.13)

j=1
Where Z is chosen for normalization and + is a list of bases, some from the left and some
from the right.

Generation of bases in a C-node is not easy. If there are m bases to be generated then
there are 4™ possible realizations. This would be easy to generate if the bases were generated
independently. We would just generate m bases each having just 4 possibilities. Since bases
can form interactions with more than one base we have to generate all the bases that are
dependent at once. So, if there are g bases that are interacting then we have to generate all
q bases at once. There are 49 different possible outcomes for this generation. Generation is
easy once we know normalizing constant Z.

C-nodes handle insertions differently than B-nodes. With a B-node the insertions always
occur after the interacting basepair. With a C-node there is more than one interacting
basepair. Also the insertion might occur in between two different interacting bases and not
at the end. Because of this we don’t use a truncated Poisson distribution to add insertions.
Instead we create insertion matrices. An interaction matrix for the left I M; is a ¢; X i; matrix
where ¢; is the number of ways in which the left can form interactions and 7; is the number
of bases on the left that are interacting with another base. Each row of I'M; tells which
bases on the left are forming interactions and therefore we know which bases are inserted.

For example, if

123
IM, = (2.14)

1 3 4
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then there are two possibilities for the left hand side of the C-node. Either, the first three

bases on the left form interactions or the first, third, and fourth are forming interactions
and there is an inserted base in the second position. When generating we let U, and U, be
random variables that determine which row of IM; and I M, are to be chosen respectively,
with distributions p, and p,.

Let 7, and 7, be the distributions for the inserted letters on the left and right respectively.
Let v be the letters on the left combined with letters on the right. For example if L ="ACG’
and R =’CGU’ then v =’ACGCGU’. Let J be the number of interactions and I be a J x 3
matrix that tells which bases are forming interactions and what type of interaction it is.

Then the distribution function is given by

P((L7 Ra UZ; Ur> = (g, T, Uy, Ur))

_ %Hmcf@mmw(lﬂ” | [‘“ 11 ”] | [’”“’ Il ]

j=1 #ins #ins

(2.15)

2.7.2 Showing the Markov property through an example

Referring to Figure (2.8)), renumber the interacting basepairs in the kink-turn. Starting at

79 and going clockwise to 98 renumber the bases as 1 to 7 respectively.

Figure 2.9: Renumbered Kink-turn from 23S Haloarcula Marismortui
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There are 5 interaction in this cluster. Let,

1 7 o(1)
2 5 0(2
I=|2 6 o3) (2.16)
3 4 o(4)
| 3 7 o(5)
which indicates which bases are interacting.
J
1 .
P((L, B) = (t,r)) = — [ [ Plo(). v(In)1(L12) (2.17)
j=1
We want to calculate
P(Xg = ZL’3|Xj = l‘j,j 7é 3) (218)

Using the definition of conditional probability and the distribution function given by (2.15))

we get

+P(0(1), m27) - P(0(2), 225) - P(0(3), maw6) - P(0(4), 2374) - P(0(5), m327)

- Zizl %P(O‘(l), x1x7) - P(0(2), x025) - P(0(3), z026) - P(0(4), anxy) - P(0(5), axy)
(2.19)

If we pull out the terms that don’t contain x3 then,

+P(0(1), x27) - P(0(2), x2w5) - P(0(3), xax6) - P(0(4), 2314) - P(0(5), x327)

2 P(o(1),2127) - P(o(2), 2525) - P(0(3), 26) - oy (P(0(4), anea) - P0(5), anr))
(2.20)
Therefore,
s P(0(4), z324) - P(0(5), x327) (2.21)

Rewriting gives us

= ]P)(Xg = ZC3’X4 = 33’4,X7 = x7) = ]P)(Xg = $3|Xj = l’j,j € 8{3}) (222)
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Hence we have the Markov property.

2.7.3 Generating a cluster

In order to generate a cluster we first have to find the normalizing constant Z in (2.15). To

do this we set

J
7 =" T Ploli). v (L)1) (2.23)
Lr j=1
J
During the normalization process we record all the values of H P(o(3),v7(Ij1)v(Ij2)) for all
j=1

possible values of ¢ and r. Next we enumerate the possibilities tq,...%4m and we generate

a number z between zero and one according to a uniform distribution. Finally, we find the

J-1 J
value of j such that ZIP’(ti) <z< Z]P’(ti). This gives us the bases that are interacting.
i=1 i=1

Next we have to determine if there are any insertions. Therefore we generate U, and U, and
so IM,(Uy,-) and IM,(U,,-) tell where the interacting bases are located and hence where
the insertions are. Then, for each insertion on the left we determine which letter to use

according to 7y. For the right we use 7.

2.7.4 Parsing a subsequence using a cluster node

Generating a cluster is more difficult than parsing one. If we are given a subsequence z(i : j)
that we want to parse we first determine the probability that the node would have generated
no letters. This is the deletion probability for the node times the probability that the next

node and its children generated the sequence z(i : 7). This probability is given by
P((L,R) = (e,e)) = d,, - mp(cn,1,7) (2.24)

Next we calculate the maximum probability the node and its children generated the

sequence if the node isn’t deleted. To accomplish this we loop through the left and right
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insertion possibilities and determine the probabilities for each. Next we loop through the

interactions.At each stage we compute
(I)<£7 T, Uy, UT) == (1 - dn)]P)[(L7 R7 UE? UT) = (67 T, Vg, U?‘)] : mp(cn7 a, b) (225>
Once all the possibilities for Equation (2.28) have been computed we then compute

mp(n,i,j) = max {dn ~mp(cp,i,7), max ®(4,r, vy, 1}7«)} (2.26)

£ryve,vr

We also record the values that that gave us the maximum so we can use them later to

do the traceback. Refer to Section (5.1]) for Matlab code for parsing a cluster node.

2.8 Junction Cluster

A Junction Cluster node (J.-node) is a combination of a J-node and a C-node. We have the
same situation as a J-node in that the RNA molecule branches and forms other loops, but
now we consider interaction between these loops. And like a C-node, these interactions can
be modeled with a Markov Random Field. In addition to interaction between the left and

right we now have to consider interaction with bases in the center.

2.8.1 Constructing Junction Cluster Model

We again let L and R denote the letters on the left and right and let C' represent the letters
in the center. Like L and R, C takes values in {2. The generation of a J.-node is done almost
the same way that a C-node is. The only difference is that J.-nodes have letters in the center
and are therefore usually larger. The probability density of the J.-node is almost identical
to that of the Cluster. See Equation . If we define U,, u., and 7, for the center as we
did for the left and right as in Subsection (2.7.1)), and ~ as the combinations of the letter on

the left, center, and right then, the density for the J.-node can we written as
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]P)((La Ca Ra Ub Uca UT) = (67 C, T, Uy, U, UT’))

#ins #ins #ins
2.8.2 Parsing a J.-node

Parsing a J.-node combines what is required to parse a C-node and a J-node. Like a C-Node,
we have to loop through the left, and right interaction possibilities. In addition we also need
to loop through the interaction possibilities for the center which takes into account where

the junction occurs. Similar to the C-node case, we evaluate

(I)(€7 C, T, Vg, Uy Up, m)

=P[(L,C,R, Uy, U, U,) = (¢,c,r,v5,0c,0.)] - mp(cn(1),a,m) - mp(c,(2),d,b)  (2.28)
And again we find

mp(n,i,j) = max{ max Dl ¢, 7, v, v, vr,m)} (2.29)

m E7C7T1v[1v61v1"

and recode the arguments that resulted in the maximum. The matlab code for parsing a

Je-node can be found in Section (5.2)).

2.9 Alternative

When modeling a section of an RNA molecule we might be unsure what model is the most
appropriate so we make several plausible models. We would like to know which model is
the best. One way to do this would be to rotate all the sub-models we have into the large
model of the molecule and parse each separately and see which one gives the highest score.

Unfortunately this could take a long time, especially if the overall model is large or we are
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parsing a large number of sequences. A better way to accomplish this task is to use alternative
nodes (A-node). In the large model of the RNA molecule we put all the sub-models inside
the large model. The A-node points to each of the sub-models and it picks the sub-model
that has the highest probability of generating the subsequence we are interested in. At the
generation stage, the A-node selects randomly between two or more generation mechanisms
with probability distribution 7n(-). So, if there are m different alternatives we let ki, ..., k,
be the starting location of the alternatives. Then the probability that the alternative node
would pick node k, is given by n(v).

We write the alternatives one after another. Therefore, the first alternative will contain
the nodes ki, k; + 1,k +2,--- , ko — 1. And the second alternative will contain the nodes
ko,ko + 1,ko + 2,--- k3 — 1. If the last alternative contains the nodes k,,, k,, + 1, k,, +
2,-++ ,kmy1 — 1 then the nodes ko — 1, ks — 1, ..., ki1 — 1 will all point to k1. See Figure
(2.10)).

Figure 2.10: The figure on the left shows the structure of a model with an alternative node.
The figure on the right shows how a model with an alternative node can be displayed as a
tree structure.
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2.9.1 Parsing an Alternative node

Assume the subsequence we want to parse starts at ¢ and ends at j and that all the nodes
after node ky have been parsed. Then to parse the alternative node at ky we choose the

alternative a such that « is the alternative that maximizes ny, (a)mp(ks,7,7), 1 < a < m.

Therefore
_argmax ..
a = 1<a<m [nko (a)mp(ka,z,])] (230)
and
mp<k7aai7j) = nko(a)mp(ka’iaj) (2'31)

2.9.2 Results

Figure shows an alignment of sequences that were generated using an alterative node
with three alternatives, affecting columns 17 to 34. Node 16 was the alternative node. The
models are identical except at six basepair nodes. We used an alternative node to try and
determine which sequence came from which model. The first model generated the first five
sequences and nodes 17 to 22 were canonical cWW basepairs. The second model generated
the next five sequences and its alternative nodes were six AG tHS basepairs, in nodes 23 to
28. The third model generated the last five sequences and its alternative nodes were six AA
tWH, nodes 29 to 35. From node 36 onward, the models are the same. The parser was able
to correctly determine which alternative generated the sequence. The pluses in the figure
mark alternatives that were not chosen.

Figure shows essentially the same setup as in Figure except that the alterna-
tives are have more commonalities. The first five sequences of Figure were generated
the same way that the first five sequences of Figure were generated. The second five
sequences contain an alternative that consists of four nodes that generate from an AG tHS
and two nodes that generate basepairs isosteric to canonical basepairs. The third alternative

