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ABSTRACT 

 

This dissertation presents a methodology for designing low noise small permanent 

magnet synchronous motor (PMSM) drives by addressing the issues of cogging torque, 

torque ripple, acoustic noise and vibration. The methodology incorporates several pole 

shaping and magnet skew schemes in different motor topologies with similar envelop 

dimensions and output characteristics intended for an automotive application. The 

developed methodology is verified with finite element analysis (FEA) and experiments.  

A comprehensive design methodology has been developed for obtaining the 

analytical design of the machine for a given set of output characteristics.  Using the FEA, 

the effects of various magnet shapes and skew arrangements on the machine 

performances (e.g. cogging torque, torque ripple etc.) have been analyzed.  The FEA and 

experimental results show that for certain magnet designs and configurations the skewing 

does not necessarily reduce the ripple in the electromagnetic torque, but may cause it to 

increase. An analytical model to predict radial vibration due to magnetic radial pressure 

on the motor structure has also been developed. This model is used for predicting the 

noise power level for several motor topologies designed for similar power level 

applications. 
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The predicted noise levels are utilized to develop guidelines for selecting motor 

configurations, internal dimensions and winding types for a low-noise PMSM.  

The selection of low-noise PMSM is not a straightforward one; rather it is a 

compromise between torque harmonics and radial vibration of the machine. Some PMSM 

configurations with less radial vibration might posses excessive torque ripples and 

thereby violate other requirements to be less noisy.  

Experiments are conducted to record the torque ripple variation for different 

magnet shapes and skew in order to validate the results of FE models. The experimental 

results correlated well with the FE computations.  
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CHAPTER I 

  INTRODUCTION 

  

Recent developments in rare earth permanent magnet (PM) materials and power 

electronics have created new opportunities for the design, construction, and application of 

permanent magnet synchronous motors (PMSMs). The PMSMs are preferred over other 

motors used for ac servo drives due to their high efficiency, high torque-to-current and 

torque-to-volume ratios, compact structure, and fast dynamic response. These motors are 

adopted in several residential and industrial applications. However, many of such 

applications require minimum torque ripple, and reduced vibration and acoustic noise.  

Servo motor technology has moved in recent years from conventional DC or two-

phase AC motor drives to new maintenance–free brushless three phase PMSM drives for 

motor applications where quick response, light weight, and large continuous and peak 

torques are required. The torque produced by these machines has a pulsating component, 

which varies as a function of the rotor position, in addition to the dc component. The 

torque pulsations are known as torque ripple. The shape of the torque waveform, and 

thus, the frequency content of the waveform are influenced by several factors related to 

motor design and construction. A consequence of introducing PMs in the rotor is torque 
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pulsations even in the absence of any stator excitation; this torque is known as cogging 

torque. The harmonics in the BEMF due to design imperfections also introduce torque 

pulsations. The torque ripple content in PMSMs must be improved through cogging 

torque and BEMF harmonics reduction for smooth operation of the motor. 

The performance of electrical machines can be improved by optimal design and 

good control techniques. The developments of digital signal processing technology, 

vector control theory, and numerous other control algorithms have allowed electrical 

machines to perform at high performance levels through sophisticated control techniques. 

There is only limited opportunity to improve noise and vibration in low to medium power 

PMSMs through control techniques. However, the electromagnetic machine design 

aspects are yet to be fully explored; the scope for improvement is vast when approached 

from a design perspective. 

 

1.1 Classification of PM Machines  

     

The motors that use magnets to produce air-gap magnetic flux instead of field 

coils as in DC commutator machines or magnetizing component of stator currents as in 

induction machines are the permanent magnet machines. Two types of permanent-magnet 

AC motor drives, namely PMSM drive and PM brushless DC motor (PM BLDC) drive, 

are available in the drive industry. The DC commutator motors are the third type of PM 

machines, although these are not used for high performance drives. 

PM machines, like any other machine, can be used either as a motor or as a 

generator. The machine is more commonly used as a motor in a variety of applications. 
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However, in many of these applications, four-quadrant or two-quadrant operation is often 

essential to provide regenerative capability for faster response and higher efficiency. The 

research emphasis in this dissertation will be on PM motors with regenerative capability. 

There are several ways of classifying PM motors, such as based on the direction 

of magnetic field, the position of the rotor relative to the stator, the shape of BEMF and 

excitation, the arrangement of the PMs in the rotor, and the presence of stator slot. These 

various types of PM machines will be discussed next.  

Based on the excitation current and BEMF wave shapes, PM motors are classified 

as: 

• PM BLDC and  

• PMSM.  

In PM BLDC, phase currents switch polarity in synchronism with the passage of alternate 

N and S magnet poles resulting in square wave type excitation. The BEMF, in this case, 

is usually trapezoidal. On the other hand, PMSM is excited with sinusoidal phase currents 

and the BEMFs are also sinusoidal. All three phases of a PMSM carry current all the time 

whereas in PM BLDC only two phases carry current at a given instant. 

PM motors also can be classified based on whether or not slots are present in the 

stator. These are:  

• Motors with conventional slotted stators 

• Motors with slotless (surface-wound) stators 

Slotless motor can achieve zero cogging torque. For the same motor dimensions and 

magnet materials, the average torque level in a slotless motor is little less than the 

average torque in a slotted motor. 
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The PM motors can be divided into two categories based on the direction of the 

magnetic field: 

• Axial flux motor, and  

• Radial flux motor. 

Axial flux PM motor is an attractive alternative to the cylindrical radial flux motor due to 

its pancake shape, compact construction, and high power density. These are designed as a 

PM BLDC motor in many applications. The design is complicated for the axial flux 

motor due to the presence of two air gaps, high axial attractive forces and changing 

dimensions with radius. 

Again based on the magnet position or rotor construction, there are three types of 

PMSMs commonly found in the industry: 

• Surface mounted permanent magnet (SPM) motor 

• Inset permanent magnet motor 

• Interior permanent magnet (IPM) motor 

From an electromagnetic point of view, the difference between SPM with the other two 

types is that the synchronous reactances in the direct and quadrature axes (i.e. d-and q- 

 

 

 

 

 

 

Figure 1.1: Three main types of permanent magnet motors. 
 

    

          
            (a)     (b) Inset Magnet                                                      (c)  IPM   SPM                                               
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axes respectively) are practically the same in the first type whereas q-axis reactance is 

higher than d-axis reactance in the others. The cross-sectional structures of these three 

types of PM machines are shown in Fig. 1.1. The structures shown are those of the radial 

flux topology. The SPM machines can be either sinusoidal or trapezoidal types, while the 

inset and interior PM machines are usually of sinusoidal types. The focus of this 

dissertation research is on the sinusoidal type, radial flux SPM motors. The more general 

term PMSM will be used in reference to these machines in this dissertation. 

 

1.1.1 Common Types of Permanent Magnets 

 

The most suitable magnets for the brushless motors are the ferrites or ceramic 

magnets, and the high-energy rare-earth and Neodymium-Iron-Boron magnets. All these 

magnets have straight characteristics throughout the second quadrant, and they are 

classified as hard magnets because of their high resistance to demagnetization. A typical 

characteristic curve for permanent magnets is given in Fig. 1.2. Other magnets, 

particularly Alnico magnets, have a high remnant flux but very low coercive magneto 

motive force (MMF) and low resistance to demagnetization. These magnets, known as 

soft PM magnets, have a ‘knee’ in the second quadrant. In the long history of permanent 

magnet materials, spanning hundreds or even thousands of years, it is only in the last two 

decades that truly hard permanent magnet materials have been discovered and perfected. 

Twenty years ago the ‘high coercivity’ alloys referred to in the literature was far less 

resistant to demagnetization than those available today. 
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The latest addition in permanent magnet industry with improved magnet 

characteristics is neodymium-iron-boron which has been pioneered by Sumitomo as 

‘Neomax’, General Motors as ‘Magnequench’. At room temperature NdFeB has the  

 

 

 

 

 

 

 

Figure 1.2: Typical characteristic curve for permanent magnets. 

 

highest energy product of all commercially available magnets. The high remanence and 

coercivity allow marked reduction in motor frame size for the same output compared 

with motors using ferrite (ceramic) magnets. However, ceramic magnets are considerably 

cheaper. 

For lowest cost, ferrite or ceramic magnets are the universal choice. This class of 

magnet materials has been steadily improved and is now available with remnant flux 

density of 0.38 T and almost straight demagnetization characteristic throughout the 

second quadrant. Since the brushless motor must be low in cost to be competitive in the 

adjustable-speed market, the use of the highest grade Ferrite magnet in terms of remnant 

  Bm 

Hm 

Magnet operating point 

Demagnetization curve 

  Load line 

 Br 

-Hc 
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flux density must be employed. In other words, the highest possible flux per pole is the 

main objective after cost-consideration. 

 

1.2 Advantages of PMSM 

 

The PMSM also known as the sinusoidal brushless DC motor or permanent 

magnet AC motor originates from the synchronous motor with permanent magnets 

replacing the field circuit. This modification eliminates the rotor copper loss as well as 

the need for the maintenance of the field exciting circuit. Thus, a PMSM has high 

efficiency and an easier to design cooling system. Moreover, the use of rare earth magnet 

materials increases the flux density in the air gap and accordingly increases the motor 

power density and torque-to-inertia ratio. In demanding motion control applications, the 

PMSM can provide fast response, compact motor structure, and high efficiency. 

The PMSM is essentially a wound rotor AC synchronous machine with no 

damper windings. The difference resides in the fact that the rotor excitation is fixed and 

provided by permanent magnets instead of coming from an external circuit through slip 

rings and brushes. There are several advantages of PM motors compared to its 

counterparts: 

• Operates at a higher power factor compared to induction motor (IM) due 

to the absence of magnetizing current. 

• Doesn’t require regular brush maintenance like conventional wound rotor 

synchronous machines. 

• Rotor doesn’t require any supply nor does it incur any loss. 

• Low noise and vibration than switched reluctance motors (SRM) and IMs. 
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• Lower rotor inertia and hence fast response. 

• Larger energy density and compact structure. 

The main disadvantage is the high cost of the permanent magnets, and its 

sensitivity to temperature and load conditions. However, the cost is coming down due to 

the abundant supply of rare earth materials in some parts of the world. 

 

1.3 Basic PMSM Operation 

 

The PMSM has a stator with a set of 3-phase sinusoidally distributed copper 

windings and a rotor with permanent magnets. A sinusoidal magnetic field is generated in 

the air gap when 3-phase balanced sinusoidal currents are supplied in the 3-phase stator 

windings. The rotor magnetic field produced by the permanent magnets can be made 

sinusoidal by shaping the magnets and controlling their magnetizing directions. The 

electromagnetic torque is generated on the shaft by the interaction of these two magnetic 

fields created by the stator and the rotor circuits.  

In the surface mounted PMSM, the magnets are epoxy-glued or wedge-fixed to 

the cylindrical rotor. The manufacturing of this kind of a rotor is simple. However, the 

mechanical strength of the rotor is only as good as that of the epoxy glue. The d- and q-

axes inductances of the surface mounted PMSM are approximately equal. This is because 

the length of the air gap is equal to that of the magnet, which has a permeability that is 

approximately the same as that of the air.  
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In the inset PMSM, the magnets are put into the rotor surface slots that secure the 

magnet in its location. Interior PMSM has its magnets buried inside the rotor, which is 

even more secure. The manufacturing process is complicated that makes the interior  

PMSM more expensive compared to the other PMSMs. The interior PMSMs can 

stand small amount of demagnetizing current; this makes the motor suitable for field 

weakening operation in the high-speed range. The q- axis inductance can be much larger 

than that of the d-axis although the length of the air gap is the same. The space occupied 

by the magnet in the d-axis is occupied by iron in the q-axis. This means that in addition 

to the electromagnetic torque (also known as mutual torque), a reluctance torque exists in 

interior and inset PMSMs. 

 

1.4 Application of PMSMs 

 

PM motors are used in a broad power range of applications from a few mWs to 

hundreds of kWs. There are also attempts to use PMSMs for high power applications 

even for those rated over a MW. Thus, PM motors span a wide variety of application 

fields, from stepper motors for wristwatches through industrial drives for machine tools 

to large PM synchronous motors for ship propulsion. 

In aerospace applications, the PM alternators are in competition with several other 

brushless synchronous machines, namely the inductor, Lundell, rotating rectifier, and 

various reluctance configurations. The PM BLDCs are also popular in the computer 
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industry for reduced noise levels, the ability of precise speed and torque control, and 

flexibility of shape and geometry. 

The largest users of PM machines today are by far the automotive industry; 

PMSMs seem to be the best propulsion motors for electric and hybrid road vehicles. It 

can be noted that, one rotating machine in passenger cars that is not PM-excited is the 

alternator. However, PM alternators are used in other automotive applications such as 

auxiliary power supplies in trucks and off-road vehicles.  

The servo types of PM motors are used as variable-speed drives in applications 

where compact design, high efficiency, high power factor, and low noise are the primary 

requirements. Possible applications of these motors are in electro-hydraulic and/or 

electric brakes, power steering, and certain types of valve controls. Low torque ripple 

levels are required for these applications, since the motors have to work at low speeds 

with high precision in speed control.  

 

1.5 Scope of PMSM Design 

 

One of the main disadvantages of PM motors is cogging torque due to the 

interaction of PM and the slotted iron structure of the stator. Cogging or detent torque is 

the zero average pulsating torque, which adds to the total torque and appears as torque 

ripple. 

The magnetic field distribution within a motor plays a fundamental role in motor 

performance. In particular, the magnetic field in the air gap and the way it links with the 



 11 

stator coils determine the BEMF and the torque. Secondly, the magnetic field acting 

within the ferromagnetic portions of the motor determines the amplitude of the air gap 

flux density. Excessive flux in the ferromagnetic portions saturates the core, increase the 

BEMF harmonics, and diminish the flux flow across the air gap. This result in an 

increased torque ripple and decreased average torque. Some applications are sensitive to 

torque ripple, and may also require quiet operation by the motor. The torque ripple and 

noise problems can be alleviated by shaping the air gap flux to minimize the BEMF 

harmonics that will reduce the pulsating torque component. 