consists of four nodes that generate basepairs isosteric to tWH and two canonical basepair
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—~CUG-UUCCGC-GCA-GCUAUCCH+H+++++++++++CUGUGCUCTUGCAGA*GCAR- *UA-AACUA-GCGCAGA-A+++ ++++++++++UGCUCUUDAUGCGGCAGUAR -
—-GU-ACCUCC-CEG-CACGGUCH++++++++++++AGACGGUAACGUAGC *GAGA- *CC-UAUGU-USUCUGU-U+++ ++++++++++GECCGUACUCEGCG-ACTC- -
UCUA-AUARAC-UAU-AAUAACU+++++++++++++GUCAAUGGCAUGAAG*GECAR ¥ CUGCCCCU-TUGUUAA-C+++ ++++++++++AGCUGUUACUGUUU-GUUAAC
GCAU-UAUAAG-AAC-UCCUUUU+++++++++++++GUCUGAGCCUTUGEU*GEGA- *AU- CAAGG- GCUUCGA-C+++++++++++++AUARGGAAUCCGUA- CAGCGA
CAUU-CACGCCCUUG-CGAAGCU+++++++++++++UGAUUUUCCAACCAR*GUGA- *CC-GGUAA-UARGAUC-A+++++++++++++CGCCUCAUARGGCA- UUAR UG
ACCCACAAAAG-GCA-C++++++ARACACH++++++ACGUAGUCAUUGARU*GAGA- *AU-UCGGU-AGCUUUC-U+++++++AGUUCA++++++UUCCCUUU- CGECGA
GUCG-AUUAAC- CAG-G++++++ACAACC+++++++UAUAUCGUGAAGGUA*GCGA- *CG-UCUUC- GCGAUAC-G+++++++CCGUUU++++++ACURAGCCA-AUAGAC
GUGC-UAUUAU-GGC—A++++++-ACACC+++++++AGUAGCCUGAUUUCU*GAGA- *GG-ARUUC- GEGCCUCAG+++ ++++CUGUC-++++++CCCUGUUC- CAGCAU
AUUA-GGCGAA-GAC-G++++++AACAACH++++++GUCCUGUGCUACUCA*GGAR- *CA- GGCAA- CGUACGA-U+++ ++++AUAAGU++++++CGUCGCUG- CUUAGU
GUCG-AUCGCU-CUC-A++++++CARAAC+H++++++GGACAARAAGCECUUC *GUAR- *AC- GACAC-UUCCGUC-C+++++++ATUAUCH+++++GEGGEGCA-ATCGCC
CCAR-CAGACA-GUA-B++++++++++++AGGUARGCUCAGACUGGEACGU*GAGA- *AC-GUCCUAAACCAGA-GACUGARR ++++++++++++UUACCGCU- CEUCGE
URUA-CAUCAA-AUC—-CH++++++++++++-AAGAGUUCCUCGUARACUGAU*GCGA- *GU- CARAU-AGUCGGC—GGUACAR— ++++++++++++GGAUCUUA-UTUGCA
GUCG-GAUCCA- CCACU++++++++++++-UCUGGEGGEARACCUGCUGACG *GEGA- *CG-UCAGA-AGGUUUC-CARAGCG - ++++++++++++AUGGCAGG-UCCGGEC
UCUG-UUAUGA-CAU-RA++++++++++++UAGGGAUCUAGUUGCUACCGUG *GAGA - *CA-UAAGA - CCCUCCA-GGAUARAGH+++++++++++UGUAUCAG-RAUCGC
UCCC-CUUGUA-UAG-U++++++++++++UUUGGEUCCGUCGUACCCUACA* GCAR- * UG- UARGG-UUCGAUG-GGAGEGEGH+ ++++++++++UNUGGAUA-CCCGEU

Figure 2.11: Alignment of randomly generated sequences using an alternative node
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nodes. Nodes 1 to 15 and 35 to 49 are canonical cWW and node 50 is a GNRA hairpin.

From we can see that the parser was able to choose the correct alternative most of

the time. Since the alternatives are small and very similar to one another, we would expect

that some sequences would be mislabeled.
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——AUGUACCGC-GAAU-GRAUUCHH+++++++++++U-UCARGAGG- GGACGU*GAGA*ACGUUCU-C-UC-UCCAR+++++++++++++GAACCCCGUUUACA-TCAUA-U-
U-CAUAUCUAG-TCAC-URAGUA+++++++++++++U-UUGCCCUA- UTUAAU*GUGA* GUCARAC-A-AAUGCAGA+++++++++++++CAA-AUAGUGAUUG-ARUCU-GA
G- CCUAGGUAUGCCUC-++++++CAAAUU+++++++ - AGUGUACUCGCAGCG * GO GA ¥ UGCUUUA-A~UU- CACCA+++++++AAUUGA+ ++++++UAGGAUGCCCUAU-UC
U-UCCCGAGUC-ACGC-UAGAUA+++++++++++++U-UCAAUGAA-UGDUUU*GAGA*AAGUCAU-U-CA-AAUAU+++++++++++++CCC-UDCGCUUARC-GCGEU-AR
B-GAUCUACAG- CCUACACCUAGHH+++++++++++G- ACAUCGUC-ACUCGC *GARA *ACAUGUG- G- CG-AUACA+++++++++++++CUT- GEUUAGGCUG-TAGCC-CU
ACUUCGUGUGT-UGAR-++++++—CAACU+++++++C- UBAUACCG- GCUGGE *GEAR * CCCARCU- G- GU- GCUGC+++++++ACAAC- +++++++UUCGACG- CACGAUAL
A-CAARACACC-UAGU-++++++-CCACCH++++++CAGCACUUTA- CUCAGG *GARA * CCAGAGC-T-AA- GAGCA+++++++UCCAC—+++++++ARUAGGU- GUUGU-GC
C- GCAGGUUAA- GOCG—++++++ACACCA+++++++A- CAUUGAGA- CUGUAR*GUAA *UUAUGGU-CAUC-AUUGC+++++++UGACCA+++++++UGACCCA- GCUUG—CA
C-UBACCAACA-GAAU--ACGAA+++++++++++++10-UGCCCGCC-CCAGUC *GEGA * GAUUCGU-A- CG-GGAAR+++++++++++++UCC-TUG- ACUCUGT-AGGCU-GA
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10 A-ACCUCUGGC-UGUG-++++++CCACUA+++++++U- UGUACAAC- CGCGAC *GGARA * CGCGCGG-A-UA-UACCA+++++++CACCCA+++++++UARARCU-GGRAG-UU 10
11 C-AAAGCAGCA-AUAU-++++++++++++CCGEG G- CUAAAUGG- CGUUUA*GCAA* GAGACGT-C-AU-UUAGUAAAAAGG+++++++++++++ACAUUGA-CGUCU-UG 11
12 G-CAAACACUC-CCCC-++++++++++++UGUGTAGC-CGACUCCU- CUCCGC *GEGA Y GCGGAAACA - CA- GUAGUGCGAGCC+H++++++++++++UGAGGUG-UCUGU-GU 12
13 C-GUGUCUUAA-GCUG-++++++++++++CUUUGAUA-UCUCCUAA- CACUAG*GAAA* CCCGAAU-A-AG- GAGAUGAAGGCG+++++++++++++AAGUCUA-AAACA-CG 13
14 G-GAGUCAGAU-UUUG-++++++++++++CC-UGGAU-ACUCCAAA- GCACGC*GCAA*ACGUGCU-C-UG-AAGGAGGAG- GO+++++++++++++CGAAGAU-CUACG-AC 14
15 A-UACUCAUCU-CGGG-++++++UCAAUGH++++++C- CCCGCUUA-UGCUCU*GCGA* GGEGCAC-A-AG-UGCGG+++++++GAAAACH++++++CCAGAGU-GGAGU-AG 15

Figure 2.12: Alignment of randomly generated sequences using an alternative node

A slightly easier case than the one laid out in Figure (2.12)) is when the alternatives are

of different length. In Figure (2.13) we display 15 sequences where the first 5 sequences were

generated with an alternative that contained 5 cWW basepairs. The second 5 consisted of 4

tWH and 2 ¢cWW basepairs. And the last 5 were generated from 5 tWH and 2 ¢cWW. The

parser in this case was able to correctly determine which sequence was generated from which

alternative.

Figure ([2.14)) shows the alignment of archaeal and bacterial 5S Loop E using an alternative

node. The first 20 sequences are archaea and sequences 21 through 40 are bacterial. With

our model the parser was able to determine which sequences were archaeal and which were
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Figure 2.13: Alignment of randomly generated sequences using an alternative node

bacterial.

2.10 Traceback

After a sequence has been parsed we need to work our way back through the nodes to see
what nodes are responsible for generating which part of the sequence. When parsing with
each node we stored information about how the node parsed. Starting with node one we
ask it how it parsed the sequence. Node one tells us how many bases to the left and right it
would have generated. So if node one would have generated two bases on the left and one
on the right we then move to node two and ask it how it would have parsed the sequence
starting at three and going to L; — 1.

When tracing back through a cluster node we again need to know what bases would be
generated on the left and the right, but we also need to know which bases were not part of
the connected graph and therefore are bulged bases.

When tracing back with a junction we find the location where the junction node said the
sequence split and then we ask its children how they would generate the two subsequences.

With alternative nodes we choose the alternative that yielded the highest probability of
being generated and label that entire alternative as active and all the other alternatives as
inactive. When we go to display the alignment we will know which alternative to display.

When we get to a hairpin we note that it must generate whatever portion of the sequence
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11112333333333333344444444445555555555566%6666%66555555555544444444444433333333333221

11119012345567788901234567890123456789901%2222*10987654321098766554321098765432100971