 

1.5.1 Noise and Vibration Issues 

 

Vibration is a limited reciprocating particle motion of an elastic body or medium 

in alternately opposite directions from its equilibrium position when that equilibrium has 

been disturbed. In order to vibrate, the body or system must have two characteristics: 

elasticity and mass. The amplitude of vibration is the maximum displacement of a 

vibrating particle or body from its position of rest. 

Sound is defined as vibrations transmitted through an elastic solid, liquid, or gas; 

sound waves with frequencies in the approximate range of 20 to 20,000 Hz are capable of 

being detected by human ears. Noise is disagreeable or unwanted sound. Distinction can 

be made between airborne noise and the noise traveling through solid objects. Airborne 

noise is the noise caused by the movement of large volumes of air and the use of high 

pressure. Structure-borne noise is the noise carried by means of vibrations of solid 
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objects. The frequency of interest for vibrations is generally within 1000 Hz, and for 

noise it is over 1000 Hz. 

The acoustic noise in electric motors based on its source can be classified into 

three categories: aerodynamic, mechanical, and electromagnetic. The aerodynamic noise 

consists of windage noise due to air turbulence around the rotor and the noise from 

blowers used for ventilation. Most of the mechanical noise is associated with the bearing 

assembly of a motor; they may be significant if, for example, the bearing parts are 

deformed in some manner, or if excessive clearances permit axial travel of the shaft. In 

addition, inertia forces caused by an unbalanced rotor known as eccentricity can cause 

mechanical noise. Electromagnetic noise is often the dominant type of noise in modern 

small motors. Several design related factors like slotting, saturation, eccentricities of 

shaft, rotor slots, spigots etc. can generate periodic electromagnetic exciting forces within 

the motor. These exciting forces act on the machine, which is seen as a mechanically 

passive system capable of vibrating, and generate the vibratory motion.  

The noise produced from any or all of the three sources give rise to measurable 

deformations and vibrations. Part of the energy of the vibration motion within the audible 

range transforms into sound energy, depending on motor frame’s sound radiation 

capacity. This sound energy is heard as acoustic noise. A flow diagram showing the 

process of noise generation in electrical machines is given in Fig. 1.3 [25]. The three 

noise production mechanisms will be discussed further in section 2.5. 
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Figure 1.3: Noise generation by the electrical machines. 
 

There are scopes of improving the noise and vibration issues in PM machines by 

approaching either from a design point of view or from a control point of view. This 

dissertation research approaches the problem from the design perspective. 

 

1.5.2 Torque Ripple Issues  

 

Torque ripples are produced due to the interaction of stator currents with flux 

linkages or BEMFs of different frequencies. The frequencies of the torque ripple are 

significantly higher than the fundamental frequency and their mean value is equal to zero. 

The interaction of the stator current with the magnetic flux linkage harmonics produces a   

constant torque if the harmonics are of the same number and there is no torque pulsation. 

In general, the instantaneous torque )()( 0 ere TTT θθ +=  has two components (Fig. 1.4): 
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• Constant or average component T0 , and  

• Periodic component Tr(θe), which is a function of time or electrical angle θe, 

superimposed on the constant component. 

The periodic component causes the torque pulsation, which is also called the torque 

ripple. The torque ripple can be defined as a percentage of the average or RMS torque in 

the following way: 
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=×= −
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r T
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Figure 1.4: Constant and pulsating component of torque. 

 

where pprT −,  is the peak to peak torque variation, avT  is the average torque and rmsT  

stands for rms torque. The average and rms torques are given by 



 15 

∫
+

=
periode

e

T

ee
period

av dT
T

T
θ

θ

θθ )(1                     ∫
+

=
periode

e

T

ee
period

rms dT
T

T
θ

θ

θθ )(1 2 . 

The three main contributions of torque ripple in PMSM are from: i) reluctance 

torque, ii) cogging torque, and iii) mutual torque. The contribution from reluctance torque 

in surface mounted PMSMs can be ignored since the difference in the d- and q- axes 

reactances are negligible. The mutual torque produces torque ripple due to the distortion 

of the magnetic flux density distribution in the air gap or the distortion in stator current. 

The interaction between the rotor magnetic flux and variable permeance of the air gap 

due to the stator slot opening causes the cogging torque.  

Researchers have focused on reducing both the mutual torque and the cogging 

torque to minimize the torque ripple in SPM machines. Some researchers have 

considered torque ripple problem primarily from a design point of view [1]-[3], while 

others emphasized on the control aspects [4]-[7]. 

 

1.5.3 PMSM Design 

 

One of the main requirements of a high performance AC servomotor is minimum 

torque ripple. This requires the motor to possess a good BEMF waveform (sinusoidal in 

case of sine wave motor) and low cogging torque. The next important requirement is low 

radial forces with no possible unbalances, which depend mainly on the motor 

configuration and stator winding arrangements. Lower radial forces are essential for 

reducing noise and vibration. 
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1.6 Research Objectives 

 

The primary research objective of this dissertation is to develop an understanding 

of torque ripple and vibrations in various PMSM designs in order to facilitate the design 

of low noise PMSM drive systems. A detailed outline of achieving this broad objective is 

given in Fig. 1.5. The specific tasks to be accomplished in this research to fulfill the 

objective are as follows: 

 Comprehensive design methodology for PMSM.  

 Cogging torque and torque ripple assessment in several PMSM configurations 

(12-slot/10-pole, 9-slot/6-pole, 12-slot/8-pole, and 27-slot/6-pole machines). 

 Investigations of skew effect on cogging torque and torque ripple in PMSMs with 

various magnet shapes. 

 Experimental verification of torque ripple test data with FEA results. 

 Analysis of magnetic radial forces in PMSMs. 

 Radial pressure calculation by FEA for different PMSM configurations. 

 Development of an analytical model for calculating radial displacement using 

radial pressures obtained from FEA. 

 Verification of radial displacement analytical model. 

The dissertation addresses the issues of torque ripple, acoustic noise, and 

vibration in PMSM and develops a methodology for designing low noise small PMSM 

drives. A detailed analysis of cogging torque, torque ripple, and radial forces has been 

accomplished in relation to rotor skew. The various contributors to acoustic noise and 

vibration have been identified and analyzed. Different motor topologies (i.e., motors with 
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different slot/pole combinations) with various magnet designs and similar envelop 

dimensions and output characteristics (such as rated torque, power, base speed, and 

physical dimensions) intended for an automotive application have been analyzed in this 

research. 
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Figure 1.5: A block diagram showing the key tasks of the research about torque ripple, 
noise and vibration issues in surface mounted PMSM. 

 

1.7 Dissertation Organization 

 

This dissertation began with an introduction to the structure and operation of PM 

machines. An overview of PM machine family was presented, followed by issues of 

torque ripple, acoustic noise, and vibration in relation to these types of electric machines. 

The current research objectives were then explained. 
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Chapter II begins with the basics of PMSM modeling and operation, and goes 

further into identifying the dominant sources of noise and vibration in PMSM. The 

available literature on design and control based methods available for improving torque 

ripple, noise and vibration in electric machines are reviewed. The primary motivation of 

this research comes from the need to reduce torque ripple, acoustic noise and vibration in 

PMSM using design based methods. 

Chapter III presents a comprehensive design methodology for PMSMs. The first 

section describes the development of an algorithm for the design of a PMSM based on a 

given set of requirements and specifications within certain constraints. The main steps of 

the design are selection of the motor topology (i.e. slot-pole combination), sizing of the 

envelop dimension, sizing of rotor dimensions and stator laminations, etc. An outline will 

be given to select a good PMSM design with smooth running capability and satisfying the 

torque-speed requirements in the last section of this chapter. 

Further refinement of the design is essential since small sized PMSM are more 

prone to cogging and ripple torque. Chapter IV focuses on explaining the effect of 

magnet shape variations on the torque waveforms, which lead to torque ripples. The 

effect of rotor skewing on both cogging torque and torque ripple has been analyzed. The 

effects of pole shaping and skewing have been studied using the FE analysis. Finally, the 

chapter provides the experimental results that have been used to validate the analysis. 

The PMSM designs for high-performance applications also require low vibration 

and acoustic noise that originate from the radial pressure on the motor stator. Chapter V 

discusses the radial forces in the PMSM; an analytical model for predicting radial 
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displacement due to radial forces has been developed. Both analytical model and FEA 

calculation have been used to validate the results of radial displacement. Finally, 

prediction of noise from displacement measurement has been documented in this chapter.   

Finally, a summary of this dissertation and scopes of future work for PM 

machines are presented in Chapter VI. 
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CHAPTER II 

PMSM TORQUE RIPPLE, NOISE AND VIBRATION  

 

The goal in this chapter is to familiarize the readers with the torque ripple, noise 

and vibration in PMSMs. The origins of those issues and their minimization techniques 

from design perspective will be addressed.  An extended literature review on the torque 

ripple and cogging torque as well as magnetic stress due to periodic excitation forces will 

also be presented. 

 

2.1 PMSM Structure    

  

PMSMs are synchronous AC machines. The stator of a PMSM usually 

incorporates a three-phase winding similar to that in a squirrel cage induction machine, 

but the rotor winding is replaced with permanent magnets. This means that a rotor flux 

always exists. The magnets can be located on the surface or inside of the rotor.  

A machine equipped with surface magnets (Fig. 2.1) has a wide effective air gap 

because permanent magnet material has almost the same permeability as air. This results 

in low magnetizing inductance and limited possibilities to affect the machine’s 

electromagnetic state by the stator current. In case of surface mounted magnets, the
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machine has almost no saliency, although some saliency may exist if the rotor iron 

saturates. The phase winding arrangement in the stator can be concentrated or distributed. 

Also, the winding can be single layer or multi-layer. 

 

 

 
 

Figure 2.1: Schematic diagram of a 3-phase 9-slot/6-pole PMSM with a 2-layer                      
concentrated winding. 

 

2.2 PMSM Drive System  

    

The phase windings of a PMSM are fed with sinusoidal waveforms shifted by 

(360/Nph)0 from one another, where Nph is the number of stator phases. For a three-phase 

machine, the three-phase windings with 1200 space phase shifted are fed by 1200 time-

phase shifted currents to produce a rotating magnetic field. This type of machine is called 

a sinewave motor.  
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The motor drive structure includes the machine, associated position sensors (if not 

sensorless operation), power electronics converter and the controller. A typical PMSM 

motor drive system is shown in Fig. 2.2. Generally, the feedback from the position sensor 

provides the rotor position information, which is used to appropriately energize the phase 

currents for machine operation in any of the torque, speed or position controlled modes. 

Current sensors provide feedback to the controller to reconstruct the three phase currents 

for current control, which in turn allow torque control. The speed control, if necessary, is 

accomplished in the outer loop, and position-control, if necessary, is accomplished in yet 

another outer loop.  
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Figure 2.2: Basic block diagram of a PMSM drive system. 
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2.3 PMSM d-q Model  

 

The electromagnetic analysis of a PMSM is conveniently carried out in a d-q 

rotating reference frame. The d-q reference frame variables are obtained from the 

stationary abc reference frame through the Park transformation equation given in (2.1). 

The Park transformation is a matrix transformation which converts a three phase balanced 

system into a two-dimensional one. Two possible transformations are commonly used. 

The first one is α-β and is aligned with the “a” phase axis. It is called fixed reference 

frame. The other case is usually called d-q rotor reference frame, and is aligned with the 

rotating magnetic axis of the rotor. 

The Park transformation converts the abc system to dq0 reference frame and dq0 

system to abc reference frame. In the abc reference frame, three phase voltage, current or 

flux linkage quantities are represented by fa, fb and fc. The direct and quadrature axes 

equivalent voltages and currents are represented as fd and fq, respectively. The third 

component in the d-q frame is called “0” or homopolar component, which is identically 

zero in balanced three phase systems, and will be omitted later in this chapter. The 

transformation equations are 
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The machine voltage equation in the abc reference frame can be expressed in 

matrix form as 
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where va, vb, and vc are the machine phase voltages, referenced to the ground, ia , ib , and 

ic are the machine phase currents, Ra , Rb , and Rc are the machine phase resistances, and 

φa , φb , and φc are the magnetic flux linkages associated with each phase. 

For the PMSM, the synchronously rotating d-q rotor reference is used. The abc 

and d-q reference frame directions are given in Fig. 2.3. The d-axis represents the rotor 

magnet flux axis and the q-axis is in quadrature to the d-axis. 

 

 

 

 

 

 

 

 

Figure 2.3: PM machine synchronously rotating d-q reference frame. 
 

 

 

 

N 

S
N 

a
N 

b
N 

c
N 

α 

β 
d
N 

q
d
N 

ωr 



 25 

The PMSM is represented by the standard dq mathematical model as [9] 
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The electromagnetic torque is 
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The motor dynamics are given by 

dt
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ω

=−− .                          (2.3c) 

The stator phase voltage and currents are given by 

2222 ; qdsqds iiivvv +=+= .                     (2. 3d)          

 

The PMSM drive system model described by the above equations is valid for the 

ideal case without magnetic saturation. The parameters and variables of the model are 

listed in the Table 2.1. 

Table 2.1: Motor parameters & variables 
 

vq,iq  q-axis stator voltage and 
current 

vd, id d-axis stator voltage and current 

R Stator phase resistance vs,is Stator phase voltage and phase 
current 

Lq  Stator inductance in q axis    Ld  Stator inductance in d axis 
kt Torque constant      p  Number pairs of poles  
ω  Instantaneous rotational speed, 

ω>Ω 
    Ω                      Rotational speed at a load-torque 

slope break point 
Tm  Motor electromechanical 

torque 
Tload  Load torque 

Tfr  Friction torque     J  Moment of inertia 
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2.4 Principle of Operation  

 

In a PMSM, the surface magnets are placed as alternate N and S poles. These 

magnets cause flux in the radial direction to flow through the air gap. Again, mmf 

generated due to the stator currents crosses the air gap and links the PM flux. The 

interaction of PM flux and stator mmf causes the rotor to rotate. As the rotor moves the 

flux linkage varies and induces BEMF in the stator phases. Finally, the interaction 

between the phase currents and the corresponding phase BEMFs produces the 

electromagnetic toque.  

The stator phases in a PMSM are excited with sinusoidal currents; the phase 

BEMFs are desired to be sinusoidal through design. The speed variation can be achieved 

by varying the supply voltage, which is controlled by phase chopping or pulse width 

modulation (PWM). The PMSM runs under torque limit mode until it reaches its 

continuous rated speed (also known as base speed or corner speed). This point gives the 

rated power output. Operating speeds above the base speed is generally obtained by phase  

 

 

 

 

 

 

 

Figure 2.4: Torque/speed and power/speed characteristics of an ideal PMSM. 
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advancing or field weakening. Field weakening is achieved by supplying negative 

reactive current. The motor operates under power limit mode with speeds higher than the 

base speed. The ideal torque/speed characteristic is plotted in Fig. 2.4.  

The time variation of electromagnetic torque generated in a PMSM can be 

obtained as a product of stator currents and BEMFs. The fundamental components 

produce the continuous component of the torque, while harmonics of different frequency  

Sinusoidal phase currents and BEMFs in a PMSM
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Figure 2.5: Torque production in an ideal PMSM (a) sinusoidal distribution of phase 
currents and BEMFs (b) phase torques and total torque. 
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produce torque oscillations. In case of a sinusoidal distribution of currents and sinusoidal 

induced voltages, the electromagnetic torque is a constant quantity as shown in Fig. 2.5. 

The torque suffers from pulsating or AC components if either the BEMFs or the stator 

conductors’ distribution is not purely sinusoidal. A qualitative representation of the  
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Figure 2.6: Torque production in a non-ideal PMSM (a) sinusoidal distribution of phase 
currents but BEMFs with a 5th harmonic (b) phase torques and total torque. 
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torque waveform for sinusoidal phase currents and phase BEMFs containing a 5th order 

harmonics is shown in Fig. 2.6. Similar torque pulsations will be seen with harmonics in 

stator currents or with harmonics in both BEMFs and stator currents. 

 

Field Weakening  

 

The inverter can supply current to the phases as long as the BEMF is less than the 

maximum inverter voltage. Since the BEMF is proportional to speed, the maximum speed 

at which the machine can produce torque is bounded. With PMSMs direct field 

weakening is not possible due to the absence of saliency in the dq axes inductances. 

However, the stator BEMF voltage can be constrained at higher speeds by weakening the 

PM field. This can be explained using the q-axis stator voltage expression (Eq. 2.3a). The 

effect of PM flux can be influenced by controlling the stator currents such that the stator-

current space phasor contains a d-axis component id along the negative direct axis in 

addition to the q-axis stator current component iq.  

The d-axis stator current component controls the airgap flux, while the q-axis 

current component is used for torque control. If id is positive or the phase advance angle 

is negative (phase lag), the armature or stator current produces an mmf around the air gap 

that tends to supplement the permanent magnet flux. If id is negative, the stator mmf is 

negative and causes demagnetization of the magnets. This method of phase advancing 

control can be effectively used for field weakening control of PMSMs [8, 9, and 10]. The 

d- and q- axes currents with phase advancing are shown in Fig. 2.7. In the figure, γ is the  
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Figure 2.7: Phase diagram showing d-q components of stator current (positive value of γ 
represent phase advancing, negative value is for phase lagging). 

 

phase advance angle and is measured from the q-axis. The d-axis and the q-axis 

components of currents are given by 
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The technique of phase advancing limits the machine BEMF, thus enabling higher 

speed operation. The d-axis current opposes the PM flux thereby weakening the flux; 

hence, the method is known as flux weakening. In practice, low machine inductance may 

limit the speed range because of excessive current needed for field weakening. 

It is evident from the torque expression of PMSM (Eq. 2.4) that if Ld is almost 

equal to Lq then the torque is linearly varying with the q-axis component of current iq. For 

positive or negative values of γ, the value of iq decreases for constant stator current and 

hence the average torque also decreases. 
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2.5 Noise and Vibration in PMSM  

 

It is very important to consider the noise and vibration problems during the 

process of electrical machine design. Electrical machine noise mainly consists of noise 

from electromagnetic, aerodynamic and mechanical origins. The machine vibration is 

primarily due to the eccentric position of the rotor with respect to the stator bore. The 

rotor eccentricity can be caused as a result of imperfection in rotor assembly which leads 

to shaft misalignment. Also, the unbalanced magnetic pull, if present in a motor even 

with perfectly aligned shaft, can create the rotor eccentricity. As a result, unbalanced 

forces exist in the machine air-gap that influences the radial vibration behavior, and 

therefore, the noise of the motor. The three categories of noise and vibration in electric 

machines are discussed below [43-45]. 

 

2.5.1  Electromagnetic 

 

Electromagnetic (EM) vibration and noise are associated with parasitic effects due 

to higher space and time harmonics, eccentricity, phase unbalance, slot openings, 

magnetic saturation, and magnetostrictive expansion of the core laminations. The 

vibrating capability of the electronic machine is a function of two parameters, namely the 

mode number and the frequency. An annoying situation of “resonance’ arises where the 

frequency of the periodic exciting force is identical with or close to one of the natural 

frequencies of the machine. 
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Electromagnetic vibration and noise are caused by generation of electromagnetic 

fields. Both stator and rotor excite magnetic flux density waves in the air gap. If the stator 

produces )cos( 111 φαω ++ ktBm magnetic flux density wave and rotor produces 

)cos( 222 φαω ++ ltBm  magnetic flux density wave, then the magnetic stress wave in the 

airgap is proportional to the product of the flux densities given as [19] 
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where 1mB and 2mB  are the amplitudes of the stator and rotor magnetic flux density 

waves, 1ω and 2ω  are the angular frequencies of the stator and rotor magnetic fields, 1φ  

and 2φ  are phases of the stator and rotor magnetic flux density waves, and k=1,2,3… and 

l = 1,2,3… 

The magnetic stress wave in the airgap along with the slots, distribution of windings in 

slots, input current waveform distortion, air gap permeance fluctuations, and phase 

unbalance gives rise to mechanical deformations and vibrations. 

The electromagnetic excitation sources in a PMSM are cogging torque, mutual 

torque ripple, and radial attractive force fluctuation between the rotor and stator. 

 

2.5.2  Mechanical 

 

Mechanical vibration and noise is mainly due to bearings, their defects, journal 

ovality, sliding contacts, bent shaft, rotor unbalance, shaft misalignment or rotor 

eccentricity, couplings, U-joints, gears etc. The rotor should be precisely balanced as it 
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can significantly reduce the vibration. The rotor unbalance causes rotor dynamic 

vibration and eccentricity, which in turn results in noise emission from the stator, rotor, 

and rotor support structure. Again, the rotor eccentricity causes unbalanced magnetic pull 

in the airgap that leads toward vibration. For simplicity, eccentricity is considered as a 

magnetic source for noise and vibration rather than a mechanical source. This research 

will ignore the vibration and noise coming from mechanical sources since the relative 

magnitude of noise from mechanical sources in medium to small power motors is small 

compared to EM sources. 

With appropriate design and manufacturing quality controls, mechanical noise 

normally has less contribution to the overall noise level of small/medium sized motors 

than the other two sources. 

 

2.5.3  Aerodynamic 

 

The basic source of noise of aerodynamic nature is the fan. Any obstacle placed in 

the air stream produces noise. In unsealed motors, the noise of the internal fan is emitted 

by the vent holes. In totally enclosed motors, the noise of the external fan predominates. 

According to spectral distribution of the fan noise, there is a broadband noise (100 to 

10,000 Hz) and siren noise (total noise). The siren effect is a pure tone being produced as 

a result of the interaction between fan blades, rotor slots, or rotor axial ventilation ducts 

and stationary obstacles. Increasing the distance between the impeller and the stationary 

obstacle can reduce siren noise. 
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Small motors with shaft driven fans radiate much less noise when the speed is 

reduced below the rated speed. As the speed increases, the cooling fan becomes the 

primary source of noise. On the other hand, for motors with separately driven fans, no 

improvement in airflow noise is achieved when the speed is reduced.  

Through continuous development of material science, design, and manufacturing 

technology, modern motors have smaller loss and better heat dissipation than those of 

previous generations; this allows the use of a smaller fan for cooling. Also, fan blade 

design technology has also improved. All these efforts minimize the motor aerodynamic 

noise. Large motors where the size of the cooling fan or blower is also large, the 

contribution of aerodynamic noise is significant. Small to medium size PMSMs with 

moderate speed has very little windage noise; the cooling fan, if any, does not contribute 

much to the total noise. 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 2.8: Typical relative contributions to total sound power radiation as function of                   

speed. 
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The contributions to the total noise by all three categories are shown in Fig. 2.8 

[11]. The contribution of electromagnetic source dominates mechanical and aerodynamic 

causes especially in case of a medium to low power PMSM. The large power motor 

(around 1 MW range) uses cooling fan or blower that is the dominant cause of noise. 

Also, these motors when used for high-speed applications suffer from additional 

mechanical noise caused by rotor bearing, gear or friction. Hence, the aerodynamic and 

mechanical sources of vibration and noise are not the focus of this research. 

 

2.6 Improving Torque Ripple, Noise and Vibration  

 

Low torque pulsations in motor drives are essential for high performance speed 

and position control applications where low acoustic noise and friendly human-machine 

interactions are demanded. The three torque components that contribute to torque ripples 

are reluctance torque, cogging torque and mutual torque. The reluctance torque in surface 

mounted PMSM is negligible; hence, it does not contribute to torque ripple. The cogging 

torque is a small fraction of total torque ripple. Thus, torque ripple improvement 

exclusively requires the reduction of key harmonics in BEMF and phase currents, which 

will minimize the mutual torque ripple component. 

There is a fundamental relationship between noise and vibration in an electric 

machine. If the causes for the vibrating tendency of the electrical machine mechanical 

system can be eliminated or at least mitigated, then the noise and vibration will reduce 

considerably. The noise and vibration in the motors are mostly generated by the 

electromagnetic sources, which can subsequently be amplified by the dynamic 
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characteristics of the motor structure. Certain factors of electromagnetic sources that give 

rise to measurable mechanical deformations and vibrations needs to be addressed 

properly to minimize the sound energy transformed from the vibrational energy.  

Researchers around the world have been active over the past two to three decades 

to improve the machine performance in terms of torque ripple, noise and vibration. There 

are two different approaches to accomplish such work; design based approach and control 

based approach. 

Noise and vibration reduction must start from the early design stages of the 

electric machine. This reduction method can be extended to some control based 

techniques for further enhancing the quieter performance of the machine. Several 

techniques of both the methods from the existing literature are discussed in the following 

sections.   

 

2.6.1  Design Based Methods 

 

Rotor/stator skew, teeth pairing i.e., use of multiple teeth, choices of slot-pole 

combinations, use of slotted/non-slotted stator are the common design methods to 

improve cogging torque, torque ripple and magnetic stress waves in the airgap. The 

authors in [1]-[4], [12] proposed several design variations of improving cogging torque 

and showed how it minimizes the torque ripple of the machine. The work by S. Huang, 

M. Aydin and T.A Lipo describes the appropriate selection of PM rotor shape and rotor 

skew angle to minimize the resultant sound power level, and hence, obtain a low noise 

motor design [14]. PM motors with fractional ratio of slot number to pole number have 
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lower cogging torque but a considerable amount of unbalanced magnetic force [13]. 

Again slot-less motor have less torque ripple and zero cogging torque compared to slotted 

motor [14].  

Different methods of design variations are discussed in the following section in 

the context of cogging torque improvement, torque ripple minimization and radial force 

reduction. A list of common measures in relation to design variation is given as follows: 

• Elimination of slots [15] 

• Skewed slots [18 ] 

• Special shape slot [1,3] 

• Selection of number of slots with respect to number of poles [30, 31 ] 

• Decentered magnets [ 11] 

• Skewed magnets [1] 

• Shifted magnet segments [1] 

• Selection of magnet width [35 ] 

• Direction-dependent magnetization of PMs [11 ] 

 

Cogging Torque 

 

Cogging torque is the zero average pulsating torque caused by the tendency of the 

PM to align with the stator iron. This appears whenever magnet flux travels through a 

varying reluctance. A simplified expression of cogging torque is given by equation (2.6) 

where φg is the magnet flux crossing the air gap and ℜ is the total reluctance through 

which the flux passes. Clearly, if the reluctance ℜ does not vary as the rotor rotates, the 
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derivative in (2.6) is zero and the cogging torque is zero. In addition, cogging torque is 

independent of flux direction as the magnet flux φg is squared. Again, the reluctance of 

the PM and the iron core are negligible compared to air gap reluctance and thus the 

reluctance here exclusively refers to the air gap reluctance.   
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Cogging torque results from interaction between the permanent magnets and the 

stator slots. The most common technique for cogging torque reduction is stator slot 

skewing. The idea is to reduce the change of reluctance with position and thus to reduce 

the cogging torque. The net change in reluctance can be minimized if the slot openings 

are spread over the surface area of the magnet as depicted in Fig. 2.9. Here, the slots are 

skewed so that each magnet sees a net reluctance that stays the same or nearly the same 

as slots pass by. In this way, changes along the axial dimension reduce the effect of 

changes along the circumferential dimension. As a result, the dℜ/dθ experienced by the 

entire magnet decreases, and consequently, the cogging torque decreases. The same effect 

can also be obtained by shaping the stator slots using any of the following techniques: 

a) Bifurcated slots [1] 

b) Empty or dummy slots[38]       

c) Closed slots [11] 

d) Teeth with different width of the active surface (teeth pairing) [3] 

The same results can be achieved by skewing the PMs where each magnet can be 

represented by a number of straight rotor bar segments offset from each other by a fixed 

angle. This type of magnet skew is called step skew. There is another type of skew called 
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continuous skew where the each magnet pole is a skewed rotor bar. The detail of a 3-step 

skew scheme is described in chapter IV.  
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Figure 2.9: Cross-sectional view of a surface mounted PMSM (a) without stator skew (b) 

with stator skew and sectional view of A-A’. 
 