3333 CCCCCOC-CO-MMCCCCCCCCCCOCOCCCCCCCC-C0=H=--%3222133223212333-3-11)11)IM)1311))-))-1
01l AGCGUUCCAGG-GA-GUACUGGA+HHH++H++HH++HHGUGC* GUGA* GLC+H+H++HH+H+HH+HHHHUCUGGGEAAALCCGGE-UU-C 0L
02 AGCG-UCCGGC-AA-GUACUGGA+HH++HH++HH+HHHGUGC* GLGA* GLC+HH++HH++HH+HHHHUCUGGGAAALCCGEUL-—C 02
03 AGCGUUCCGGGE-GA-GUACUGGA++++++++++++++GUGC*GCGA™ COCH+++++++++++++++UCUGGGAAACCGGG-UU-C 03
04 AGCGAACCAGC-UA-GUACUAGA++++++++++++++GUGGE *GAGA™ COCH+++++++++++++++UCUGGGAGCGCUGG-UU-C 04
05 UGCGUUCCGGEU-CA-GUACUGGA+HHH++H++HH++HHGUGC* GUGA* GLC+HH++HH+H+H -+ HHUCUGGGAAALCCGG-UU-C 05
06 UGCGUUUCGGEU-CA-GUACUGGA+HH++H++HH++HHUUGGE * GCGA* COC+H -+ H -+ HHUCUGGGAAALCUGA-UU-C 06
07 UGCGUUCUGGU -CA-GUACUGGA++++++++++++++GUGA* GCGA* UCCH+++++++++++++++UCUGGGAAAUCCAG-UU-C 07
08 UGCGUUCUGGU -CA-GUACUGGA++++++++++++++GUGA*GCGA* UCCH+++++++++++++++UCUGGGAAAUCCAG-UU-C 08
09 AGCGUAUCGUG-AA-GUACUGGA+HH++H++HH+H+HHGUGA* GCGA* UCCHH++HH+H+H -+ HHUCUGGGEAACCACGA-GU-C 09
10 AGCGUAUCGUG-AA-GUACUGGA+HH++HH+H+HH+HHHGUGA* GCGA* UCCH+H++HH -+ HHUCUGGGEAACCGOGGE-UU-C 10
11 AGCGUAUCGUG-AA-GUACUGGA++++++++++++++GUGA*GCGA* UCCH+++++++++++++++UCAGGGAACCACGA-GU-C 11
12 AGCGUACCGUG-AA-GUACUGGA++++++++++++++GUGAFGCGA* UCCH+++++++++++++++UCUGGGAACCACGA-GU-C 12
13 AGCGUACCGGG-AA-GUACUGGA+HH+HHH++HH+HHHGUGA* GCGA* UCCH+H++HH -+ HHUCUGGGEAAGCGGEGE-UU-C 13
14 UGCGUAUUGGU -GA-GUACUGGA++++++++++++++GUGG *GAGA™ COCH+++++++++++++++UCUGGGAGAGCCGA-UU-C 14
15 UGCGUUUUGUU-GUUGUACUGUGH+++++++++++++G - ACFGAGA® GUCH+++++++++++++++UAUGGGAAGCUCAL -AA-C 15
16 UGCGUUGUGGGUGU -GUACUGCGH+++H++HH++HHG-UU*UUU - *UGC+H++H+++ -+ HHUGUGGGEAAGC CCAC-UU-C 16
17 UGCGUUGUGGGUGU - GUACUGCGH+++H++HH++HHG-UU*UUU - *UGC+H+ -+ HHUGUGGGEAAGC CCAC-UU-C 17
18 UGCGUUGUGGGUGU -GUACUGCGH+++HH++HH++HHG-UG*UUU - *UGC+H++H+++ -+ HHUGUGGGAAGCCCAU-UU-C 18
19 UGCGUUGUGGGUGU-GUACUGCGH+++++++++++++G-UUFULUU-*UGCH+++++++++++++++UGUGGGAAGC CCAC-UU-C 19
20 UGCGUUGUGGGEUGU -GUACUGCGH+++H++HH++HHG-UU S UUU - *UGC+H++H+++ -+ HHUGUGGGEAAGC CCAC-UU-C 20
21 AGCGHH++++HHH++H+HH+H+HHHCCGAUGGUAGUGUGG - GG FUCU - #* CCCCAUGCGAGAGUA - G-GHHH+H+H+HHH+-G 21
22 UGCGH+++++++++++H+++H++CCGAUGGUACUGCAC - CU* GEEA* GEGUGUGGGAGAGUA - G- G+H++++++H++++++++++AC 22
23 UGCGH++++++++++++H+++H++CCGAUGGUACUGCAC - CU* GEEA* GEGUGUGGGAGAGUA - G- G+++++++++++++++++UC 23
24 UGCGH++H++H+++HH+H+HHHCUGAUGGUACUGCAC - CU* GGGA* GGGUGUGGGAGAGUA - G-GHH-+H+HH++HHHHH+HUC 24
25 AGCGHH+++HHH++H+HH+HH+HHHCCAAUGAUACUGCC - - CU* CAC- *CG-GGUGGAAAAGUA - G-GHH+H+HH+H+HHHHH++-A 25
26 AGCGHH++++++H+H+++H+++HH++CCGAUGAUACU - ACC - CARUC - - * CGGGEU -GGAAAAGUA - G-G+H++++++H++++++++++-4 26
27 AGCGHH++H++++H+H+++ -+ CCGAUGAUACUG-CC - CC*UC - - * CGGG-UGGAAAAGUA - G- GH+++++H++++++HHH++AC 27
28 AGCGH++++H+H+H+H+HH+HHHHCCGAUGAUACUGCC - - CCFUCC - * GG - GGUGGAAAAGUAGG - GHH+H+HH++HHH++H++-C 28
29 UGCGHH++++H+HH+HH+H+H+HH+COGAUGGUACUGCAC - UC* GACA* GGGUGUGGGAGAGUA - G-GHH+H++HH+H+HHHHH++AC 29
30 UGCGH++++++++H++++H+++H++CCGAUGGUACUGCAC - UC* GACA* GEGUGUGGGAGAGUA - G- G+++++++++++++++++AC 30
31 AGCGH+++++++H+++H+++HHH+HCCGAUGGUACUGCAC - UC* GACA* GEGUGUGGGAGAGUA - G- G+H++++++++++++++++AC 31
32 AGCGHH++++HH+H+HH+H+HHHCCGAUGGUACUGCAC - UC* GACG ¥ GGGUGUGGGAGAGUA - G-GHH+H++HH++H+HH+HH++AC 32
33 AGCGHH+HH+HH+HH+H+HH+HHHCCGAUGGUACUGCAC - UC* GACA* GGGUGUGGGAGAGUA - G-GHH+H++HH++HHH+HH++AC 33
34 AGCGHH++H++++H+++H O CGAUGGUACUGC AL - GE* GEEA* CUGUGUGGGAGAGUA - G- G+++++++H++++++++++AC 34
35 AGCGHH++H+++++H+++HH+++HHH+HCCGAUGGUACUGCAG - GG * GEEA* CCCUGUGGGAGAGUA - GAA++++++++++++++++-C 35
36 AGCGH++HH+HH+H+HH+HH+HHHCCGAUGGUACUGCAC - CC*GEGA™ GGGUGUGGGAGAGUA - G-GHH+H+HH++H+HH+H++HUC 36
37 UAUGHH++HH+HH+H+HHHHHCUGAUGGUACUGCAA - CURUGGU* GGUUGUGGGAGAGUA - A-GHH+H++HH+H+HH+H++-U 37
38 CGCGHH++H++++H+++H -+ CUGAUGGUACUGCAA - CUS UGG U GEGUUGUGGGAGAGUA - A-GH++++++++++++++++UG 3B
39 AGCGHH++H+++++H+++H+++HHH+HCCGAUGGUACUGCAC - UC* GCCA* GEGUGUGGGAGAGUA - G- G+++++++++++++++++AC 39
40 AGCGH++HH+HH+H+H+H+HHHCCGAUGGUACUGCCC - UG* GAGA* CGGGGUGGGAGAGUA - G-GH+H+H+++HH++HHH+H++UC 40

Figure 2.14: Alignment of Archaeal and Bacterial Loop E

that remains, and the we stop the traceback for that chain.

2.11 Limits on what each node looks at

By going through all subsequences i,j (1 < i < j < L) and nodes n = 1,..., N, we are
guaranteed to find the maximum probability parse, but the operation count is of order L3
and therefore for long sequences this could take a long time to compute. Figure
illustrates the large number of calculations that are done for node 26. Since the number of
nodes is proportional to the length of the sequence and 1 < 7,5 < L the complexity of the
algorithm is O(L?).

One way to speed up this process is to restrict the length of subsequence that a node

looks at. For example, by how the nodes are defined it is impossible for a hairpin node to
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Figure 2.15: Shows the probability that node 26 and its children generated the sequence
x(i:j) for 1 <4,5 < L. The black dot indicates the location of the highest probability.

generate no bases or more than h bases. So it does not make sense to ask how a hairpin
node would generate a subsequence with length greater than h since this probability would be
zero. For a basepair the situation is similar but a little more complicated. A B-node always
has nodes after it that are responsible for generating some part of the sequence. Therefore
we don’t just put an upper bound on the length of the subsequence that the B-node could
generate, we also restrict the minimum length of the subsequence. By doing this though we
are not guaranteed to find the maximum probability parse. However, if we are generous in
the minimum and maximum length of the subsequence to be parsed for each node, with a
high degree of certainty, we will obtain the same maximum probability parse that we get
from looking at all contiguous subsequences. The advantage of parsing with this restriction
is that the process is now of order L?. See Figure . The number of calculations is
roughly L times the maxlength-minlength which is constant and therefore doesn’t depend
on L.

But we can do even better than this. If we begin with a reasonably good alignment and
seek only to improve it by 3D structure information we can restrict the values of 7,7 we
consider for each node. Since the input alignment is close to the optimal alignment we only
need to adjust the position of the bases slightly when producing the optimal alignment from a

seed alignment. By shifting each base to the left or right, if needed, by a few positions we can



Halomari (hand checked) Node 26

Ending index

0 20 40 60 80 100 120
Starting index of subsequence

Figure 2.16: Maximum Probability when restricting the minimum and maximum sequence
length.

obtain the same optimal alignment that we get when we consider all possible values of 7, j.
Since we made the model based on the 3D structure we know which nodes are responsible
for generating each part of the sequence. Therefore we can restrict which values of ¢ and j
we consider. From figure we can see that the vast majority of the subsequences are
not considered. And since the size of the box does not depend on the length of the sequence
to be parsed, the operation count is of order L.

Halomari (hand checked) Node 26
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Figure 2.17: Maximum probability when restricting to the bases near the seed alignment
In the seed alignment let the first sequence be the sequence from the 3D structure. In the

definition of the nodes we specify which bases from the 3D structure each node is responsible

for. Let S, be the k" sequence without gaps. So, Sj is a string comprised of the letters
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A,C,G, and U. Next, let Sy be the k™ sequence from the seed alignment. Then Sy is the

same as Sy except that it contains gaps. From there we find a mapping ¢ from the index in
S1 to the column number in SY. Next we let ¢ be the identity map from the column number
of S to the column number of S7 for all k. Finally we create a function 6 from the column
number of S to the index number of S, where if S7(a) is a letter then 6 (a) is the position
of the letter S7(a) in Sy. If S7(a) is not a letter then let b be the closest number to a such
that S} (a) is a letter. If there are two possible values of b then we will choose the smallest.
Then 7, = 0 o ¢ 0 1) is a mapping from indices of S; to indices of S;. For example, if we

are given the seed alignment in Table (2.1]) then m5({1,2,3,4,5,6}) = {1,2,4,5,6,6}

S = A C- - GA-CG
S$¢ = A G- CUA- - C

Table 2.1: Seed Alignment

Since the seed alignments aren’t perfect and also there is some variability in the sequences
we set a variable § that restricts how many bases to the left and right of the node to consider.
This variable limits the values of 7 and j that we use to parse each sequence. Then instead of
looking at all the possible values of 7, 7 we use our function 7 and 0 to create a list of 7, j values
that we will consider. For each node we already know what bases they would generate so we
take those values and apply 7 to them. For example, if Node 10 is likely to be responsible
for the bases 14,15 and 110 in S; then node 10 is responsible for bases m(14), m(15), and
7,(110) in Sk. If we set 6 = 10 then the i values that node 5 will consider for sequence k are
7,(14) — 10 to m(15) 4+ 10 and the j values will be m(110) — 10 to 7, (110) 4+ 10. Even with
a small § we can obtain the same parse as we did when we considered all possible values of
1, 7. This procedure dramatically decreases the time required to parse a sequence since the

process is only of order L.
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CHAPTER 3

Parameter Estimation

The model we have constructed has many parameters, insertion length, base distribution,
base substitution probabilities, interaction probabilities in cluster nodes, hairpin type. If
we had sequences generated from the model, still aligned so we knew what nodes generated

what letters, we could estimate parameters, that is what we presume here.

3.1 The Likelihood Function for an Initial Node

Fix an initial node n. We take a random sample of size .S from our model which includes S
sequences, with full alignment information. Let ¢; and r; be the letters for sequence s that
were generated at node n on the left and right respectively. Then the likelihood function is

given by

147 77

S
Llz) = [ [ Aa(16: )R HUS 7)) HC(TZ(J’)) (3.1)

and the log likelihood is given by

147 7

s
log(L(0|x)) Z log(An(|65])) + log(Rn(|rs])) —i—Zlog (055 —l—Zlog(C(rfL(j)))
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3.1.1 The MLE for )\, and p,

Recall that the normalizing constant for A, is:

b —1
/\Ze*A"

Then ¢y, = (f(\,)) ™ where f(\,) = S0_ 02 Sno— 2" and its derivative with respect to ), is
given by
aC)\n

o = LI ) = =10 (). (34)

If we take the derivative of f(\,) with respect to A, we get

0 T I AreAn
)\n — n — n n
o, ) 2 k! 2 (k—1)! k!
k=0 k=1 k=0 (35)
B ! Ak g=An 2\ A= Al e=An o Ae™m
=) T T T T T T e =
k=0 k=0

We can now find the MLE for \,, by taking the derivative of the log likelihood function and

setting it to zero.

0 ‘|
W (log(L(0)z))) . Zlog (1

S

0
= 5= > log(en,) + [6:]108(A) = A — log(|£; )]
" os=1
B W b. An B '

This is a transcendental equation. However, if the cutoff b is much larger than A, then

/\b —An
—c\, S "Z! ~ 0 (3.7)
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So A, is approximately the solution of

S
ES

Zszl | n| —~S=0 (38)

An

solving for A\, we get
S
>l
A, = =L S (3.9)

Which is the average number of insertions on the left. As a practical matter, this means
we should choose b much larger than the average number of insertions. The value b = 10 is
sufficient for most purposes. One should note that the MLE in this case might not be unique
and that further analysis on the MLE need to be done. Now we need to verify that this is

indeed a maximum. Therefore we take the second derivative.

02 S
W(log(L(ﬂx))) = [ex, (A2 +bAL e M) 4+ 3 Abe M AL e /bl]
" S (3.10)
— _E%Ag—le—k [ X+ b+ e, Ao e ™ /bl] + Z {A—;}
s=1 n

2

If we have \,, < b then %(log(L(@M))) < 0. Therefore we have a maximum. Similarly for

Pn We get

S
> Il
s s=1

pn— S

(3.11)

Which is the average number of insertions on the right.
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3.1.2 The MLE for £ and ¢

Since we use the same insertion parameters for I and B nodes we let /B = {n|n is a I-node or an B-node}.

Then,

S

0 1
85(0{) (log(L(9|l‘))) = Z Z ]Z [ n s (j)= a}] Z @ (312)

s=1 n€lB j|t;(j)=a

g s
:%Z :ﬁMé where Mézz Z 1 (3.13)

s=1 nelB j|¢s (j)=a s=1 nelB j|t;, (j)=a
Since we want to maximize log(L(6|z)) with respect to £ under the constraint

Z £(v) = 1 we can use Lagrange multipliers. Let f = log(L(f|x))) and
ve{A,C,GU}

of 1
g= &(v) — 1. We have already determined that = —Mé Taking the
ZWG{A,C,G,U} ( ) 85(04) 5(@)
partial derivative with respect to &(«) of ¢ yields
Jg
=1 3.14
7€) 40
from - and - we get
1
—M§ = 3.15
€ 1)
for all a. Therefore,
1 1
—— M5 =\=—-M 3.16
) ' 310
Solving for £() we get
g
§(v) = 5(04)% (3.17)
Then, summing over v € {A,C,G,U} we get
> M
MS (A,C,G,U} !
e{AC,G,
1= Y = > 5<a>ﬁ§25<a)T (3.18)

7€{A7C7G7U} FYE{A’C7G7U}
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Therefore our estimate for £ is

fa) =172 (3.19)

where M¢ = D e {ACGU) M. The estimate ¢(a) is the the ratio of times we observe a
base of type a on the left over the total number of bases that were inserted on the left.

A similar argument gives us

Cla) =172 (3.20)

3.2 The Likelihood Function for a Basepair

Fix a basepair n. We take a random sample of size S from our model. Recall that S}
is the set of all s, 1 < s < S, such that (¢5(1),r5(1)) = (e,e)) and S? is the set of all
s, 1 < s < S, such that (¢5(1) # e and r3(1) # e). There are no other possibilities, so
SHyUs?={1,2,...,5}

The likelihood function for node n is given by

S
L) = [ ] [dnlisesyy + [(1 = di)lgseszy] Plow, £,(Drs(1D)A(6] = DR(r| - 1)

5] ) (3.21)
Hf @) | { TT¢tG))
=2
Since S} (S22 =0, can be written as
LOle) = ][ du- [T [0 = du)) Plow, 6,(0)rs (ODAE] = DR(Ir3] = 1)
seSt s€eS2
s | s (3.22)

I RE5) H<
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Then the log likelihood is given by

log(L(0|z)) Zlog )+ Z log(1 —d,,) + log(P(on, 65 (1)r;(1)))
sesk sesS?

v (3.23)

+log(A([63] — 1)) 4 log(R(|r5] — 1)) +Zlog (055 —|—Zlog

3.2.1 The MLE for d

To find the MLE for the deletion parameter d,, we first need to take the partial derivative

of the log likelihood function, equation ([3.23)), with respect to d,, and set it equal to zero.

03 (log(L(6)x))) = Z—+ Z 1_1 ’S 4 ;’_Sgl =0 (3.24)

seSt n n

Then solving for d,, we get

s sy
f— pr— -2
TR (3.25)

which is the fraction of sequences for which node n is deleted. To verify that (3.25) corre-

sponds to a maximum we look at the second derivative. The second derivative is given by

S loa(LOl) = 3 o+ Y s (3.26)

seSL ” 652

Since equation (3.26]) is always less than zero we indeed have a maximum.

3.2.2 The MLE for P

Recall that P(o,-) is a 16-element vector of substitution probabilities corresponding to an
observed basepair of type o in the 3D structure. P(o, AU) for example is the probability
that we have an AU baspair of type o. All of these probabilities need to be estimated. If

the number of different observed basepair types o is large, there may not be enough data to
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estimate all the parameters. We my use the same value of o for several nodes. Some of the
16 numbers in P(o, ) may also be equal.

16

Let U = {z € R|z > O,Zzi = 1} and fix a basepair type o*. We wish to find the
i=1
value of P(c*,-

) € U that maximizes L(f|x). We start by taking the partial derivative of
log(L(0|z)) with respect to P(c*, af3)

)

25 7 (log(L(0 L res (1rs (1)=(a

8P(U*,a6)(0g [))) ZS Plon.{ <1> Sy L=
SESh

n:iop=oc*

(3.27)
1 1
- Z -

- M3,
* * «
(€, (1)r (1) =(aB) P(o*,aB)  P(o*,ap)

n:op=0

Where gﬁ = Z

1, which is the number of times we observe (a/3) in o*-type
(€, (W, (1)=(aB)

n:op=0c

basepairs, no matter where they occur in the structure. Now, using Lagrange multipliers
with f =

log(L(f|z)) and g = 2(75) P(0*,~v0) — 1 the equation Df = ADg, using equation

1 .
3.27) and the fact that 5 ( aﬁ) = 1, becomes W - Mgz = A for all 3. Therefore.
1 1

o*

- M =\=— .
P(o*, af3) B P(o*,~9) 79

(3.28)
then, solving for P(c*,~d) we get
M
P(o*,~v8) = P(o*,af) - —= (3.29)
Mg,
Since . 5 P(07,76) = 1 we have
Z P(c*,70) = Z P(o™,af) - 15 =1 (3.30)
(7.9) (7.9) f

therefore

M?,
Z(’;{Z)g; %5P(U*a@ﬂ) =1

(3.31)
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and our estimate for P is

*

Mg Mg
D) M5 Me

P(o*,af) = (3.32)

. . Mo . . .
where M7 = Z(w 5) M7 ;5. Here Miﬁ’ is the number of times that pair a3 is observed where
a o* basepair is present, divided by the number of basepairs of the type ¢* that are not

deleted.

3.2.3 MLE Using Partitions

Now suppose that some of the 16 parameters in P(c*, «f3) are the same. Let I}, Is,..., Iy
be a partition of the 16 possible basepair types. Then P(c*, o) has the same value for all
af € I;. We will write P(c*, I;) for this common probability. Then the MLE for P(c*, ;)

can be obtained as follows.

0 1
——(log(L(# = “Lyies (1yrs .
seSH

mon=0" (3.33)

- Y oo X e M

B P(o*, ;)  P(o*, 1) ~ Plor, ;) b

(5 (Drs()EL; (65, (Drs (1)el;

Where M}’ = Z 1 is the number of times we observe a pair in set I;. As above we

(e (Wra())el;
use Lagrange multipliers with f = log(L(0|z)) and g = lezl |I,|P(c*, 1;) — 1 to obtain

1 .
— - MY? =1L\ .34
and therefore
1 Mg 1 My’
! Lofr1<j<k (3.35)

P<U*7[i) |]Z| B P(U*7lj) |IJ|
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Solving for |I;|P(o,, I;) and summing over the possible basepair values we get

k k
M7
1= ||P(o*, 1)) = > _|L|P(c", ;) - 7 (3.36)
j=1 j=1 i
Hence,
R M7 Mg
P(o*,I;) = i i (3.37)

which is the fraction of the number of times pair a3, where a8 € I;, is observed where a
o* basepair is, over the number of basepairs of the type ¢* that are not deleted times the

number of elements in I;. This spreads the probability equally among the elements of I;.

3.2.4 MLE Using Partitions across different interaction families

Finally, we can imagine that some of the parameters might be the same between different
values of o*. For example, we can partition the 16 into isosteric families, and use 4 parameters
for the basepairs that are isosteric, nearly isosteric, allowed, and not allowed. For each type
of, let I;, q=1,2,... k, partition the set {AA, Ac,...,UU}

Assume that

P(o},1y) = P(03,12) = --- = P(0}, 1)) (3.38)

v Tq

for 1 < ¢ < k. Once again using Lagrange multipliers with f = log(L(f|z))) and
9= [Zf A P(os, I — ] let 78 = P(o%, I%). Then, since 7}, = 7, for all d,

v

aﬂlzz%zdzl

6, (Dry, ()€, d=1 (e (Wi ()els,

= Z M"d (3.39)



Now turning our attention to g we obtain

87r1 Zzl{véelﬁl} = Z|1d| = Ip.

d=1 ~¢6

v

where I,,, = Z |1¢]. Combining (3.39)) and the result from (3.40

d=1
v 1 o
Z WMI; =\ Therefore
d=1"m ™M
e 1 o* h 1 o*
> M} =)= M7
d . 14, d. I
= T I, = I,

YA <A Y L

mdl n d=1

solving for 7! and multiplying both sides by |I’|we have

|1m2d1 Ud

Ll = |1,
Ly 3 g M

Summing over the values of n and ¢

v k v k
I Sy

t=1 n=1 t=1 n=1 I Zd 1

Solving for 7l we get

UZZ_IM d
v k t
In Y by (B 0, M7 )

~1
T =

UZZ M U; UZZ M

|1m2d1

we get

Ud

fznl(zﬂ‘”zdl M) ST My

o4

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)



95

Notice that if there is only one o* (i.e., v = 1) then (3.45) reduces to (3.37) and if v = 1 and

|I1] =1 then ([3.45) reduces to (3.32)).

3.2.5 The MLE for )\, and p,

If we let (k) = ¢5(k + 1) for k > 1 then the likelihood function (3.23) with just the

information about insertions can be written as

16,71
log(L(6|x)) Zlog (1€2))) + log (R +Zlog

This has the same form as (3.2). So from equation (3.9) we get

> e

N 2
— s€S52

s

therefore,

A similar argument gives us

3.2.6 The MLE’s for ¢ and (¢

The MLE’s for ¢ and ¢

The MLE’s for £ and ¢ are the same as those obtained in (3.19)) and (3.20)).

) (3.46)

(3.47)

(3.48)

(3.49)
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3.3 The Likelihood Function for Basepairs in a Cluster

Node

Then the likelihood function is given by

S J
1
L(0|z) = HEHP D)) - us, HT vy Hw (3.50)
s=1 " j=1 #ins #ins
where Z = Z H P(o,(j Ja (1 2)) and a is the combination of the left and right letters.

a j=1
Then the log likelihood is given by

s J
log(L(6]x)) = > > “log (P(ow(4), (v (I}),7a(17)))) — Slog(Z)
s=1 j=1
+ log(u;) + Z log(7) + log(vy) + Z log(w (3.51)
#ins #ins

3.3.1 The MLE for P in a Cluster Node

Now we take the partial derivative with respect to P(c*, af3) and we get

s J
0
9P ap) el lle) = ijl{an—o CAIAI)=(H)}

Z HJ 1P(Un( 1), a( '1) (Iz))Zj:1 1{an:o*,(a(z;)a(ff)):(a@)}
S I Plow(h), b(I1)b(12))

(3.52)

If we let

S J
:Zzl{on—o* s (I (12)=(aB)} (3.53)

s=1 j=1

then equation (3.52]) becomes

P(o, Ma(I?
()~ H(w) [T,_, P(ou(j), al1})a(l}))

(3.54)
. >, Ty P(on (i), b(I)b(12))

0
ng(ue’x)) =H
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If we let

1) = 5 TL Ponlid m(T 1) (3.55)

J:1

Then equation (3.54) can be written as

0
9o . ad) log(L(0]z)) Z H(a H(y,) — E(H), (3.56)

Where E(H) is the expected value of H under the distribution II . We set this equal to zero.

Therefore we want to find the value of ¢ such that

H(v,) =E(H) (3.57)

This has no closed form solution since it is of the form

Kog Y € =Y Dype™ (3.58)

and we need to solve for b.