Bianchi et al. showed how the cogging torque can be eliminated by skewing [1]; 

the authors developed an equation for the cogging torque in a skewed motor as a function 

of skew angle and cogging torque period given by (2.7). The cogging torque is equal to 

zero when the skew angle is equal to the cogging torque period. Their research describes 

the variation in PM pole arc width, the use of PM with unequal pole arc widths, the use of 

notches in the stator teeth, and the shifting of PMs to have circumferential skewing in 

order to minimize cogging torque. 
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The number of periods of the cogging torque waveform Nperiod during a rotation of 

a slot pitch depends on the number of slots and poles. For a rotor with identical PM poles, 

equally spaced around the rotor, Nperiod is given by  

},{ ps

p
period NNHCF

N
N =                                                                                    (2. 8a) 

where Ns and Np are the number of stator slots and rotor poles, respectively, and 

HCF(Ns,Np) gives the highest common factor between Ns and Np. 

The mechanical angle corresponding to each period required to completely 

eliminate the cogging torque is the optimum skew angle θskew  given by 

           
speriod

skew NN
πθ 2

=                    (2. 8b) 

Equation (2.8b) shows that the cogging torque is also a function of stator slots and 

rotor poles. The closer the number of slots is to the poles, the higher is the cogging torque 

period and the lower is its amplitude. The selection of slot-pole combination can thus 

reduce cogging torque significantly. The use of slotless stator is another novel way of 

eliminating cogging torque [15]. Since the PM field and stator teeth produce the cogging 

torque, a slotless motor can totally eliminate the cogging torque. A slotless structure 

requires increased air gap, which in turn reduces the PM excitation field. To keep the 

same air gap magnetic flux density, the height of PMs must be increased. Slotless 

PMSMs therefore use more PM material than slotted motors. 

The research by Hwang et al. shows the use of teeth pairing with two different 

tooth widths for significant improvement in the cogging torque. The airgap permeance 

function is modified as the period is doubled with teeth pairing compared to single tooth 
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situation. A model of teeth pairing with simplest airgap permeance function is shown in 

Fig 2.10. The fundamental component of air gap permeance
LnNG  as well as the cogging 

torque can be eliminated with appropriate combinations of two different tooth widths a 

and b as shown in Fig. 2.10. Without teeth pairing (i.e., a = b), the period of airgap 

permeance is 2π/Ns and with teeth pairing the period is 4π/Ns. The cogging torque and 

permeance is given by [3].            

 

 

 

 

 

 

 

 

 

Figure 2.10: Teeth pairing in stator slot and corresponding permeance function. 
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where NL  is the least common multiple of Ns and Np, Wg and B are the air gap energy 

function and air gap flux density function, respectively. 

 

Slot pitch = 4π/Ns 
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Torque Ripple 

 

Torque ripple can cause undesirable vibrations [2, 17, 20, and 34] in the load 

response. Torque ripple consists of two components: electromagnetic torque fluctuation 

and cogging torque. Electromagnetic torque ripple is caused by the harmonic interaction 

between the BEMF and the phase currents associated with the motor electrical dynamics.  

The instantaneous electromagnetic torque for a 3-phase PMSM can be given by 

[18] 
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where ex and ix represent the phase BEMF and phase current, respectively, and the second 

term in the expression represents the cogging torque. The first term in (2.9) is known as 

the electromagnetic torque or the mutual torque. The motor can produce constant 

electromagnetic torque only if the part of the flux through stator windings due to the rotor 

field known as mutual flux is purely sinusoidal. This also requires sinusoidal spatial 

distribution of either the stator windings, or of the field due to rotor magnets. In practice, 

the perfect sinusoidal distribution is not achievable and the mutual flux contains higher 

harmonics and causes ripple in steady state torque in response to a purely sinusoidal 

current excitation. The torque ripple cannot be separated from cogging torque; most of 

the researchers mentioned these two issues together [2, 11, and 23]. Therefore, the design 

methods developed for reducing cogging torque can also be considered as the methods 

for reducing torque ripple. 
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Carlson et al. formulated an optimized design problem by evaluating the 

maximization of the EMF fundamental component and the minimization of the torque 

ripple without separating the different contributions [16]. The optimization problem was 

set as 

     subject to   
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Here, 2
kE  is the squared amplitude of the kth EMF harmonic component. 2

1E  and 

2
max,1E are the squared amplitude of the first harmonic component and its maximum value 

(with pole arc equal to pole pitch), respectively. 2
,kcT is the squared amplitude of the kth 

cogging torque harmonic component. kEc ,  , 1,Ec , kTc ,  are the weighted coefficients. The 

constraint q1 = 0 guarantees the geometrical consistency of the rotor. In the constraint q2 

< 0, a lower bound to the distance between the magnets is taken. The unknowns of the 

optimization algorithm are the length of the magnets and their positions, the skew length, 

and the number of tooth intervals r by which the pitch of the primary winding is shorted. 

The first term of the optimization function minimizes the dominant BEMF harmonics of 

order 3, 5, 7 etc. to minimize ripple, the second term maximizes the fundamental 

harmonics to have maximum output torque, and the third term minimizes the cogging 

torque. Their analysis provided results showing the elimination of certain harmonics in 
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BEMF for a particular value of magnet arc; this arc length depends on the number of 

poles in the machine, winding arrangement in the stator, and amount of magnet skew. 

In surface mounted PM machines, the magnet shape determines the distribution of 

the air-gap magnetic field when influences of armature reactance of load currents are 

ignored. The practice is to start with a given magnet shape, and then to obtain the 

magnetic flux density curve by 2-D or 3-D FEA calculation. The curve is compared to the 

standard waveform and the FEA is repeated until a satisfactory waveform is obtained 

[35]. For example, if the 5th harmonic in BEMF needs to be eliminated then the pole arc 

angle (θm), shown in Fig. 2.11, should be selected such that 5 θm = n1800 , where n = 

1,2,3,... If the machine has p pair of poles, then the mechanical degrees of θm is given as 

θm(mech) = θm/p. Generally, 5th and 7th order harmonics in BEMF are the most significant 

and any one of these can be eliminated completely by selecting the pole arc angle using 

the above procedure. 

 

τp 
  

PM   

Rotor   
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Figure 2.11: Defining magnet parameters, pole arc angle, and pole pitch. 

 

S. Huang, et al. in their research showed that the optimum selection of pole arc 

ratio and magnet skew angle can minimize the ripple torque and optimize the machine 
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performance [20]. The sizing procedure starts by defining the output power as a product 

of air gap phase EMF and phase currents 
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The parameters used are: 

η - machine efficiency 

m - number of phases  

T - period of the EMF  

N - number of turns per phase 

Bg - air gap flux density 

f - converter frequency 

p - pole pair 

λ0 - ratio of outer surface diameter to air gap diameter 

D0 - outer surface diameter 

KΦ - ratio of electrical loading on rotor to stator 

A - total electrical loading 

The power output of the PMSM can be obtained by combining e(t) and i(t) in terms of the 

primary dimensions, magnet property, and electrical loading. The machine torque density 



 46 

and power density equations given by (2.12) can then be used to find the motor 

dimensions like outer surface diameter D0, rotor diameter to the airgap Dtot, and so on. 

These dimensions can be utilized to find the optimum values for magnet length and 

width. 
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The research presented in this dissertation investigate further to show that the 

variation in magnet shapes with the same pole arc ratio and skew angle can affect the 

torque ripple significantly. A systematic approach is then developed to design the PMSM 

with minimum torque ripple, and less noise and vibration.  

 

Radial Force 

 

The attraction force between the rotor permanent magnets and the stator iron is 

known as radial forces. In an ideal situation where the shaft alignment with respect to the 

stator is perfect enough to maintain a uniform airgap and the phase windings are 

balanced, the motor sees a constant stress wave along the stator periphery. Any deviation 

from this ideal condition creates unbalanced radial force and excites the stator structural 

response. This can radiate unwanted acoustic noise depending on the frequency and 

amplitude of the excitation force.   
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The authors in [13] calculated the unbalanced force components analytically and 

validated by finite element analysis using Maxwell’s stress tensor method. The analysis 

was carried out for 3-slot/2-pole and 9-slot/8-pole PMSM and PMBLDC motors. Each 

phase of the 9-slot/8-pole machine comprises of three adjacent coils connected in series, 

the middle coil being of opposite polarity to the other two coils. Although the windings of 

phases A, B and C are displaced by 1200 Elec. and their BEMFs are symmetrical and 

phase shifted by 1200 Elec., the disposition of the phase windings about the diameter of 

the machine is asymmetrical. This result in an unbalanced magnetic force between the 

rotor and the stator. 

Researchers have analyzed the radial forces by FE tools to show the differences 

between two types of fractional slot PMSMs based on their winding configuration [21]. 

One type of PMSM has the traditional concentrated winding, while the other type has 

non-traditional winding where the coils of each phase are placed in diametrically opposite 

slots. The later type is called the “modular” winding machines. Other researchers have 

measured the radial forces from the air gap flux function without breaking it into its 

constituents of rotor and stator fluxes [13]. First, the radial pressure is proportional to the 

square of the normal component of airgap flux density and can be estimated by the 

equation given below (2.13). The next step is to calculate the radial force on a tooth by 

multiplying radial pressure with tooth area.  This research presents a detail analysis on 

the formation of radial force. 
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A summary of possible design based methods to control radial force is listed 

below: 

 Increasing airgap 

 Reducing the magnet strength 

 Improving shaft alignment or rotor eccentricity 

 Use of balanced winding 

 Increasing resonant frequency by changing lamination dimensions 

The idea of increasing airgap or using a lower strength magnet is to reduce the magnetic 

stress waves in the airgap. The adoption of these techniques leads to reduction in useful 

torque also. The improvement in shaft alignment is completely dependent on the 

manufacturing capability and might work out well. Some motor configurations are unable 

to have balanced winding, for example a 3-phase PMSM with 9-slot/8-pole combination; 

some configuration has possibility to have both a balanced and an unbalanced winding, 

for example a 3-phase PMSM with 12-slot/10-pole combination; and some are by default 

balanced, for example a 3-phase PMSM with 9-slot/6-pole combination. In the second 

type of motors even with balanced winding there is possibility of having unbalanced 

radial stress that can cause vibration. The research is aimed to elaborate the vibration 

behavior of those motors in particular. Also, the following chapter will explain how the 

natural resonance frequency of the motor structure can be increased by changing the 

stator dimensions.  

Methods based on the motor design (skewing, shifting the magnet position, 

special windings, etc.) are more difficult than control-based methods. The main 
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drawbacks of these design based methods are the reduced average (nominal) torque and 

the increased complexity of the motor construction, resulting in higher overall costs. 

 

2.6.2  Control Based Methods 

 

Machine performances in terms of torque ripple, noise and vibration can also be 

improved by several control methods. Control techniques mainly use modulation of the 

stator current or BEMF waveforms. The control techniques adopted for obtaining ripple 

free torque and reduced radial forces are: 

 Open-loop control (harmonic cancellation technique) based on 

programmed current waveform [28] 

 Closed-loop control including flux and/or torque estimators [5] 

 Alteration of motor commutation pattern, and therefore, the pattern of the 

force pulses [24] 

 Increasing the number of stator phases to have lower radial forces [27] 

 Concentrated windings with enlarged air gap for minimizing radial forces 

[24] 

 Field weakening operation with higher currents for reduced radial forces 

in sinusoidally excited BLDC motors [6].  

Bojan Grcar et al. proposed control based reduction of pulsating torque for 

PMSMs [5]. The researchers subdivided the method into two basic groups: open-loop 

control (harmonic cancellation technique based on programmed current waveform), and 

closed-loop control including flux and/or torque estimations. The work of Asano, 
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Yoshinari et al. concluded that the vibration of concentrated winding motors tends to be 

higher than distributed winding motors [24]. Field weakening technique can reduce radial 

forces in sinusoidally commutated PMBLDC machines [6], but requires higher currents 

to maintain the desired torque. Smoothening the drive current to prevent torque ripple can 

also reduce vibration [26]. Increasing the number of stator phases can also reduce the 

exciting forces, and hence, the vibration of the machine [27].  

Control based methods [4-7], [16, 17, and 23] without influencing the drive 

hardware can be implemented in a low cost digital signal processor (DSP) and field 

programmable gate array (FPGA) based motor control hardware; however, the obtained 

torque is never entirely smooth. 

Cogging torque is directly related to torque ripple and both of them causes noise 

and vibration in the machine [1-7]. Radial forces cause significant vibration when they 

are unbalanced. To improve the performance of a motor, torque pulsations need to be 

reduced and unbalanced radial forces are to be minimized either by design variation or 

through control techniques. It is hard to find some designs with low torque ripple and 

cogging torque as well as with low radial forces. There is always a trade-off among these 

two phenomena. 

  

2.7 Shortcomings in Existing Research  

 

In spite of the several techniques discussed in this chapter to improve the 

performance of PMSM, there are still opportunities for further research, especially from a 

design point of view. The existing literature cover the variation in magnet design by 
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changing the pole arc, but do not cover the variation in magnet shapes within a particular 

pole arc. The research in this dissertation will show that fairly simple variations in 

magnet shapes can lead to substantial improvements in torque ripple minimization 

without sacrificing the average torque significantly. These magnet shape variations can 

be implemented in a very cost effective manner. Also, the existing literature showed that 

magnet skew can reduce cogging torque as well as torque ripple. This research in 

particular has shown that this is not always the case and there are ways to utilize 

appropriate skew techniques.  

Unbalanced radial forces cause the stator deflection, which produces vibration. 

Existing literature do not show the differences in radial forces between modular and non-

modular motors; the relationship of vibration with radial displacement of the stator yoke 

is yet to be established. The existing research provides no theoretical basis for relating the 

noise and vibration with motors of different geometry. Identifying the variation in radial 

stress due to variation in winding and motor topologies, developing model to predict 

vibration as a result of the radial stress, and finally relating vibration with acoustic noise 

are within the scope of this research. 

 

2.8 Research Motivation 

 

Use of skewed magnets, shifted magnet segments, decentered magnets or 

selection of magnet width can reduce the cogging torque, and supposedly the torque 

ripple as well. But, in reality these methods may not necessarily reduce the torque ripple 

and can even make it worse. It is the dominant order(s) of BEMF harmonics present in 
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those design variations that will determine the reduction or increase of the torque ripple 

in a skewed motor. Moreover, selection of magnet arc width can eliminate one particular 

harmonics of BEMF, but no other BEMF harmonics can be removed. Hence, further 

research needs to be conducted to see the torque ripple variation (increase or decrease) 

under magnet skewing for different geometry of PMSM. The determination and 

elimination of more dominant BEMF harmonics by variation in magnet shapes for a 

particular slot-pole combination motor with a selected magnet arc width will give a motor 

design with low torque ripple. 

The symmetric arrangement of the magnets by making pole arc equal to pole 

pitch leads to the maximum value of the fundamental component of the BEMF. However, 

with this magnet arrangement, the other harmonics of the BEMF are also high to cause a 

significant torque ripple. In general, a nonsymmetrical distribution of magnets having 

different pole arc and pole pitch leads to a reduction of the fundamental component of 

BEMF and also to a variation of the other harmonic components. Therefore, it is possible 

to find a suitable magnet arrangement leading to a compromise between a high value of 

the BEMF fundamental component and a low value of all other harmonic components, 

thus leading to a high-performance motor.  Research is thus essential to develop the 

fundamental understanding of the relationship between magnet shape and BEMF, and 

then develop the methodology to eliminate certain high order harmonics of BEMF by 

appropriate shaping of the magnets. 

The vibrating tendency of PMSMs doesn’t show a direct correlation with the 

magnitude of the radial stress wave on its stator structure. It also depends on the 

dominant frequency of the stress wave. Again, it is not only the motor topology (slot/pole 
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combination), but also the winding configuration that determines the lower order 

frequency of radial stress responsible for vibration. This research is thus motivated to 

unveil all of the above in selecting a PMSM less prone to noise and vibration.  

 

2.9 Research Objectives 

 

Based on the literature review presented in this chapter, the following research 

objectives have been set forth: 

• Determination of the peak-to-peak torque ripple vs. phase angle characteristics 

for different PMSM geometry.  

• A complete study of the peak-to-peak torque ripples variation with magnet 

skewing for different motor topology and with various magnet shapes. 

• An investigation to identify the key BEMF harmonics, and therefore, the key 

orders of electromagnetic torque ripple with different magnet shapes.  

• Design of magnet pole arc and pole shape, selection of slot-pole combination 

and rotor/stator skew scheme to specify a low torque ripple motor with less noise and 

vibration. 

• FE analysis for several motor topologies to investigate the variation in radial 

forces. 

• Development of an analytical model to calculate the radial deflection using 

radial forces by FEA and to validate the model with structural finite element analysis and 

test results. 



 54 

The above objectives are crucial for the design and development of a high 

performance PMSM. The tasks to achieve these objectives have been organized into three 

categories:  

i) A comprehensive design methodology. 

ii) Torque ripple and cogging torque analysis. 

iii) Noise and vibration analysis. 

 

2.10 Conclusions  

 

Simple, low-cost, and effective ways to reduce torque ripple, noise and vibration 

in PMSM can not be found in the literature. The literature also claims the indirect effect 

of cogging torque reduction in reducing the torque pulsations in [2, 3, and 7] without 

validation. The research presented in this dissertation will formulate a methodology to 

choose a design with rotor skewing that can minimize the torque ripple. It will also show 

the magnet design cases where torque ripple gets worse even after rotor skewing. 

This research will show how the different shapes of magnet for a particular pole 

arc can make differences in the peak-to-peak torque ripple in a skewed motor compared 

to its non-skewed version. This research will also show in detail the stator excitation due 

to magnetic radial pressure, the mode shapes and mode frequencies responsible for 

structural vibration, and how this phenomenon varies with motor topology and winding 

configuration. In this regard, a detailed analytical model for predicting radial 

displacement as well as vibration based on radial pressure on the tooth will be included in 

this research.   
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CHAPTER III 

 COMPREHENSIVE DESIGN METHODOLOGY 

 

A design methodology for surface mounted PMSM with a given set of design 

constraints is developed in this chapter. The primary constraints considered are the 

maximum outer diameter of the stator, the allowable axial length of rotor and stator 

laminations, the radial depth of the airgap between rotor and stator, the torque and speed 

requirements and so on.  Techniques for reducing cogging torque, torque ripple and radial 

forces have been incorporated throughout the systematic design approach.  

The fundamental steps involved in designing a surface mounted PMSM are 

described first.  The design starts with the specifications that may include the 

requirements of rated torque Trated, maximum power Pmax or rated speed ωmrate. Supply 

bus voltage Vbus or dimensions may also be included as constraints. Needless to say that 

the specifications are application-specific. Aside from the motor design there may exist 

several other environmental and performance requirements that must be taken into 

account.  The next design steps include the initial selection of the surface mounted 

PMSM configuration, design parameters and design-ratios (ratios between internal 

dimensions). Configuration options may include the number of phases, the number of 

stator and rotor poles, and the number of series or parallel paths in each phase which is
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also called repetition. Design parameters may include hoop stress Ts, rms current density 

Jrms and rotor torque density Tdensity.  After selecting the configuration, parameters and 

design ratios, internal and external motor dimensions such as rotor radius Rg, stack length 

Lstk, stator outer radius Rout etc. are determined through the design equations; an analytical 

parameter model is then developed to predict the torque ripple and radial forces of the 

motor.  If the output requirements are satisfied, then static and dynamic system level 

simulations are carried out for verification of overall performance.  

 

3.1    Design Methodology 

 

The electrical machine design is a multi-disciplinary subject. It involves 

electromagnetic design, engineering materials selection, thermal and mechanical analysis, 

material and component specifications and production techniques. The magnetic 

properties of the iron, the numbers of phases and the number of poles-per-phase all have 

effect on PMSM’s performance. These effects along with the sizing of the machine 

envelope and internal dimensions make the PMSM design an insight intensive effort. In 

designing PMSM, except for the most basic sizing calculations, the CAD (computer 

aided design) methods must include system level simulation capability as an integral part 

of the design process. Finite element analysis is also needed for the understanding of 

motor performances at design variations. 

A number of requirements and objectives need to be compromised to achieve an 

optimal PMSM design for a specific application. Various PMSM design aspects have 

been studied and reported in the literature [29-32] emphasizing some of the design 
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parameters, the number of phases and repetitions and a few dimensional design ratios. 

The traditional design process starts with some initial realization derived from experience 

without going through any optimization routine.  

One of the main design requirements addressed in this dissertation is torque ripple 

minimization. This requires the motor to possess a good BEMF waveform (sinusoidal in 

the case of PMSM) and low cogging torque. Magnet arc length selection and shaping the 

magnet arc to minimize the BEMF harmonics are necessary to achieve the goals. A 

further requirement is to maintain lower radial forces to have less radial deflection. This 

requires correct selection of slot-pole combinations and proper winding arrangements 

around the stator circumference. A comprehensive design methodology, which sets 

design guidelines to encompass the effects of machine geometry, configuration and all 

possible design parameters on the overall performance of the PMSM, will thus, be 

developed in this research.  

The various dimensions of the rotor and stator, defined as motor parameters for 

the CAD design program, are shown in Fig. 3.1. The 3-phase winding configuration cited 

in Fig. 3.1(a) has the number of repetition being 1 as there is only one coil per phase 

distributed within 180˚ in space. The symbols of the stator slot and teeth dimensions can 

be found in Fig. 3.1(c). 

Another important part of design is the rotor magnet sizing. The pole arc can be 

varied with respect to pole pitch and slot pitch or coil pitch to make the flux distribution 

square wave or sinusoidal as per application requirement (Fig. 3.2). A square wave shape  
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(a)                                                                     (b) 
 

 

(c) 

Figure 3.1: Schematics of a PMSM (a) A 3-phase winding layout (b) Sectional view with 
different rotor and stator radii (c) Dimensions of the stator tooth and slot. 

 

of the flux distribution is obtained when τc = τp ; the flux linked with the winding in this 
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pstkgg LB τφ ..= , where Lstk is the length into the page [32]. Again, the sinusoidal 

distribution of the flux density is obtained when τc < τp ; the flux linked with the winding 

is )2/sin(...2.. cestkgcstkgg LBLB θτφ == . Here the pitch factor is defined as 

p

c
cepk

τ
τ

πθ == / . 

 

More details of flux density distribution shapes with variation in pole arc compared to 

pole pitch and coil pitch are discussed in chapter IV. 

 

 

         
 

 

 

 

 

 

         

 

 

 

 

 

 

 

 

Figure 3.2: Air gap flux distribution pattern for cases when pole pitch and slot pitch are 
equal and different. 
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3.2    Design Steps 

 

The design steps include the initial selection of the configuration, parameters and 

dimensional design ratios; evaluation of critical design issues; validation of an “output 

checklist”; verification of overall performances by system level simulations and finite 

element analysis (FEA). The design specifications may include all or some of the 

following parameters depending on the application: rated torque, base speed, maximum 

rated speed, maximum output power, power factor, supply bus voltage, maximum phase 

current, torque-ripples, acoustic noise level etc. The number of phases, poles, stator slots 

as well as winding configuration must be selected based on the application requirements. 

 The first step is to define the important ratios of the machine dimensions. The 

design constraints are the iterative process of the design software and simplified output 

equations are used for the initial sizing and output checklist to simplify the back and forth 

adjustments of the design variations.  The machine configuration, parameters and design 

ratios are changed within their limits to obtain a satisfactory output checklist for the 

design. Finally, fine tuning of the design to achieve the accurate static and dynamic 

performances of the candidate design is carried out through FE analysis of the machine. 

The design steps are continued in an iterative process until the requirements are met.  

 

3.2.1 Design Ratios 

 

The design ratios are defined as the ratios between various internal dimensions of 

the machine. The objective of defining the design ratios is to maximize the stator mode 
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Fig. 3.3: Flowchart of the overall design methodology of PMSM. 
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frequency, to minimize the envelope dimension, and to insure critical speed well above 

the rated speed of the machine. Referring to the dimensions shown in Fig. 3.1, the 

following design ratios are 

  
g
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The ratio between the magnet width, lm and the slot height, ds ( lmdsα  ) is a comparison 

between magnetic loading vs. electrical loading, a ratio between magnet size and winding 

area, and has a significant effect on torque density and mean torque. It indicates a trade 

off between magnet width and the amount of stator conductors to meet the required 

torque. The higher the ratio is, the lower is the height of the slot and less would be the 

number of conductors possible; also, the higher is the thickness of the magnet. The ratio 

between the outer radius of the stator, Rout and the outer radius of the rotor, Rg ( routrgα  ) is 

a way of constraining the rotor diameter for a given stator diameter and generally set to 2 

as a starting point of design iteration. The objectives for selecting optimal values for 

lmrgα  ,
routrgα  , and lmdsα  are to minimize the envelope dimension which is the product of 

Rout and Lstk. The selection of the ratio between rotor back iron, yr and the stator back 

iron, ys ( yrysα ) is critical to maximize the stator mode frequencies and to keep the motor 

beyond the condition of resonance at rated speed. On the other hand the ratio sdα   in (3.1) 

important for tooth saturation. Iteration is done to get an optimum value for all these 
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ratios in order to meet the torque requirement. These ratios are set with an initial guess 

and finalized by back and forth iteration. 

 

3.2.2 Envelope Sizing 

 

Two envelope dimensions of the machine geometry are the air gap radius to the 

rotor Rg and the axial length of the stack Lstk. An initial estimate of air gap radius to the 

rotor is obtained from the rotor hoop stress and the rated speed of the machine as [22] 

h

s

rated
g K

T
R

ω
1

= ,             (3.2) 

where Ts is the hoop stress and Kh is the hoop stress constant, which is a function of the 

material property and few design ratios. Rg obtained from this relation gives the 

maximum allowable dimension for rotor radius to the air gap.  

Another important design parameter is the rotor torque density Teρ, which depends 

on the saturation flux density (Bsat) of the rotor iron, the type of enclosure, and the 

cooling process employed in a particular application. Again it varies inversely with the 

stack length as 

ρπω egcorner
stk TR

P
L 2

max= .            (3.3) 

The mean torque density calculated during design iterations is obtained from  

g

parsersatwnrms
tdensity R

nSTFnBAJ
KT =  .          (3.4) 

Here, Kt is a constant containing the ratios between the peak and rms values of phase 

current and torque. Jrms is the rms current density that affects a number of design outputs. 
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The mean torque density should be greater than the rotor torque density Teρ, which should 

be checked during design iterations. 

The average torque produced by the machine is proportional to the air gap radius 

(i.e. rotor radius) squared and to the stack length. Using the iteration process in CAD 

tools these parameters are determined to meet certain torque-speed-power requirements.  

 

3.2.3 Stator and Rotor Sizing 

 

Once the rotor radius to air gap (Rg) is determined, all other radial dimensions of 

rotor and stator geometry can be found as a function of Rg and the allowable air gap flux 

density Bg. The radial depth of stator back iron wbi (also used as ys), the stator tooth width 

wtb, and the air gap flux Φg is given as 
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       (3.5) 

The stator radius to yoke Rys, air gap radius of the rotor Rgs, and the outer radius of the 

stator Rout are expressed as a function of the design ratios and rotor dimensions as 

   
bioutys wRR −= ,     

sysggs dRgRR −=+= ,   

         
groutrgout RR α=                  321 dddds ++=        (3.6) 

 

The selection of the tooth width (wtb) depends on the property of the stator 

lamination material and the maximum value of the flux density produced in the air gap. 