Taking the partial derivatives with respect to all possible values gives us a system of
nonlinear equations. It is necessary to use a numerical technique such as steepest decent to
solve this system of non-linear equations. Hence, it is equivalent to find the minimum value

of

2
> (Hur e = 37 Do) (3.59
af
For an initial approximation to the true solution we can use the MLE that we obtained for

basepairs. See equations (3.32), (3.37)), and (3.45)).
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3.4 MLE for a J.-node

Let I M, be the interaction matrix for the center bases. For J.-nodes we let v be the combi-

nation of the letter on the left, center and right. The distribution function for a J.node is
very similar to (2.15)) and is given by

J

PU(L.C.R) = (£,c,r)) = %HP(a(j),v(I;)v(If)) w[ro][e-c[[e (360

7=1 #ins #ins #ins

Again, as is the case for C-nodes, the MLE for P is a solution to a system on nonlinear

equations given by (13.59)

3.5 Parameter estimates from data

Using ad hoc parameters we make alignments of sequences. See Figure (3.1). From this
alignment we use equation (3.37) to estimate the parameters for the cWW family. Table
(3.2) shows the new parameters that we estimated. Using these new parameters we re-align

the sequences. See Figure (3.2). Table (3.3]) shows the parameters obtained from our new

alignment

cWW A C G U
A 0.0211 | 0.0573 | 0.0211 | 0.1556
C 0.0573 | 0.0211 | 0.1556 | 0.0211
G 0.0211 | 0.1556 | 0.0010 | 0.0573
U 0.1556 | 0.0211 | 0.0573 | 0.0211

Table 3.1: Ad hoc Isostericity Matrix for cWW A-U,C-G basepairs

cWW A C G U
A 0.0032 | 0.0377 | 0.0032 | 0.2059
C 0.0377 | 0.0032 | 0.2059 | 0.0032
G 0.0032 | 0.2059 | 0.0037 | 0.0377
U 0.2059 | 0.0032 | 0.0377 | 0.0032

Table 3.2: Data Matrix for cWW A-U,C-G basepairs



cWW A C G U
A 0.0025 | 0.0367 | 0.0025 | 0.2080
C 0.0367 | 0.0025 | 0.2080 | 0.0025
G 0.0025 | 0.2080 | 0.0037 | 0.0367
U 0.2080 | 0.0025 | 0.0367 | 0.0025

Table 3.3: New Data Matrix for cWW A-U,C-G basepairs

29
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A-—-GUGGUGGCCAUAUCGGCGGEGUUCCUCCCCGUACCCAU*CCU*GAACACGGAAGAUAAGCCCGCCAGCG-UCCGEC-AA-GUACUGGAGUGC* GCGA—*GCCUCUGGGAAAUCCGGUU-CGCCGC-CAC—-
G-—-——UAGCGGCCACAGCGGUGGEEUU-CCUCCCGUACCCAU*CCC*GAACACGGARGAUARGCCCACCAGCGUUCCGGG-GA-GUACUGGAGUGCC*GCGA—*CCCUCUGGGARACCGGG-UUCGCCGC-UA-——-C
||||||| GCGGCCAGCGLCGACGCCAA-ACACCCCUACCCAU*UCC*GARCACGGAACUGAAGCCCUCCAGCGRAACCAGC-UA-GUACUAGAGUGCG* CAGA—*CCCUCUGGGAGCECUGG-UUCGCCEC—————C
UA-—AGGCGGCCAUAGCGGUGGEGUU-ACUCCCGUACCCAU* CCC*GAACACGGAAGAUAAGCCCGCCUGCGUUCCGLU-CA-GUACUGGAGUGC*GLGA—*GCCUCUGGGAAATCCGG-UUCGCCGC-CU-—ACU
U--—-UGGCGACCAUAGCGGCGAGUGA-CCUCCCGUACCCAU*CCC*GAACACGGAAGAUAAGCUCGCCUGCGUUUCGGU-CA-GUACUGGAUUGG*GLGA—*CCCUCUGGGAAAUCTUGA-UUCGCCGC-CA-—-CC
|||||| GGCGECCAGAGCGEUGAGEUU-CCACCCGUACCCAU* CCC*GAACACGGAAGUUAAGCUCACCUGCGUUCUGGU-CA-GUACUGGAGUGA* GCGA—*UCCUCUGGGARAUCCAG-UUCGCCGC-C——-—-C
—————GGGCGCECCAGAGCCGUGAGEUU-CCACCCEUACCCAU* CCC*GAACACGGARCUUARAGCUCGCCUGCGUUCUGGU-CA-GUACUGGAGUCA* GCCA-*UCCUCUGGGAAAUCCAG-UUCGCCGC-CC-—-CU
G---UAGGCGGCCAGAGCGGUAGGGAA-ACACCCGUACCCAU*UCC*GAACACGGAA GUUAAGCCUACCAGCGUAUCGUG-AA-GUACUGGAGUGA*GCGA—*UCCUCUGGGAACCACGA-GUCGCCGC-CUA——-C
———-GUAGGCGGCCAGAGCGCGUAGGGARA-ACACCCGUACCCAU*UCC*GAACACGGARGUUAAGCCUACCAGCGUAUCGUG-AR-GUACUGGAGUGA* GCCA- *UCCUCUGEGAACCGCGG-UUCGCCGr-CUGL—C
———GUAGCCGCCCAGAGCCGUAGGGAA-ACACCCCUACCCAU*UCC*GAACACGCAR CUUARAGCCUACCAGCGUAUCGUG-ARL-GUACUGGAGUCA* CCCA—*UCCUCAGCGCGAACCACCGA-GUCCCCGC-CUAC——C
GA-—AGGCGGCCAGAGCGEUGGEEAA-ACACCCGUACCCAU*UCC*GAACACGGAAGUUAAGCCCACCAGCGUACCGUG-AA-GUACUGGAGUGA* GCGA—*UCCUCUGGGAACCACGA-GUCGCCGC-CU-—-GCC
————GCAGCGGCCAUAGCGGUGGEECG-ACACCCGUACCCAU*UCC*GAACACGGARGUUARAGCCCACCAGCGUACCGGG-ARA-GUACUGGAGUCA*GCGA—*UCCUCUGGGAAGCGGGG-UUCGCCGCCUGC——-C
A———— GECGECCAUCGCEECEEEEUU-CCUCCCGUACCCAU* CCC*GAACACGGAAGAUAAGCCUGCCUGCGUAUUGGU-GA-GUACUGGAGUGG* GAGA—*CCCUCUGGGAGAGC CGA-UUCGCCGC-C——————
———GUUGGCGGCCAUAGCGGAGGLGCC-AUACCUGGUCUCGU*UUC*GAUCCCAGAA GUGAAGUCCUCCUGCGUUUUGUU-GUUGUACUGUGG-AC* GAGA—*GUCUAUGGGAAGCUCAU-AACGCUGC-CGGE—C
——-UUUGGCGGUCAUGGCGUGEGEEUUUATUACCUGAUCUCGU*UUC*GAUCUCAGUAGUUAAGUCCUGCUGCGUUGUGGGUGU-GUACUGCG——CU*UUUUU*GC-UGUGEGAAGCCCAC-UUCACUGC-CAGA—-C
G---UUGGCGGUCAUGGCGUGEGEUUU-AUACCUGAUCUCGU*UUC*GAUCUCAGUAGUUAAGUCCUGCUGCGUUGUGGGUGU-GUACUGCG——CU*UUUUU*GC-UCUGEGAAGCCCAC-UUCACUGC-CAG—-AC
U---UUGGCGCUCAUGCCCUGGEEEUU-AUACCUCAUCUCGU*UUC*CAUCUCAGUACUUAAGUCCUGCUGCGUUGUGGGUGU-GUACUGCCG-UG* UUU——*UGCUCUGGCAAGCCCAU-UUCACUGC-CAG—-CC
CA---UGGCGGUCAUGGCGCAGGEEUU-AUACCUGAUCUCGU*UUC*GAUCUCAGUAGUUAAGUCCUGCUGCGUUGUGGGUGU-GUACUGCG——GU*UTUUU*GC-UGUGGGAAGCCCAC-UUCACUGC-CA--GCC
——-GUUGGCGGUCAUGCCGUGEGEUUA-ATUACCUGAUCUCGU*UUC*GAUCUCAGUAGUUAAGUCCUGCUGCGUUGUGGGUGU-GUACUGCG——CU*UUUUU*GC-UGUGGGAAGCC CAC-UUCACUGC-CAGC——A
UA--—-CGCCGACCAUAGCCGEEEEECC-ACACCUCAACCCGU*UCC*GAUCUCAGAR CUUARGCCCCCCUGCGUUGGAGG-UG-GUACUGCAA-CG* UU-——*ACUUCCGECAAGCCUCC-AACCUCGC-CG--GCC
UA---CGGCGGUCAUAGCGGEEGEGCC-ACACCCGAACCCAU*CCC*GAACUCGGAAGUUARAGCCCCCCAGCGAUGCCLC-GA-GUACU-GC——CA* UC———*UG-GC-GEGAAAGGGGC-GACACCGC-CG-—-GCL
UA---CGGCGGUCAUAGCGGEEGEECC-ACACCCGAACCCAU*CCC*GAACUCGGARGUUARAGCCCCCCAGCGAUGCCCC-GA-GUACU-GC——CA* UC———*UG-GC-GEGARAGGGGC-GACGCCGC-CG-—-GCT
UA---CGCCGCUCAUAGCCCGGEEUCUA-ACAUCCCAUCCCAT* CCC* CAUCUCGCARAUUAAGCCCUCCAGCGAUUCCUU-AR-GUACUGCCU——-A* UC———*U--AGUGCCAACAAGCU-CACCCUGC-CG-—-AUC
CA-——UAACGGUCAAAGCGGAGGUGUA-ACAUCCGAUCCCAU* CCC*GAUCUCGGAAATUUAAGCCCUCCAGCGAUUCUUU-AA-GUACUGCU—A*UC——*U——AGUGGGAACAAAGU-GACGCCGU-UA--GUC
UA---URACGGUCAUAGCGGAGGAGCC-ACAUCCGAUCCCGU*CCC*GAUCUCGGARAUUAAGCCCUCCAGCGAUACCCU-AA-GUACUGCC———A*UU-——*U--GEUGGGAACAGGGU-GACGCUGU-UG--AUC
G--—-CUAGUGGCCAUAGUGGCAGGGAC-CCUCCUGUUCACCU*UCC*GAACACAGARCGAUAAGCCUGCCCACGUUGCUUA-CU-GUACUGAGGUAC*AGA——*GUCCUCGECGARAUCUGC-GUCGCUGC-UAG——-C
————UUAGCGGCCAUGGCGGCAGGGUUAACUCCUGUACCCAU* CCC*GAACACAGAA GAUAAGCCUGCCAGCGUUGUAUA-CG-GUACUAAAGUGC* GAGA—*GCCUUUGGGAACTUAUAC-UCCGCUGC-UGA—-UC
U--—-UGGCGGCCAUGGCGGCGGEEUA-ACUCCUGUACCCAU*CCC*GAACACAGCAGAUARACCCGCCCGCGUUCCGUA-CG-GUACUARAGUGC*GLGA—*GCCUUUGGGAACUGCGG—AUAGCUGC-CA-—-GCU
——-GGUGGCGGCCAUAGCGGCEGEECA-AUUCCUGUACCCAU* CCC*GAACACAGARCGAUARGCCCGCCUGCGUUCUAUA-CU-GUACUARAGUAU*GAGA—*GUCUUUGCCGARAUAUGG-AACGCUGC-CACC—A
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000000000001111111111111111111 *222% 111111111111122233333333333334444444+44444+4444443333333333222211000000000000
HuHmmnmm.__w@oHuHHuHwﬁmmqmw@mw@woonmwwmwpﬁp»mmm; ppﬁpmmmwuwooooofﬁ 65544311117859012233456678%0123345%66666%5432109876543210888710987655432111
=== O ITTIBITT((((( *H-—* P ==y ITTT OO = = CMMM OO = O E= === ) I M ) =0 dh =) )y -——

cc.ﬂll|mmnmn..nggmnmmcmmmmccmnncnnﬂmcﬁnngc» oo oy Egnmm@bmﬂcﬁbmﬂﬂn A-CCAGCGUUCCAG-G-GAGUACUGGAGUGC * GCGA- * GCCUCUGGGEARATCOGG-UUCGCCGC-C---ACC
A---GUGGUGGCCAUAUCGGCGGGEUUCCUCCCCGUACCCAT* CCU* GAACACGGAAGAUARGCCC-G-CCAGCG-UCCGG-C-AAGUACUGGAGUGC * GCGA~ * GCCUCUGGEARATCOSGUT-CGCCGC-CAC--——
5----UAGCGGCCACAGCGGUGGGGUU-CCUCCCGUACCCAU*CCC* GAACACGGAAGAUARGCCC-A-CCAGCGUUCCGG-G-GAGUACUGGAGUGC *GCGA-*CCCUCUGGEARACCEEG-UUCGCCGC-UA-—--C
||||||| GCGGCCAGEGCGEAGEGGAA-ACACCCGUACCCAU*UCC* GAACACGGAAGUGAAGCCC-U-CCAGCGAACCAG-C-UAGUACUAGAGUGG* GAGA- *CCCUCUGGEAGCGCUGG-UUCGCCGC——-——--C
UA---AGGCGGECCAUAGCGEUGGGEUU-ACUCCCGUACCCAU* COC* GAACACGGAAGAUARGCCC-G-CCUGCEUUCCGG-U-CAGUACUGGAGUGC * GCGA- * GCCUCUGGGARATCOGG-UUCGCCGC-CU--ACT
U----UGGCGACCAUAGCGGCEAGUGA-CCUCCCGUACCCAU* CCC* GAACACGGAAGAUARGCUC-G-CCUGCGUUUCGG-U-CAGUACUGGAUUGG *GCGA-*CCCUCUGGGARAUCUGA-UUCGCCGC-CA-—--CC
|||||| GGCGGCCAGAGCGEUGAGGUU-CCACCCGUACCCAU*CCC* GAACACGGAAGUUAAGCUC-A- CCUGCGUUCUGG-U- CAGUACUGGAGUGA * GCGA- *UCCUCUGGGARAUCCAG-UUCGCCGC-C-———--C

||||| GGGCGGCCAGAGCGEUGAGGUU-CCACCCGUACCCAU* CCC* GAACACGGAAGUUAAGCUC-G-CCUGCGUUCUGG-U-CAGUACUGGAGUGA * GCGA- * UCCUCUGGGARATCCAG-UUCGCCGC-CC---CU
G---UAGGCGECCAGAGCGEUAGGGAA-ACACCCGUACCCAU* UCC* GAACACGGAAGUUARGCCU-A-CCAGCGUAUCGU-G-AAGUACUGGAGUGA * GCGA- * UCCUCUGGGARACCADGA-GUCGCCGC-CUA---C
——-GUAGGCGGCCAGAGCGGUAGGGAA-ACACCCGUACCCAU*UCC* GAACACGGAAGUUARGCCU-A-CCAGCGUAUCGU-G-AAGUACUGGAGUGA*GCGA-*UCCUCUGGEAACCGOGG-UUCGCCGC-CUGC--C
——-GUAGGCGGCCAGAGCGGUAGGGAA-ACACCCGUACCCAU* UCC* GAACACGGAAGUUARGCCU-A-CCAGCGUAUCGU-G-AAGUACUGGAGUGA * GCGA- * UCCUCAGGGAACCADGA-GUCGCCGC-CUAC--C
GA---AGGCGECCAGAGCGEUGGEEEAA-ACACCCGUACCCAU* UCC* GAACACGGAAGUUARGCCC-A-CCAGCGUACCGEU-G-AAGUACUGGAGUGA * GCGA- * UCCUCUGGGARCCADGA-GUCGCCGC-CU--GCC
———-—-GCAGCGGCCAUAGCGGUGGEGCG-ACACCCGUACCCAU*UCC* GAACACGGAAGUUARGCCC-A-CCAGCGUACCGG-G-AAGUACUGGAGUGA* GCGA- *UCCUCUGGEAAGCGEEG-UUCGCCGCCUGC——-C
A GGCGGCCAUCGCGECEG6GUU-CCUCCCGUACCCAU*CCC* GRACACGGAAGAUAA GCCU- G- CCUGCGUAUUGG-U-GAGUACUGGAGUGG * GAGA- * CCCUCUGGEAGAGCCGA-UUCGCCGC-C-—————
——-GUUGGCGEECCAUAGCGGAGGGECC-AUACCUGEUCUCGU* UUC* GAUCCCAGAAGUGARGUCC-U-CCUGCGUUUTGUUG-TUGUACTUGUGG-AC* GAGA - * GUCUAUGGGAAGCUCAU-AACGCUGC-CGGC--C
——-UUUGGCEEUCAUGGCGUGEGEGUUTAVACCUGAUCUCGU*UUC* GAUCUCAGUAGUUARGUCC-U-GCUGCGUUGUGG-GUGUGUACUGCG--GU*UUUUU*GC-UGUGGEAAGCCCAC-UUCACUGC -CAGA--C
GU---UGGCGEUCAUGECGEUGEEEUUU-AUACCUGAUCUCGU *UUC* GAUCUCAGUAGUUAA GUCC-U-GCUGCEUUGUGE- GUGUGUACUGC G- - GU*UUUUU * GC-UGUGGGARGCCCAC-UUCACUGC-CA--GAC
UU---UGGCGEEUCAUGECGUGEEEEUT-AUACCUGATCUCGU* UUC* GAUCUCAGUAGUUARGUCC-U-GCUGCGUUGUGE-GUGUGUACTGCG- —GU* GUUTT * GC-UGUGGGEARGCCCAU-UUCACUGC-CA--GCC
CA---UGGCGGEUCAUGGCGCAGGGEUU-AUACCUGAUCUCGU* UUC* GAUCUCAGUAGUUARGUCC-U-GCUGCGUUGUGG-GUGUGUACUGCG- -GU*UUUTU* GC-UGUGGGARGCCCAC-UUCACUGC-CA--GCC
——-GUUGGCEEUCAUGGCEUSEGGUUA-AUACCUGAUCUCGU*UUC* GAUCUCAGUAGUUARGUCC-U-GCUGCEUUGUGG-GUGUGUACUGCG--GU*UUUUU*GC-UGUGGGARAGCCCAC-UUCACUGC-CAGC--A
UA---CGGCGACCAUAGCGEEGEGEEECC-ACACCUGARCCCGU* UCC* GAUCUCAGARGUUARGCCC-C-CCUGCEUUGGEAG-G-TGGUACTGCA- —AC* GUUA- * GU-UGCGGEGEAAGCCUCC-ARCGUCGC-CG--GCC
UA---CGGCGEEUCATAGCGGEEGEEECC-ACACCCGARCCCAU* COC* GAACUCGEARGUUARGCCC - C-CCAGCGATGCCC-C-GAGUACT - GC- —CA* UC - - - * UG- GC-GGEGEARAGGEEC-GACACCGC-CG--GCC
UA---CGGCEGUCAUAGCGGEEGGGCC-ACACCCGARCCCAU* COC* GAACUCGGAAGUUARGCCC-C-CCAGCGAUGCCC-C-GAGUACU -GC--CA* U - - - *UG-GC-GGEARAAGGEEC -GACGCCGC-CG--GCC
UA---CGGCEEUCAUAGCGG- GGGUGUAACAUCCGAUCCCAU*CCC* GAUCUCGGARAUUARAGCCC--UCCAGCGAUUCCU-U-AAGUACUGCU-—-A*UC-—- *U--AGUGGGAA CAAGGU-GACGCUGC-CG--AUC
CA---UAACGGUCARAGCGGA-GEUGUAACAUCCGATCCCAU* COC* GAUCUCGGARATUARGCC-CU-CCAGCGAUUCTU-U-AAGUACUGCU- ——A* UC-— - *U--AGUGGGAACAAAGU-GACGCCGU-UA--GUC
UA---UAACGGUCAUAGCGGAGGAGCC-ACAUCCGAUCCCGU* CCC* GAUCUCGGARAUUARGCCC-U-CCAGCGAUACCC-U-AAGUACUGCC - ——A* UU - - - *U--GGUGGGAACAGEE U-GACGCUGU-UG--AUC
G---CUAGUGGCCAUAGUGGCAGGGAC-CCUCCUGUUCACCU*UCC* GAACACAGAAGAUAR GCCU- G- CCCACGUUGCUU-A- CUGUACUGAGGUAC *AGA— - *GUCCUCGGGARAUCUGC-GUCGCUGC-UAG---C
————UUAGCGGCCAUGGCGGCAGGEUUAACUCCUGUACCCAU* CCC* GAACACAGARGAUARGCCU-G-CCAGCGUUGUAU-A-CGGUACTARAAGUGC * GAGA- * GCCUTUGGGEARACTAUAC-UCCGCUGC-UGA--TUC
U-——-UGGCGEECCAUGECGECGEGEEEUA-ACUCCUGUACCCAU* COC* GAACACAGCAGAUARACCC-G-COCGCGUUCCEU-A-CGGUACTARAGUGC * GCGA- * GCCUUUGGGEARCTGOGG-AUAGCUGC-CA--GCU
——-GGUGGCEGCCAUAGCGGCEGGGCA-AUUCCUGUACCCAU* CCC* GAACACAGARGAUARGCCC-G-CCUGCGUUCUAU-A-CUGUACUAAAGUAU *GAGA- *GUCUUUGGGARAUAUGG-AACGCUGC-CACC--A
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CHAPTER 4

Motif Searching

Recall in Chapter 1, we have a crystal structure with many nucleotides. In it, there are
repeated structures such as helices and kink-turns. Helices are common and well understood,
but kink-turns are not. Once you find one, how can you find others that are geometrically
similar?

Our problem is that we are given a geometric object in 3-space that consists of m points
that we want to find other objects of similar shape but with arbitrary location and orientation
in 3D space. Let (z1,...,%,) be the coordinates in 3-space of all m points. Let D;; =
|z; — x;|| be the pairwise distance matrix. Then, D;; gives the Euclidean distance between
x; and z; in Angstroms. In our first approach to the problem we set cutoffs/tolerances for
the distances between two points. We considered two points (o, 3) to match (z;, x;) if the

distance between o and 3 is within D;; £7T. We defined pairwise screening matrices A; ; as

a—0| tD;—T<|la—p||<D;;+T

A j(0.f) = I | j I | j (4.1)
0 otherwise

We want to find all (o, ..., ay,,) such that A; ;(a;, ;) >0 for all 1 <i < j < m. These

are sets of points whose mutual distances fall within tolerance T of the mutual distances of

T1yeveyTp-
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4.1 QOpur first approach

To construct candidates, we start by first constructing triangles. Let

]172 = {((){1, O[Q)lALQ(O[l, (1/2) > 0} (42)

Then I, is a k x 2 matrix that contains all the candidates for the sub-motif consist-
ing of the first two bases. Next, for each row of I; 5 we find the set of all ag such that

Ay 5(L12(v, 1), 3) > 0 and A 5(112(v,2), a3) > 0. This gives us
Loz = {(al, g, 043)|A1,2(0417 CYQ) > 0, A1,3(041, 043) > 0, A2,3(Oé2, 043) > 0} (4-3)

which is a matrix that contains all the candidate sub-motifs consisting of the first three
bases. We then do the same procedure to obtain sub-motif candidates of the first two bases

and the n'* base. This gives us the sets
Il,2,n - {(alu a9, an)’A1,2<a17 a?) > 07 Al,n(ab an) > 07 A2,3(a27 Oén) > 0} (44>

Next, we want to make four base sub-candidates. To do this, we take [ 53 and I; 24 and
for each row in ;5 3 we take the first two entries in the row and see if we can find the same
pair in the first two entries of some row of I;54. Assume that the first two entries in row
vy of I 23 are the same as the first two entries in row vy of 17 24. We would then check to
see if the distance between I3 5 3(vy,3) and I; 24(v2, 3) are within the appropriate tolerances.
That is, we check to see that Ag4(l123(v1,3), [124(v2,3)) > 0. If the distance is within the
tolerance than we have a four base sub-candidate, namely (1; 2 3(v1, 1), [124(v2,3)). We then

construct a list of these sub-candidates.