The value is chosen such that the tooth doesn’t saturate which then can add torque ripple. 
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Another important parameter is the slot opening, ws. To minimize the value of cogging 

torque, the slot opening parameter needs to be minimized also. Care should be taken not 

to make ws too small, which can lead to slot leakage of the flux and consequently decrease 

the torque output level. Slot opening is also limited by the winding capability. 

 

3.2.4 RMS Current Density 

 

The rms current density is chosen such that it fulfils the design constraint Apm ≥ 

Ape , where the area products  Apm and Ape represent the mechanical and electrical loading 

of the machine. The value of Jrms ranges from 2500~6000 A/m2 depending on the cooling 

system. The mechanical and electrical area products are given as 

slotpstkgpm ANLRA =  ,      
cusbisateff
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The maximum power output Pmax and the slot area Aslot can be expressed as 
 

Pmax = (VbusIcoil) pf.η ,    
s
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where pf and η are the power factor and efficiency of the machine. Bus voltage, Vbus 

expressed in terms of geometry and parameters is 
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However,  Icoil×ns = Aslot × keff × Jrms; 
 
This gives 



 

 66 

 

pfJkstfBN
PALR

pfkAstfLRBNP

rmseffsmcorn
wstkg

effslotmcornstkgs

......
1

2
3

...
3
2

max

max

maxmax

ηω

ηω

=⇒







=

      (3.10) 

 
The left hand side of the above expression (Eq. 3.10) is the ‘mechanical area product’ Apm 

representing the product of the flux passage area and the slot area. The right hand side is 

the electrical area product Ape. The design constraint is Apm ≥ Ape. 

 

3.2.5 Computation of Maximum Number of Turns in the Slot 

 

The rms value of coil current Icoil is derived from the expression for maximum 

power given in (3.10). Maximum number of turns in the slot ns is then found out as 

 

coil

rmseffslot
s I

JkA
n

..
= .                       (3.11) 

 
The per phase peak current Ipeak  is related to coil rms current as 
 

                                            
2
3

×= coilpeak II                                               (3.12) 

 
Maximum allowable slot fill factor based on the winding requirements must be checked 

prior to determining the number of turns per slot. Therefore, the effective slot area should 

be used to calculate the number of turns and the maximum amplitude of coil current. 

Multiplying the slot area by slot fill factor gives the effective area of winding.  

effsloteffslot kAA ., =                                                       (3.13) 

Here, keff  is the slot fill factor expressed as a percentage of the total slot area. This factor 

depends on the size and shape of the conductor and type of winding mechanism (needle, 
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insert, or segmented winding etc.). A conservative estimate for slot fill factor is between 

60% to 70% for needle type of winding with round wire. Care should be taken while 

maximizing the slot fill either by reducing the wire diameter or by increasing the number 

of conductors, since both methods will increase the phase resistance (section 3.2.8). 

  

3.2.6 Calculation of Maximum Demagnetization Current Idemag 

 

The maximum stator current that tends to demagnetize the magnet is defined as 

Idemag. Application of Ampere’s law around a magnetic flux line embracing the ampere-

turns per pole gives the value of the demagnetizing MMF. If Hd is the maximum negative 

field which can be withstood in the magnet, then Idemag is given by [39] 
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Here, z1 is the total no. of conductors actually carrying current and z1 = 4Nph = (2/3)nsNs ; 

the design constraint is:    Ipeak <  Idemag 

 

3.2.7 Choice of Magnet and Magnet Thickness lm: 

 

The flux in a PM motor is established by the magnets. The torque is proportional 

to the current and the flux, while the no-load speed is proportional to the voltage and 

inversely proportional to the flux. So, the flux is clearly the most important parameter in 

the design. The choice of the magnets could be anything from simple less expensive 

ferrites to a high energy Neodymium-Iron-Boron as mentioned in chapter I. 
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The characteristics of a permanent magnet are shown graphically in Fig. 3.4. It 

shows the relations between magnet flux and MMF, along with relating flux density with 

magnetizing force. The amount of flux that can be produced in an infinitely permeable 

material expresses the maximum available flux from the magnet is known as remnant 

flux Φr. The external demagnetizing MMF that must be applied to suppress all of the 

magnet flux is known as coercive MMF, Fc.   

 

 
 
 
 
 
 
 
 

 

 

 

Figure 3.4: Flux/MMF and B-H characteristics of permanent magnet.  

  

The remnant flux Φr and the coercive MMF Fc depend not only on the material 

properties, but also on the dimensions of the magnet, which makes the relationship more 

complicated than the simple magnetic equivalent circuit. Φr is expressed as 

 
Mrr AB=Φ                                     (3.15) 

 
where AM is the magnet pole area and Br is the remnant flux density. AM is calculated 

using the inside arc length of the magnet as Eq. 3.16a.  
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stkpM LA τ=               (3.16a) 
 

The material property associated with Fc is the coercive magnetizing force or coercivity 

Hc. Hc is related to Fc as  

mcc lHF =            (3.16b) 
 
where lm is the magnet length in the direction of magnetization or magnet thickness and τp 

is the magnet arc length. The magnet’s operating point generally moves reversibly up and 

down the linear part of the characteristic in Fig. 3.4. This characteristic is called the 

demagnetization characteristic and its slope is recoil permeability, µrec. 

 

Permeance Coefficient (PC): 

 

The airgap applies a static demagnetizing field to the magnet, causing it to operate 

below its remnant flux-density. With no current in the phase windings, the operating 

point is typically at the point labeled open-circuit in Fig. 3.4 with magnet flux density BM 

of the order of 0.7-0.95 times Br. The line from the origin through the open-circuit 

operating point is called the ‘load-line’. The slope of the load-line is the permeance 

coefficient, (PC). the permeance coefficient is typically in the range of (5-15). 

M
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Fig. 3.5 shows the magnetic equivalent circuit of one pole. The main flux or 

airgap flux Φg crosses the airgap and links the coils of the phase windings. The magnet 

flux ΦM is the flux passing through the magnet and the leakage flux ΦL is the part of 
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magnet flux that fails to link the phase windings. Φg and ΦL are related to each other by a 

leakage coefficient flkg 
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The leakage coefficient is less than unity and its value depends on the configuration of 

the motor. A typical “rule of thumb” value for most motors is 0.9. 

The airgap flux density Bg  is related to BM  as 
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where Hg is the magnetic field in the airgap and Ag is the pole area at the airgap. 

Applying Ampere’s Law in a single flux path, the following can be written 

gHlHgHlH gmMgmM −=⇒=+ 022   (3.20) 
 
From the above two equations, the following can be derived 
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PMO in Fig. 3.5 is the magnet internal permeance given by 

m

M
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AP 0µµ=     (3.22) 

Figure 3.5: Magnetic equivalent circuit for one pole. 
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First Estimate of Magnet Thickness  
 

Since higher values of PC are desirable for operating as close as possible to Br, 

magnet thickness lm has to be very large compared to airgap length g. But increasing lm 

results in increased airgap radius, which may be constrained to some particular value.   

A rough first estimate of magnet thickness is about ten times the airgap length. 

This method of first approximation applies to the use of high-coercivity magnets such as 

those made of ferrites and rare-earths materials. 

The ratio between AM and Ag can be determined from the first estimate of lm, the 

‘rule of thumb’ value of 0.9 for  flkg, and the designer’s choice of permeance coefficient 

(PC). This ratio can be expressed as 
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3.2.8 Computation of Phase Resistance 

 

Length of mean turn is the length of the stack plus the end turn and is given by  
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Per phase resistance is then calculated based on the mean turn length, number of phases 

and conductor resistivity resρ , which depends solely on conductor size. The per phase 

resistance is given by 
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3.2.9 Number of Phases and Slot/Pole Combinations 

 

The number of phases is mostly application specific. Three phase motors are by 

far the most common choice for all but the lowest power levels. Common to AC motors, 

three phase motors have extremely good utilization of copper, iron, magnet, insulating 

materials and silicon for a given output power. Although the utilization can theoretically 

be argued to be higher in motors of higher phase numbers, the gains would be offset by 

the increased number of leads and transistors, which increases cost and may severely 

compromise reliability.   

The maximum number of poles is restricted by the maximum operating speed of 

the machine to limit the switching losses in the inverter. Again the pole number has to be 

in pair. The number of slots has to be an integer multiple of number of phases. The 

selection of number of stator slots for a given number of poles is crucial to have the 

minimum effect of cogging torque. 

Torque of a brushless PM motor with one slot per pole per phase is approximately 

given by [18] 

coilstkggmsmean ILBRNn2=τ   (3.26) 

where Nm is the number of magnet poles. This equation suggests that increasing the 

number of magnet poles increases the torque generated by the motor.  A basic rule of 

thumb is that the number of poles should be inversely proportional to the maximum speed 

of rotation.  The reason, of course, is to limit the commutation frequency to avoid 

excessive switching losses in the transistors and iron losses in the stator.  For very high 

speeds, two- and four-pole motors are preferred.  If smooth torque is required at low 
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speed, such as in a DC torque motor, a larger number of poles should be selected [40].  

Yet another consequence of increasing the number of magnet poles is that the required 

rotor and stator back iron thickness decreases since the amount of flux to be passed by the 

back iron is reduced.  As a result, the overall diameter can be reduced by increasing the 

number of poles [41].  Another important issue regarding the number of poles has to do 

with cost. Usually the greater the number of poles, the greater is the cost in magnets and 

labor for fabrication.  

One of the primary constraints on PM stator design is that the total number of 

stator slots is to be some even integer multiple of the number of phases.  There are many 

combinations of slot- and pole-numbers that can be used effectively [29].  With a large 

number of slots/pole, the cogging torque is inherently reduced by the fact that the relative 

permeance variation seen by the magnet is reduced as it successively covers and uncovers 

the slots one at a time. Also the coil-winding easiness is an important factor for the 

number of slots or poles.  If there is one coil per pole per phase (say, in case of 24 slots 

and 8 poles), it is then possible to insert all the coils into the stator in one stroke of the 

machine, which certainly speeds up productions [29]. 

As suggested in [41], the stator back iron thickness ys is determined by the 

solution of the magnetic circuit.  The flux from each magnet splits equally in both the 

stator and rotor back irons and is coupled to the adjacent magnets.  Thus, the back iron 

must support one-half of the air gap flux Φg, i.e., the back iron flux is Φs = Φg/2 . If the 

flux density allowed in the back iron is Bmax, then the back iron width is 

StfLB
y

stk

g
s )2( max

Φ
=      (3.27) 
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Here Stf is the lamination stacking factor. The typical value between 0.93 to 0.97 is used 

for Stf .  

     An example design is presented in the following section that has been 

developed analytically through the use of all the design equations and constraints 

discussed so far in this chapter. 

     

3.2.10  Example Design 

 

The stator ampere-turns, rotor magnetization and the processing of stator steel 

have effect on the torque ripple of a PMSM [24].  Reduction in the torque ripple and 

cogging torque of this type of motors is very essential for certain applications such as 

electrical power steering of automobiles.  Core shape optimization to reduce cogging 

torque in PM motor has been presented in [42] using reluctance network method and 

genetic algorithm. 

The design constraints set for this research are the maximum outer diameter of the 

stator, the allowable axial length or the stack length of the rotor and the stator laminations 

and is given in the dimensional requirements section of Table 3.1. Also, the air gap flux 

density or allowable flux density through the slot tooth is constrained to avoid excessive 

saturation. 

 The systematic design approach described in this section has been followed to 

design a surface mounted PMSM. The effects of changing the parameters, configuration 

and dimensional design ratios are shown with respect to a 3-phase, ¾ hp PMSM taken as 

an example design. The design iteration is carried out for the four different motor 
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topologies namely 12-slot/10 pole, 12-slot/8-pole, 9-slot/6-pole, and 27-slot/6-pole 

machines for which the brief operational specifications are listed in Table 3.1.  

Once the motor dimensions are set according to the requirements in Table 3.1, the 

next important things to validate for different motor topologies are the back emf constant 

Ke, line-to-line resistances RLL, and the phase inductances Lphase.  A summary of these 

results are listed in Table 3.2. These parameters are very close in all four motor 

topologies presented here as they are intended to meet similar torque-speed requirements.  

 

Table 3.1: Requirement specifications of the 3-phase, ¾ hp PMSM as an example design 
 

Torque-speed-power Specifications 
Maximum average torque, 
Nm 

5.5 At least  

Corner /base speed, rpm 1000 Minimum  
Rated maximum speed, rpm 4000 At least 
Maximum constant power, 
watts 

600 At and beyond base speed 

Dimensional requirements 
Maximum outer radius,mm 95 Maximum 
Allowable axial length, mm 59 Maximum  

Requirements of critical issues 
Cogging torque, mNm (p-p) 10 Maximum  
Torque ripple (% of average 
torque) 

4% Maximum 

BEMF harmonics (5th, 7th, 
11th etc as % of 
fundamental) 

0.5% Maximum  
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Table 3.2: Verification of design parameters 

Parameters 12-slot/10-pole 12-slot/8-pole 9-slot/6-pole 27-slot/6-pole 

Ke 0.08 0.073 0.075 0.076 

RL-L (mΩ ) 21.6 21.4 18.7 18.1 

Lphase (mH) 0.081 0.086 0.131 0.12 

 

Comparative analyses of several static performances for the motor topologies 

selected for this research are done with motor design tool PC BDC of SPEED.  The 

design requirements have been verified in SPEED (Fig. 3.6) for the different motor 

topologies selected with the same envelope dimensions for this research. The significant 

differences in the amplitude and frequency of cogging torque [Fig. 3.7a] with variation in 

motor topology are evident. The value of cogging torque as well as torque ripple can  

Torque-speed characteristic of different PMSMs: 
analytical results
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Figure 3.6: Several motor topologies verified with their characteristics (a) Torque-speed 
(b) Maximum power at corner speed. 
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Torque vs. power and ideal torque-speed 
characteristics for different PMSMs: analytical 

results
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(b) 

Figure 3.6: Several motor topologies verified with their characteristics (a) Torque-speed 
(b) Maximum power at corner speed. (continued) 

 

further be improved by rotor pole shaping and rotor skewing. This will be shown with FE 

modeling in chapter IV. 