Liosa = {(ou, a9, a3, a4)|A; j (e, 05) >0, 1 <i < j <4} (4.5)
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For a concrete example let

2 5 8
117273: (46)

3 6 10
3 7 12

2 3 15

2 4 17
Lios= (4.7)
3 5 17

4 9 19

Then looking at the first row of I7 25 we get (2,4,8). Next we look to see if (2,4) appears as
the first two numbers in any row of [; 4. We have a match with row two. The second row
of I1 24 1s (2,4,17). Now, if A34(8,17) > 0 then one of our four-base sub-candidates is given
by (2,4,8,17).

Once we have fully constructed ;234 then we combine it with [; o5 in the same fashion
as before. We again check for matches with the first two entries of each row and if there is
a match we then need to check to see if the new candidate falls within the tolerances. In
this case we need to check two tolerances, the one between positions 3,5 and 4,5. If both
distances are within tolerances than we add it to I;2345. We continue this procedure until

all triangles have been combined and we have constructed

[172 77777 m = {(041,042, e ,Oém)’Ai’j(Oéi,Oéj) > O, 1 S 7 < j S m} (48)

4.2 Current way of finding pentahedra

Here we describe the current way of finding pentahedra. Matlab code can be found in section
b.4 As before we have a geometric object in 3-space that consists of five points, and we

want to find other objects of similar shape. In other words, we want to find all («a, ..., )
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such that A; j(a;,a;) > 0 for all 1 <i < j <5, where A; ; is given by equation(4.1]).

We now find all the nonzero entries in A; 3 and Ay 3 that share a common pair from
I 5. See equation (4.2). That is, for each n, 1 < n < Ny = |[15(-,1)], we want to find all
the values « such that A; 35(/12(n, 1), ) and As3(/12(n,2), @) are nonzero. We do the same

thing for Ay 4, A4 and Ay 5, As5. Let

k;n = {Od‘Al’m(Il,g(n7 1),0{), szm(lm(n, 2),0[) > O}, n € {1, Ce 7N1}7 m & {3,4, 5} (49)

be the set of all o such that the distance between « and the points in [ 2(n,:) are within

tolerances and therefore forms triangles.

Figure 4.1: Formation of 3 base triples

We have now essentially created three triangles. See figure (4.1). We now want to
combine the triangles formed by A; o, A13, A2z and Ay 9, A1 4, A24. To do this we look at

all the nonzero values of Az, restricted to the sets k2 and k1. This will give us a set of

tetrahedra formed from the bases 1,2,3 and 4. See figure (4.2]). Therefore, we set

13,4 = {(a76)|A374(a76) >0,a € kfwﬁ € ki} (410)
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and N2 = |]374(', ]_)|

Figure 4.2: Creating tetrahedra

Finally, we want to finish creating our pentahedra. Therefore, we need to find all the «
such that € k2. This restricts the number of possible candidates for the fifth position to
ones that satisfy the tolerance requirements to be paired with one and two. Now we need
to restrict o to the ones that fit with positions three and four. To do this we need to look
at Ass and A,5. Equation gives us all the candidates for positions three and four
that we need to consider so we only need to look at « that satisfy Ass(/54(p,1),«) > 0 and

Ays(I34(p,2), ) > 0 for p € {1,2,3,..., Na}. Therefore we let

Tnp = {O{|A375(1374(p, 1), k:fL(oz)) > 0 and A475(]374(p, 2), ki(oz)) > 0} (411)

Then for ¢ € {1,2,3,...,|r,,|}, if the set r,,, is nonempty then the candidates are given by

[l12(n, 1) T 2(n,2) I34(p, 1) I34(p,2) Tp(q)] (4.12)
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Figure 4.3: Creating pentahedra

4.3 Maximum number of candidates

We would like to have an upper bound for the number of candidate motifs so we can give an
upper bound on the execution time of the search program. If the query motif has m bases
then clearly n"™ is an upper bound for the number of candidates, where n is the number of
bases in the RNA molecule. This bound is clearly very far from the true number of plausible
candidates because it includes many candidates whose nucleotides are physically much too
far apart to be interacting. Assume there is a minimum distance between nucleotides. Then
imagine constructing a sphere that is large enough to encase the query motif. Since we are
assuming that there is a minimum distance between bases there are only so many bases that
could fit in the sphere. Let b be the maximum number of bases that can fit in the sphere.
Now, let’s see how many candidate motifs we can find in this sphere. The number of ways to
pick m objects from b is b(b—1)--- (b —m + 1). Now, this sphere could be centered on any
of the n bases in the molecule. Therefore our bound for the number of candidates is given
by n-b(b—1)---(b—m+ 1) or roughly n - b™. This tells us that the number of candidates
only grows linearly in the length n of the molecule.

Table (4.1)) gives the value of b for spheres of different radii from the 23S ribosomal RNA
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molecule.

Angstroms | Max | Average

5A 4 2.0
10A 16 8.8
15A 35 20.3
20A 80 39.8

25A 146 73.2
30A 214 | 121.4
35A 330 | 182.9

Table 4.1: Values of b for spheres of different radii from the 23S ribosomal RNA molecule.

4.4 The definition of discrepancy

In order to know if our candidates are a ”"good match” to the query motif we need a measure
of how ”close” the two motifs are. To do this we define a discrepancy that takes into account
the positions of the bases and their relative orientations.

Let m be the number of bases in the query motif. We then define b, and ¢; to be the
geometric center of the heavy base atoms of the query and candidate respectively. We define
the fitting error L as

m
L? = m}%nmtinzzlwiﬂbi — R(c; — 1) (4.13)

where t is the translation vector, R is a 3 X 3 rotation matrix, and w; are weights, which are
m

usually 1, such that w; > 0 and Z w; = m. L gives us a measure of how close the bases are
in 3-space. =

Now we need to take into account the relative orientations of the bases. Let M; and N;

be the rotation matrices that take a base in standard orientation to the orientation of base ¢

in the query and candidate respectively. Once the candidate is rotated onto the query motif

by R, the rotation matrix M;N; 'R~ tells how to rotate base i of the candidate onto base

1 of the query motif We can then define «; as the angle of rotation for the rotation matrix
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M;N;'R~'. Then the orientation error A is

(4.14)

where the v; are weights that can be adjusted to make the discrepancy more sensitive to the
orientation of particular bases. Finally we can define the discrepancy between two motifs as

p-tviy A (4.15)

m

4.5 Permutation of bases

4.5.1 Why do we need to permute the bases?

In the algorithm used to find the motifs that are similar to a given query motif, the length
of the main outside loop is determined by the number of nonzero entries in the matrix A; .
If we could make the outside loop shorter we would expect that the search time would be

shorter.

4.5.2 How do we permute the bases?

Let n be the number of nucleotides in the query motif. Let A;; be the pairwise screening
distance matrix between bases i and j. Let |4, ;| be the number of nonzero entries in A, ;.
We then set [ = [1 2 3 --- n| which is the current order of the bases.

Let ¢; and ¢y be such that |4y, »,| = min |A;;|. Next, we switch the positions of 1

ije{1,2,...m}
and 2 with ¢; and /5 respectively. Therefore, I becomes

I=|0 0,345 -+ -1 1 6+1 -+ lo—1 2 ly+1 -+ n (4.16)

Next, we repeat this process except we look for the minimum of |A; ;| where ¢, j # ¢, and
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i,j # ly. Let £3 and ¢4 be such that |Ag, 4| = min |A; ;|. Then I can be written
i,jE{l,Q,...,n}\{fl,ég}

as

]:{gl by b5 €4 5 6 - n] (4.17)

We continue to find the minimum of |A; ;| over smaller and smaller sets until all the bases

positions have been permuted. The new order of the bases is given by

]:|:€1 62 83 64 65 66 Zn:| (418)

In the case when the length of the query motif is three or four nucleotides long then this
permutation is optimal in the sense that the search time is minimized with respect to our
algorithm. To see this note that the search algorithm for the three and four nucleotide case
only has two loops in the code, one outer loop whose length is determined by the number of
nonzero entries in A; » and an inner loop. Since the order of the bases has no effect on the
candidates found, the code inside the inner loop is called the same number of times no matter
what permutation is used. Therefore, the only loop that contributes to the computation time

is the outer loop. Hence, we want to minimize the length of the outer loop.

4.6 Displaying Candidates

We have written a program to display the candidates in a nice way. It is available with FR3D
[9], at rna.bgsu.edu/FR3D. It displays the query motif in one window and the candidate in
another. There is a small GUI that allows you to select from several options. See the far left
of Figure . Besides displaying the nucleotides, the plot of the query motif displays at
the top of the view window the bases that were used and the file which the bases came from.
For the candidate motif, in addition to the same information that is displayed for the query
motif, the plot number and the total number of candidates are displayed in the lower left

hand corner of the view window along with the discrepancy between the current candidate
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and the query motif.

) MENU M= || -) Figure 1 M [=] B |f -) Figure 2 M= B
Cisplay options File ~ | File o

— DEedsfaf e[| 0 DEEe RaO® « 0

AZBIA-G270N-UZE93-A2702-G2E92 1872 A1372-G2053-U1371-A2054-G1370 1572
Previous Plat

Query motif Plot 2 of 12 Disc: 0.071161

Figure 4.4: Display of candidates using FR3D

By using the Next plot and Previous plot buttons we can cycle through the list of can-
didates.

The Align Plots button determines the current viewing parameters of the query motif
and changes the viewing parameters of the candidate motif to match. This is one way to see
the similarities and differences between the two motifs.

The Add plot button opens a new graph window for displaying candidates. By clicking
on a graph window we make the current graph active. Then when we press the next or
previous plot button only the current graph window will cycle through the candidates. Also,
using the align plots button will align all the plots to the query motif no matter how many
plots you have displayed.

The Larger Neighborhood button lets us see the candidate motif along with some of the
bases that are close to the motif. This is useful if you are searching for a larger motif but
you are only using a small number of bases in the search. When the candidates are initially
displayed you only see the bases that you searched for. With this option we can essentially
zoom out and see the rest of the motif that we didn’t include in our search parameters.

The Restore original button returns the candidate to its original display.

The Toggle sugar button allows you to either show the motif with the sugars attached or
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not. This gives a nice view of the nucleotides unobstructed by the sugars.
The Toggle Superimpose button uses the current candidate and the query motif and it

displays the two motifs superimposed onto one another. See Figure (4.5)).

A955-A1012-U954-A1013-GI53 1572

Plot 12 0f 12 Disc: 0.27144

Figure 4.5: Superimposed motifs

The Write current button writes a text file of the bases from the current candidate, its
discrepancy, and the PDB file in which the candidate came from. It then displays on the
window that the current candidate has been written to a file. If you view other candidates
and then come back to the one you had written the display window will display that the

current candidate had been written to a file.
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CHAPTER 5

Selected Matlab Code

5.1 Matlab code for Cluster Nodes

In the following code ¢ is the start of the subsequence to be parsed and j is the end of the
subsequence. Node is our model of the RNA molecule and n is the current node that is being

considered.

case ’Cluster’
nextnum = Node(n) .nextnode; % number of next node
% if the next node is an alternative node then we look to see what is the
% node that the alternative chose to be the next node.
if strcmp(Node(nextnum) .type,’Alternative’)

nextnum=Node (nextnum) .nextnode (P (nextnum,1) .A1t(i,j));

end b

next = Node (nextnum) ; % next node in the tree

maxmat = []; % to store max values for insertions
Jo —mmmmmm e Compute probabilities if we delete
for ¢ = 1l:next.numstates, % loop through states of next node

tc = P(nextnum,c).transcode(i,]j); % code for transition prob
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% max probability for children

maxmat(1,c) = P(nextnum,c).mp(i,j) + next.1P(1,tc);

end % end for c
[mp,cs] = max(maxmat); % find the max prob child state
P(n,1) .mp(i,j) = mp; % store the maximum probability
P(n,1) .next(i,j) = cs; % child state of next node
P(n,1).sub(i,j) = 1i; % start of subsequence for next node
P(n,1).sub(j,i) = j; % end of subsequence for next node
Jo —mmmmmm End Computing probabilities if we delete
mp = -Inf; % Set max probability to - infinity
NL = length(Node(n).Left(1,:)); % number of bases on the left
NR = length(Node(n).Right(1,:)); % number of bases on the right
aa = 1i; % Initialize variable
bb = j; % Initialize variable
cs = 1; % Initialize variable
111 = 1; % Initialize variable
rri = 1; % Initialize variable
for 1i = 1:length(Node(n).Left(:,1)), % left interaction possibilities
a =1 + Node(n).Left(1i,NL); % first element for child
for ri = 1:length(Node(n).Right(:,1)), % right interaction possibilities
b = j - Node(n) .Right(ri,1); % last element for child
if a <= b, % room for child too
lc = Code(i - 1 + Node(n) .Left(1li,:)); % codes of bases on the left
rc = Code(j + 1 - Node(n) .Right(ri,:)); % codes of bases on the right
co = [lc rcl; % codes of all bases to consider
if max(co) < 5, % letters include . for "hairpin"

S = Node(n) .LLIP(1i) + Node(n) .LRIP(ri);% total score of interactions
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for k = 1:length(Node(n).IBases(:,1)), % loop through interactions

S = S+Node(n) .Score(co(Node(n) .IBases(k,1)),co(Node(n) .IBases(k,2)) ,k);

end

for ¢ = 1:next.numstates,

% end for k

% loop through states of next node

tc = P(nextnum,c).transcode(a,b); % code for transition prob

maxmat(c) = P(nextnum,c).mp(a,b) + next.lPIns(tc);

end

[y,mc] = max(maxmat) ;

S =S +1y;
if S > mp,
mp = S;
cs = mc;
aa = a;
bb = b;
11i = 14,
rri = ri;
end
end
end
end
end
P(n,2) .mp(i,j) = mp;
P(n,2) .next(i,j) = cs;
P(n,2).sub(i,j) = aa;

b
b
b
b
b
b
b
b
b
b
b
b
b
b
b
b
b

% prob with this specific insertion
% no interaction between this motif
% and the next node
% end if c

max probability for child

total score for pairwise interactions

Is new max higher

Set max probability

child state of next node

start of subsequence for next node

end of subsequence for next node

which interaction pattern to use for the left

which interaction pattern to use for the right

end if S > mp,

end if max(co) < 5,

end if a <= b,

end for ri

end for 1i

store the maximum probability

child state of next node

start of subsequence for next node
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P(n,2).sub(j,i) = bb; % end of subsequence for next node
P(n,2) .mp(j,i) = 11i; % which interaction pattern to use for the left
P(n,2) .next(j,i) = rri; % which interaction pattern to use for the right

5.2 Matlab code for JunctionCluster Nodes

The inputs for this program are the same as the Cluster Node. See section ({5.1)).

case ’JunctionCluster’

nextnum = Node(n) .nextnode;
nextl = Node (nextnum(1));
next?2 = Node (nextnum(2)) ;

maxmat = [];
mp = -Inf;
NL = length(Node(n).Left(1,:));

NR = length(Node(n).Right(1,:));

NM = length(Node(n).Middle(1,:));
aa = i;

bb = j;

cs = 1;

11i = 1;

rri = 1;

cc = it+1;

mmi = 1;

nmli=Node(n) .minl(1);
nml2=Node(n) .minl(2);

mm = i+nmli;

b
h
2
h
o
o
h
o
b
b
2
h
o
b
h
2
h
o

Number of next node

Next node in the tree, left side of junction
Next node in the tree, right side of junction
To store max values for insertions

Set max probability to -infinity

Number of bases on the left

Number of bases on the right

Number of bases on the middle

Initialize variable

Initialize variable

Initialize variable

Initialize variable

Initialize variable

Initialize variable

Initialize variable

Fix the minimum value of m

Fix the maximum value of m

Initialize mm

for 1i = 1:length(Node(n).Left(:,1)), % Left interaction possibilities



a =1 + Node(n).Left(1i,NL);

for ri =

b = j - Node(n).Right(ri,1);

for m=(i+nml1):(j-nml2),

for mi

¢ = m + Node(n).Middle(mi,NM);

if a <= m-1 & c<=b,
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% First element for child 1

1:1length(Node(n) .Right(:,1)), % Right interaction possibilities

% Last element for child 2

% Bifurcation location; last for child 1

= 1:1length(Node(n) .Middle(:,1)),% Middle interaction possibilities

% first element for child 2
% Make sure order is correct

% Max probability for children

maxprob= P(nextnum(1),1) .mp(a,m-1) + P(nextnum(2),1).mp(c,b);

lc =

mcC

rc

Cco

Code(i - 1 + Node(n).Left(li,:)); % Codes of interacting bases

% on the left

Code(m - 1 + Node(n).Middle(mi,:)); % Codes of bases on the middle

Code(j + 1 - Node(n) .Right(ri,:)); % Codes of bases on the right

[1c mc rcl;

if max(co) < 5,

S = Node(n) .LLIP(1i) + Node(n).LMIP(mi)

% Codes of all bases to consider
% Letters include . for "hairpin"

% Insertion probabilities

+

Node(n) .LRIP(ri);

for k = 1:1length(Node(n).IBases(:,1)), % Loop through interactions

% total score or pairwise interactions

S = S+Node(n) .Score(co(Node(n) .IBases(k,1)),co(Node(n) .IBases(k,2)),k);

end

S = S + maxprob;

if S
mp
aa
mm

CcC

b
b
h
b
b
h
b

end for k

Maximum Probability

Is New max higher

Set Max probability

start of subsequence for 1st next node
end of subsequence for 1nd next node

start of subsequence for 2nd next node



bb = b;
11i = 1i;
rri = ri;
mmi = mi;
end
end
end
end
end
end
end

P(n,1) .next(i,j) =

P(n,1) .next(j,i)
P(n,1).sub(i,j)
P(n,1) .sub(j,1i)
P(n,1).mp(i,j)

P(n,1) .mp(j,i)

P(n,1).rmi(i,j)
P(n,1).rmi(j,1)
P(n,1).sub2(i,j)

P(n,1) .sub2(j,i)

5.3 Matlab

case ’Alternative’

b
b
h
b
h
b
b
b
b
h
b

= 0; b
= 0; yA
= aa; %
= bb; b
= mp; %
= 11i; A
= rri; %
= mmi; %
= cc; yA
= mm; )
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end of subsequence for 2nd next node

Which interaction pattern to use for left
Which interaction pattern to use for right
Which interaction pattern to use for middle
end if S > mp,

end if max(co) < 5,

end if a <= m-1 & c<=b,

end mi

end for m

end for ri

end for 1i

child state of next node

child state of next node

start of subsequence for 1st next node

end of subsequence for 2nd next node

store the maximum probability

Which interaction pattern to use for left
Which interaction pattern to use for right
Which interaction pattern to use for middle
start of subsequence for 2nd next node

end of subsequence for 1nd next node

code for parsing Alternatives

nextnode = Node(n) .nextnode; %

numAlt=length(nextnode) ; yA

List of start nodes for each alternative

Number of alternatives



AltToUse=1;
mp=-inf;
state=1;
for c=1:numAlt
switch Node(nextnode(c)) .type,
case {’Basepair’,’Cluster’}
ss=2;
otherwise
ss=1;
end
for s=1:ss

m=P (nextnode(c),s) .mp(i,]j);

if m>mp
mp=m;
AltToUse=c;
state=s,
end
end
end
P(n,1) .mp(i,j) = mp;
P(n,1) .next(i,j) = state;
P(n,1).sub(i,j) = 1i;
P(n,1).sub(j,i) = j;
P(n,1).A1t(i,j) = AltToUse;

b
b
b
b
h
b
b
b
b
h
b
b
b
b
b
b
b
h
b
b
b
b
h
b
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Initialize choice of alternative
initialize maximum probability
initialize state
Loop through alternatives
Check to see if the next node
is a basepair or a Cluster
if it is there are 2 states to consider
if not
there is only one
end for c
loop through the states for the next node
Use the prior distribution on alternatives
if new max is larger
set new max probability
Alternative to use
Sate node is in
end if m>mp
end for s
end for c
store the maximum probability
store state of next node
start of subsequence for next node
end of subsequence for next node

which Alternative to use



80
5.4 Matlab code for finding pentahedra

We want A(i,j) > 0, B(i,k) > 0, C(4,k) > 0, D(i,m) > 0, E(j,m) > 0, F(k,m) > 0,
G(i,r) >0, H(j,r) >0, I(k,r) >0, J(m,r) > 0.

function [TList,count]=Case5(Cutoff,TList,count,A,B,C,D,E,F,G,H,I,J)

[i,j]=find(A); % Find non-zeros of A
for n=1:1length(i), % Loop through pairs
in = i(n); % Fix nucleotide corresponding to 1
jn = j(n); % Fix nucleotide corresponding to 2
k = find(B(in,:) .* C(jn,:)); % Find first triangle
m = find(D(in,:) .* E(jn,:)); % Find second triangle
[kk,mm] = find(F(k,m)); % Form tetrahedra
r = find(G(in,:) .* H(jn,:)); % Find third triangle
for p = 1:length(kk), % Loop through Tetrahedra
kkkp = k(kk(p)); % Fix nucleotide corresponding to 3
mmmp = m(mm(p)) ; % Fix nucleotide corresponding to 4

SSkm= A(in,jn) + B(in,kkkp) + C(jn,kkkp) + D(in,mmmp) + E(jn,mmmp)...
+ F(kkkp,mmmp) ; % Calculate partial matching score
if SSkm<Cutoff (4) % verify we haven’t exceeded cutoff
rr=find (I(kkkp,r) .* J(mmmp,r)); % Find fifth base
for q = 1:length(rr), % Loop through Pentahedra
rrrq=r(rr(q)); % Fix nucleotide corresponding to 5
SSrs = SSkm + G(in,rrrq)+H(jn,rrrq)+I(kkkp,rrrq)+J(mmmp,rrrq) ;
if SSrs<Cutoff(5) % verify we haven’t exceeded cutoff
count = count + 1; % Candidate found, add to count
TList(count,:) = [in jn kkkp mmmp rrrql; % add to list of candidates

end % end if SSrs<Cutoff(5)
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end % end for q

end % end if SSkm<Cutoff (4)
end % end for p
end % end for n

5.5 Matlab code for permuting the bases

we let
0 Aé@ <A&1 T 14%4
A271 O Aé’,,Q ctt A;n,?
PS=| Ay, Az, 0 : (5.1)
Alm,m—l
Am,l Am,Q e Am,m—l 0
|Ag 1| 2 1
|As 1| 3 1
LEN = |Aso| 3 2 (5.2)

|Amm—1| m m—1

Here all the A;; are L x L pairwise screening matrices.

function [PS,Perm]=sFindPermutation(PS,LEN);

n=length(PS); % determine how many bases; PS is mxm block matrix
Loc=1; % which base we are considering now

i=1:n; % Identify permutation

while Loc+1<n % Continue if we haven’t permuted all the bases

[a,b]l=sortrows(LEN,1); % Sort by the number of non-zero entries
[LEN, i]=MakeMinFirst (LEN,b,i,Loc); % Permute two bases

Loc=Loc+2; % Two bases have been permuted, increment by two



end
PS=PS(i,i);

Perm=i;
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% end while Loc+1<n
% Permute the bases

% Save the permutation

function [LEN,i]=MakeMinFirst(LEN,b,i,Loc)

k=find (i==LEN(b(1),2));
t=i(Loc);
i(Loc)=LEN(b(1),2);
i(k)=t;

k=find (i==LEN(b(1),3));
t=i(Loc+1);
i(Loc+1)=LEN(b(1),3);

i(k)=t;

% Find the position of the ith number
hl

%|-Switch first number

hl

% Find the position of the ith number
hl

%|-Switch second number

bl

% remove rows of LEN that a permutation

%  has been determined for

c=find (LEN(:,2)"=LEN(b(1),3) & LEN(:,2)"=LEN(b(1),2)

& LEN(:,3)"=LEN(b(1),3) & LEN(:,3)"=LEN(b(1),2));

LEN=LEN(c, :);

% return the bases that still need permuted
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