 

3.2.11  Critical Issues  

 

The critical issues in PMSM design are cogging torque, torque ripple and radial 

pressure. One or more of these issues may be very significant for a particular application. 

 

Cogging Torque 

 

The PMSM for certain automotive applications requires a very low cogging 

torque. It is evident from the results in Fig. 3.7(a) that for slot/pole combinations of 9-

slot/6-pole and 12-slot/8-pole the cogging torque is more than the required value given in 

Table 3.1. Also, the 12-slot/10-pole and 27-slot/6-pole motor topologies have cogging 
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torque very close to the requirements. The slot-pole combination of the motor can 

significantly influence the amplitude of cogging torque. For instance, the higher the value 

of the least common multiplier (LCM) of Ns and Np, the lower the value of cogging 

torque for that motor.   

 

 
Cogging torque variation in different PMSM 

configurations : analytical results
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Torque ripple in different PMSM configurations: 

analytical results
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Figure 3.7: Analytical model results for several motor topologies (a) Cogging torque 
variation (b) Torque variation. 
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Torque Ripple 

 

The major constituents of torque ripple are the BEMF harmonics, cogging torque, 

saturation and more importantly the distribution of the air-gap flux density. The selection 

of tooth width and tooth height in relation to the maximum value of air gap flux density 

and the type and shape of the magnet is critical to keep the torque ripple level to a 

minimum. Wider and / or longer tooth reduces saturation but wider tooth causes potential 

loss of winding area. To accommodate the required ampere-turns under wider tooth the 

tooth height or the slot depth needs to be increased. The result of increased tooth height 

means increased saturation. Longer tooth means larger outer radius and the outer radius 

of the motor should be constrained by the ratio 
g

out
routrg R

R
=α  , where the ratio needs to be 

minimized to maximize the mean output torque. The torque variation for all four PMSMs 

developed analytically is shown in Fig. 3.7(b). 

   

Radial Pressure 

 

From the noise and vibration requirement point of view, the radial pressure 

distribution on the stator tooth is critical. The mode shapes and the frequency of radial 

force is completely a function of the slot / pole combination of the machine. The 

machines where the slot number differs from the pole number by 2 (also called ‘modular’ 

machines) has the low order mode number as the dominant mode and suffers from 
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vibration. These motors have different type of winding, which is known as modular 

winding, if the winding arrangement is changed to distributed winding (Appendix-B), the  

 

 

 

 

 

 

 

 

(a)      (b) 

Figure 3.8: Dominant mode orders in different motor topologies (a) 9-slot/6-pole motor 
(order 3) (b) 12-slot/10-pole motor (order 2). 

 

dominant mode order can increase thereby reducing vibration problems [20]. The motor 

topologies of 9-slot/6-pole and 12-slot/8-pole shows higher cogging torque compared to 

12-slot/10-pole and 27-slot/6-pole motors, but their dominant mode orders are 3 and 4, 

respectively. The dominant mode shapes obtained from magnetostatic analysis of FEA 

for 12-slot/10-pole and 9-slot/6-pole PMSMs can be found in Fig. 3.8.  It can be inferred 

that the modular machines (i.e. 12-slot/10-pole) will be more prone to vibration than non-

modular machines (9-slot/6-pole). Further details supporting this phenomenon can be 

found in chapter V. 

Other than the selection of slot/pole combination, the natural mode frequencies of 

the stator geometry can be increased to reduce vibration. This can be achieved by making 

r = 
2 

r = 
3 
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the stator yoke thicker with lowering the design ratio
yrysα . Again, a thicker yoke reduces 

the power density resulting in a lower utilization of the iron. Therefore, the design choice 

requires a tradeoff between 

 cogging torque and vibration due to radial pressure in selecting the 

particular motor topology; 

 the selection of a thinner yoke and a thicker yoke; 

 the choice of modular and distributed windings. 

 

3.3    Design Data of PMSM 

 

The final design parameters for all four motor configurations are summarized in 

Table 3.3 for a 3-phase, 90A, ¾ hp PMSM. Using the dimensions, parameters and 

outputs from this table, the static plots of flux-linkage are checked to insure that they are 

satisfactory. The torque-profiles of all four motor configurations at maximum operating 

current obtained form analytical model simulation are given in Fig. 3.7 for both cogging 

torque and torque ripple. Fig. 3.9 shows the equi-flux lines in the designed 12-slot/10-

pole and 9-slot/6-pole motors simulated using FEA.  

The comparison of the cogging torque results obtained from the analytical model 

and from FEA is shown in Fig. 3.10(a) for a 12-slot/10-pole and a 12-slot/8-pole PMSM. 

The torque variation in a 9-slot/6-pole motor compared between analytical and the FEA 

results is also shown in Fig. 3.10(b). The plots confirm that the analytical model results 

do differ with FEA results but they are very close. All of the four designs meet the 

maximum torque requirement of 5.5 Nm (Fig. 3.7b), but the amount of torque ripple  
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                        (a) 12-slot/10-pole                                                    (b) 9-slot/6-pole 

Figure 3.9: Equi flux lines simulated using FEA (a) 12-slot/10-pole (b) 9-slot/6-pole 
machines. 

 
 

Table 3.3: Dimensions, parameters and some outputs of 4-different PMSM design 
configuration 

 

Dimensions units 12s/10p 12s/8p 9s/6p 27s/6p
L stk mm  59  59  59  59
R shaft mm  9  9  9  9
R yr mm  10.5 10.5   10.5  10.5
R g mm  22.5  22.5  22.5  22.5
l m mm  3  3 3   3
R sy mm  5  5  5  5
R out mm  47.5  47.5  47.5  47.5
g mm 0.9  0.9  0.9  0.9
 y s mm  5.5  5.5  5.5 5.5 
 w tb mm  7.5  8  8  2.36
 w s mm  1  1  1  1
Parameters
n par no. of parallel paths 2  4  3  3
A wire wire area, mm^2 0.723  0.811  0.811  0.643
TC no. of turns  18  19  20  7
n sh wire in hand  8  3  5  9
Output
T shaft Nm  6.07  6.04  6.02  5.72
P shaft watts  636  633  631  599
T cogg mN-m ±10 ±25 ±40 ±10
T ripple %of average torque>8% < 6% < 6% > 8%

Motor configuration
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present in these designs is more than the requirements (4% of average torque) listed in 

Table 3.1. Therefore, further design optimization is necessary to minimize the torque 

ripple. The next chapter will address these issues by appropriately adopting pole shaping 

and rotor skewing. 

 

 
Cogging torque in 12-slot/8-pole and 12-slot/10-

pole PMSMs: analytical vs. simulation
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Torque ripple in 9-slot/6-pole PMSM: analytical vs. 

FEA results
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Figure 3.10 Analytical vs. FEA results (a) Cogging Torque variation in 12-slot/10-pole 
and 12-slot/8-pole motors (b) Torque variation in 9-slot/6-pole motor. 
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3.4    Conclusions 

 

A comprehensive design methodology for PM machines that include FE 

computations has been presented in this chapter. The critical factors of torque ripple, 

cogging torque and radial forces have been discussed. The next chapter will present novel 

PMSM design techniques to minimize torque ripple. One of the contributions of this 

research is the pole shaping and rotor skewing techniques to reduce cogging torque and 

hence torque ripple. Several design techniques will be applied to manage the torque 

ripple issues; both test and simulation results for some of these designs are documented in 

the next chapter. Also, the noise and vibration analysis will be presented in detail in 

chapter V. A novel analytical model to predict the radial vibration and acoustic noise 

from the radial pressure will be presented. 
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CHAPTER IV 

TORQUE RIPPLE AND COGGING TORQUE ANALYSIS 

 

This chapter examines the torque ripple and cogging torque variation in surface 

mounted PMSMs with skewed rotor. The effect of slot/pole combinations and magnet 

shapes on the magnitude and harmonic content of torque waveforms in a PMSM drive 

have been studied. Finite element analysis (FEA) and experimental results show that for 

certain magnet designs and configurations the skewing with steps does not necessarily 

reduce the ripple in the electromagnetic torque, but may cause it to increase. The 

electromagnetic torque waveforms including cogging torque have been analyzed for four 

different PMSM configurations having the same envelop dimensions and output 

characteristics.  

In the previous chapter design parameters for several motor topologies have been 

determined based on static and dynamic characteristics (torque-speed-power 

requirements etc) using CAD design tools. This chapter will focus on the strict 

requirements of cogging torque and torque ripple for an automotive application. The 

torque outputs will be examined using FEA tools. Several design techniques like magnet 

pole shaping, step skewing of the magnet etc. will be used to improve the performances 

by reducing cogging torque and torque ripple. 
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4.1    Torque Ripple and Cogging Torque 

 

The three main components of torque in PMSM are: 1) mutual torque, which is 

caused by the interaction of the rotor field and stator currents, 2) reluctance torque, which 

is due to the rotor saliency; and 3) cogging torque, which arises from the interaction 

between permanent magnets and slotted iron structure. The contribution from reluctance 

torque in surface mounted PMSM can be ignored due to almost zero saliency. The output 

torque quality can be improved by reducing the torque ripple in the mutual torque that is 

related to the harmonic content in the BEMF. Reducing the cogging torque will also 

improve the output torque quality. Methods for reducing cogging torque and for 

minimizing the harmonic contents in mutual torque to minimize the torque ripple in 

PMSMs appear in [1]-[7], and [15]-[17]. Some researchers have considered the torque 

ripple problem in PMSM primarily from a design point of view [1]-[3], and [15] while 

others worked from the control side [4]-[7], [16], and [17].  Several researchers have 

shown that the improvement of cogging torque leads to improvement in the torque ripple 

[1, 3, and 15]. One of the well-known approaches to minimize cogging torque is rotor or 

stator skewing. Cogging or detent torque in PMSMs can be theoretically reduced to zero 

by the selection of optimum skew angle, which is solely a function of slot-pole 

combination [1].  

The torque ripple variation under field weakening operation and cogging torque 

variation with different magnet shapes and skew schemes has been investigated. This 

research shows that the torque ripple can either reduce or increase after magnet skewing 
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when step skew techniques are used. Step-skewing is a common practice in the industry 

adopted for ease of manufacturing and cost reduction. 

This chapter presents torque waveform and cogging torque results with variations 

in machine configurations and magnet shapes computed using two-dimensional (2-D) 

FEA. Both straight magnet and skewed magnet have been used in the PMSM designs 

intended for automotive applications. The objective is to obtain a magnet design with 

skewing in a certain motor configuration that has minimum torque ripple without 

significant average torque reduction. The new designs are obtained with further 

adjustments on the basic machine designs presented earlier in chapter III. 

 

4.2    BEMF and Torque Ripples  

 

The PMSM has a stator with a sinusoidally distributed three-phase copper 

windings, while the rotor has permanent magnets. With three-phase balanced sinusoidal 

currents in the three-phase distributed stator windings, a sinusoidal magnetomotive force 

is generated in the air gap. A sinusoidal distribution of rotor flux can be established by 

shaping the permanent magnets and controlling their magnetization directions. The 

electromagnetic torque is generated on the shaft by the interaction of the stator and rotor 

magnetic fields. The instantaneous torque for a three-phase PMSM without magnetic 

saturation is given by  

rccbbaae ieieieT ω++= /)(                          (4.1) 
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where ea, eb ,ec are the phase BEMFs, ωr is the angular mechanical speed, and ia, ib, ic are 

the phase currents. The motor can produce constant mutual torque only if the part of the 

mutual flux through stator windings due to the rotor field is purely sinusoidal. This also 

requires sinusoidal spatial distribution of either the stator windings, or of the field due to 

rotor magnets. In practice, the perfect sinusoidal distribution of the winding is not 

achievable, and the mutual flux contains several higher harmonics and causes steady state 

torque ripple in response to a purely sinusoidal excitation.  

All three phases are excited at the same time in a PMSM drive. The phases are 

excited by controlling their respective switches such that the phase currents are in phase 

with their respective phase BEMFs to avoid any torque pulsation. The presence of 

harmonics in current and/or BEMF leads to torque harmonics. Even if the currents are 

maintained to be purely sinusoidal the BEMFs always contain some harmonics 

depending on the magnet shape and design and based on the saturation level of flux 

distribution in stator. The most commonly seen harmonics order for a 3-phase y-

connected stator windings are 5th, 7th, 11th, 13th, 17th, and 19th etc. Again  the dominant 

order of torque ripple is the 6th order which results from the interaction of 5th and 7th  

order BEMF harmonics with the fundamental component of phase currents or vice versa. 

For simplicity let us assume that there is only 5th order (per electrical cycle) harmonics in 

the BEMF. The equation of phase BEMFs with 5th harmonics only, and the 

corresponding phase currents without any harmonics and phase advance angle γ 

(according to field weakening explained in chapter II) are given by the following 

equations  

)cos();5cos()cos( 151 γωωω −=+= tIitEtEe aa             (4.2) 
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)3/2cos());3/2(5cos()3/2cos( 151 γπωπωπω −−=−+−= tIitEtEe bb    (4.3) 

)3/2cos());3/2(5cos()3/2cos( 151 γπωπωπω −+=+++= tIitEtEe bc   (4.4) 

The instantaneous torque is then calculated as the sum of the products of phase BEMFs 

and phase currents divided by the rotational speed of the machine. This torque has both a 

pulsating component and a DC component. 
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The first term in the torque expression represents the average or DC component 

whereas the last term is the unwanted pulsating component. Without any harmonics or 

phase advancing the torque is a pure DC given by 

.
2
31

110 IETT
mω

==                                                                                                (4.6) 

Due to phase advancing the average torque is reduced by a factor of the cosine of the 

phase advance angle. Also, the 6th order torque ripple in the above equation is a direct 

consequence of the 5th order BEMF. The peak-to-peak torque ripple is twice that of Tr. A 

5th order harmonics equal to 5% of the fundamental component will thus produce a 

torque ripple of 10% of the average torque provided there are no other harmonics present 

in BEMFs and the current is a purely sinusoidal. A PMSM design objective is to limit the 

5th order harmonics to a small fraction of its fundamental component; the contributions 

from higher order harmonics like 7th, 11th, 13th etc are kept less than that of the 5th order 

harmonics. 

The interaction between fundamental component of current and 5th order 

harmonics of BEMF produces both 4th and 6th order torque ripple. In a 3-phase balanced 
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system, 4th order is cancelled out (also 2nd, 8th, 14th, 16th, 20th etc.). The details of the 

cancellation can be found in Appendix-C.  The 6th order torque ripple can also be caused 

due to interaction of 7th order BEMF and fundamental component of current where the 

other derivative is 8th order and cancelled out in the y-connected 3-phase system. Since 

the 6th order component is the dominant component of torque ripple, it is important to 

minimize the 5th and 7th order BEMF harmonics in most cases. Any one of these orders 

can be completely eliminated by selecting an optimum magnet pole arc in a particular 

slot/pole motor topology. In reality, total elimination of any particular BEMF harmonic 

from magnet design standpoint is always challenged by manufacturing tolerances of the 

PMs. The presence of saturation in the magnetic circuit also can cause some of these 

harmonics in BEMF. More on this saturation and how it affects the torque ripple is 

explained in section 4.8 of this chapter. 

 

4.3    PMSM Design Choices  

 

The airgap flux pattern which depends on the type and shape of the magnets (i.e. 

surface radial, surface parallel, or bread loaf etc) determines the BEMF waveform. The 

BEMF can be shaped to be rectangular or sinusoidal (Fig. 4.1) in any particular type of 

magnet by changing the pole pitch 
pτ with respect to slot pitch cτ  or coil pitch. This 

might not produce a pure sinusoidal distribution of air gap flux and may contain 

significant amount of harmonics in BEMF for some motor configurations especially 

when the magnet poles are of uniform width all over its arc length. The flux density is 

made sinusoidal in those cases by shaping the two ends of the magnet such that PMs are 
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thinner at the edges than in the center. This shaping of the surface magnets at one point 

will make the BEMF perfectly sinusoidal, and therefore, will reduce both the cogging 

torque and torque ripple.  

 

  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.1: Phase BEMF shapes for different shapes of permanent magnet (i) top: 

pc ττ =  (ii) middle: 
pc ττ >  (iii) lower: 

pc ττ =  and magnets thinner at edges. 

 

4.3.1  Magnet Shapes 

 

Both cogging torque and torque ripple varies as the pole arc length varies 

compared to the pole pitch length. If the arc of the magnet covers the full pole pitch, the 

airgap flux density as well as the average torque will be higher compared to the case 
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when pole arc is less than the pole pitch. More so, the torque ripple and cogging torque 

could be worse depending on the value of maximum airgap flux density. 

In addition to varying the pole arc, reshaping the PM for a fixed pole arc (magnet 

angle θm in Fig. 4.2) can also change the harmonics in the BEMF significantly; this will 

change torque ripples in different designs. Three different magnet shapes with a fixed 

magnet angle of a surface mounted PM are shown in Fig. 4.2. The bar shaped magnet 

shown in Fig. 4.2(a), widely known as surface radial magnet, produces more average 

torque compared to the magnet shapes in 4.2(b) and 4.2(c) provided all other dimensions 

and parameters of the motor remain the same. The loaf and petal shaped magnets shown 

in 4.2(b) and 4.2(c) produce more sinusoidal flux distribution in the air gap than the bar  

 

 

  

   

(a) bar shape             (b) loaf shape         (c) petal shape 

 

Figure 4.2: Different magnet shapes of a surface mounted PMSM. 

shaped magnet, and consequently should contain fewer harmonics of the dominant orders 

resulting in lower torque ripple. 

Again, keeping the same pole arc length, the shape of the magnet can be varied in 

various ways similar to Figs. 4.2(b) and 4.2(c). The flux distribution in the airgap and 

also the harmonics in the BEMF will be different in those cases compared to the common 

design choice shown in Fig. 4.2(a).  

 

PM PM PM 
Rotor Rotor Rotor 

θm θm θm 
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4.3.2  Geometry Selection 

 

Slot/pole combination of a PMSM strongly influences the cogging torque and 

torque ripple characteristics of the machine. A smaller difference between the number of 

poles and the number of slots implies that there is less of a chance for complete alignment 

of rotor poles with stator tooth, and therefore, their cogging torque will be of smaller 

magnitude. The cogging torque and torque ripple have been analyzed using 2-D FEA for 

four PMSM configurations. The design features of these motors are given in Table 4.1. In 

each of the four configurations, the outer envelop dimensions and output torque 

requirements are kept the same.  In configurations like 12-slot/10-pole, the fundamental 

order of cogging is 60th (LCM of pole number and slot number); the optimum skew angle 

required to cancel this order completely is 360º/60 or 6º mechanical. On the other hand, 

the fundamental cogging torque order is only 18th in the 9-slot/6-pole motor and the 

optimum skew angle to cancel this is 20º mechanical. Ideally, the higher the number of 

cogging order the lower is the amplitude of cogging torque. In the preliminary designs, it 

has been shown how the cogging torque and torque ripple are different in different motor 

configurations though all of them meet the same torque-speed requirements. It was 

shown in the previous chapter that the cogging torque and the torque ripple quantities 

were very close to the design requirements in 12-slot/10-pole and 27-slot/6-pole motors 

as per analytical results from CAD tool. On the other hand, these are worse in 9-slot/6-

pole and 12-slot/8-pole motors. For the second type of configurations, pole shaping is one 

of the solutions to bring down the cogging torque and torque ripple. 
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Table 4.1: Four different PMSM configurations 

Number of slots 12 12 9 27 

Number of poles 10 8 6 6 

Pole arc/pole pitch ratio 0.94 0.95 0.96 0.96 

Number of cogging period in 1-

slot pitch        },{ ps

p
period NNHCF

N
N =

 

 

5 

 

2 

 

2 

 

2 

Nperiod in 360° m (i.e. 
fundamental cogging frequency) 

60 24 18 54 

Optimum skew angle,  

periods
skew NN

360
=θ

 

6° 15° 20° 6.67° 

Slot number /pole number ratio 1.2 1.5 1.5 4.5 

 

4.4    Torque Variation with Design Choices  

 

The variations in torque ripple and average torque with different machine 

configurations and magnet shapes are analyzed in this section.  

 

4.4.1  Cogging Torque Variation with Configurations 

 

Cogging torque of the four machine configurations selected for this research has 

been analyzed by FEA. The results are plotted in Fig. 4.3 for comparison. The amplitude 

of cogging torque is much smaller in the 12-slot/10-pole and 27-slot/6-pole 

configurations compared to the 12-slot/8-pole and 9-slot/6-pole configurations, as 
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expected. A suitable slot/pole combination can be chosen to improve the torque 

performance of the machine. 

Cogging torque variation: different motor 
configuration
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Figure 4.3: Cogging torque variation in different motor configurations. 

 

4.4.2  Effect of Magnet Shapes 

 

The cogging torque variation with rotor position and the peak-to-peak torque 

ripple results with phase advancing described in chapter II for a 12-slot/8-pole PMSM 

with the three magnet shapes of Fig. 4.2 are given in Fig. 4.4. All three designs have the 

same rotor and stator dimensions. The peak-to-peak torque ripple is higher for the bar 

shaped magnet compared to loaf or petal shaped ones (Fig. 4.4b), although the relative 

differences in cogging torque value is minimal for all three magnet designs (Fig. 4.4a). 
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Cogging torque variation: 12-slot/8-pole PMSM
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(a) 

Torque ripple (p-p) vs. phase angle in 12-slot/8-
pole PMSM with different magnet shapes
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(b) 

Figure 4.4: A 12-slot/8-pole PMSM performances with the bar, loaf and petal shape 
magnets (a) Cogging torque variations (b) Torque ripple variations. 

 

Again, the cogging torque and torque ripple in a 12-slot/10-pole PMSM are 

shown in Fig. 4.5 for the three magnet shapes. The torque ripple changes are minimum 

with phase angle variation especially for the loaf and bar shape magnets for this 
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configuration (Fig. 4.5(b)). The same conclusion hold true for the cogging torque (Fig. 

4.5(a)). 

          

Cogging torque variation in 12-slot/10-pole 
PMSM with various magnets shapes
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(a)   

           

Torque ripple vs phase angle in 12-slot/10-pole 
PMSM with various magnet shapes
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(b)  

Figure 4.5: A 12-slot/10-pole PMSM performances with the petal, loaf, and bar shape 
magnets (a) Cogging torque variations (b) Torque ripple variations. 

 

The 12-slot/8-pole and 12-slot/10-pole configurations fall under two distinct 

categories where the optimum skew angles for the two configurations are significantly 
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different (see Table 4.1). The skew angle of a configuration indicates the available 

window over which the airgap reluctance can be varied. Design choices, such as 

rotor/stator skew, can be utilized to bring down the airgap reluctance to zero with a wider 

skew angle. In the case of 12-slot/10-pole and 27-slot/6-pole machines, the window is 

rather small (6° and 6.67°, respectively). In the case of 12-slot/8-pole and 9-slot/6-pole 

machines, the skew angle is quite large (15° and 20°, respectively), and consequently, the 

peak-to-peak torque ripple will vary significantly with phase angle variations.  This is 

reflected in the results of torque ripple shown in Figs. 4.4 and 4.5. Therefore, torque 

ripple may be reduced by skewing in machines with larger optimum skew angle. 

The results presented in this section are without skewing. The need for skewing in 

configurations with smaller skew angles is questionable judging from the relatively small 

cogging torque seen in Fig. 4.5(a) for the 12/10 configuration. However, skewing is still 

used in these types of configurations to shift the lower orders of cogging to higher orders 

in order to address the manufacturing tolerances. 

 

4.4.3  Average Torque Variation 

 

The average torque will decrease with phase advancing (either lagging or leading) 

due to the d-axis current component as explained in chapter II. The average 

is also less for the loaf and petal shaped magnets compared to the bar magnet. This can be 

observed in Fig. 4.6 with the results from a 12-slot/8-pole PMSM configuration. The 

results are similar for the other configurations. The average torque varies cosinusoidally 
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with phase angles as the torque is proportional to q-axis current iq, and with phase 

advance or phase lag angle γ.  The average torque follows the envelope of a cosine 

function with varying phase advance angles.   

Average torque vs. phase angle:12-slot/8-pole 
PMSM
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Figure 4.6: Average torque variation with phase advancing in a 12-slot/8-pole motor with 
the bar, loaf and petal shapes respectively. 

 

4.5    Torque Variation with Magnet Skewing  

 

This section discusses about the cogging torque variation with magnet skewed 

particularly addressing the step-wise skew techniques in relation to a 9-slot/6-pole 

PMSM. 
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4.5.1  Cogging Torque Reduction 

 

The use of skewed magnet is an established approach of reducing cogging torque. 

The cogging torque is the oscillatory torque of zero average value caused by the tendency 

of the rotor to line up with the stator in a particular direction where the permeance of the 

magnetic circuit “seen” by the magnets is maximized [18]. The peak value of the cogging 

torque is defined by such parameters as slot opening/ slot pitch ratio, magnet strength, 

and air gap length, while its profile could be altered by varying the pole arc/pole pitch 

ratio. Cogging torque can be minimized by careful selection of some of these parameters, 

but this approach is limited by practical and performance constraints.  

A more common approach for cogging torque minimization is by skewing the 

rotor magnet or the stator pole. Bolognani et al. [1] showed the dependence of the 

cogging waveform period during a rotation of a slot pitch with the number of slots and 

poles, and also the relationship of the torque magnitude to the period. Hwang et al. [2] 

extended the research to show that the cogging torque can theoretically be reduced to 

zero by skewing the rotor magnet with an angle equal to one half of a slot pitch. 

 

4.5.2  Step Skewing  

 

Skewing can be continuous or step-wise. This research focuses on step-skew 

motors; the PMSMs available for experiments are also of step-skew type. A three-step 

skew is a good compromise between manufacturing complexity and performance. The 
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three-step skew scheme is shown in Fig. 4.7. The arrangement provides a gradual 

transition of cogging as the magnet moves under a stator tooth.  

A three-step skewed motor is modeled as a motor with three axial slices each 

shifted by the skew angle. The centre piece is considered to have zero phase angle (γ = 0), 

while the other two pieces (lagging and leading pieces) have positive and negative phase 

angles of γ. 

 

 

 

 

 

Figure 4.7: Three-step magnet skew scheme. 
 

4.5.3  Cogging Torque Results 

 

FE results in Fig. 4.8(a) shows the cogging torque reduction with the skew angle 

in case of a 3-step magnet skew in a 9-slot/6-pole PMSM. The legend in the figure 

indicates the skew angle. A 210 skew angle reduces the cogging torque significantly, 

since the optimum skew angle for this configuration is 200. In the ideal case, the 

fundamental component (18th in this particular case) of cogging torque will be eliminated 

completely for a 3-step skew with skew angle of 200 . This requires the magnet segments 

to be placed 6.670 displaced radially from each other.  
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The simulations for cogging torque obtained for a 9-slot/6-pole motor geometry 

with different skew angles in a skewed rotor proved that the optimum selection of skew 

angle could eliminate cogging torque for a particular geometry (Fig. 4.8a). The optimum 

skew angle is a function of stator and rotor poles only. Again, the more the numbers of 

magnet modules (also known as number of steps in skew) in a skewed magnet, the less 

are the amplitude of cogging torque (Fig. 4.8b). There is always a trade off between the 

cost and the relative improvements in cogging with the number of modules increased in 

the skewed magnet. Common trend in the motor industry is to have 2-step or 3-step skew. 

Cogging torque is always lowered with skewed rotor motor compared to straight rotor 

motor irrespective of the skew steps and the geometry (i.e. slot-pole variation). 

 

Cogging torque variation with 3-step skew with 
various skew angles
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(a) 

Figure 4.8: Cogging torque variation for 9-slot/6-pole PMSM (a) with various skew 
angles; skew0: no skew, skew6: 6 degree, skew12: 12 degree, skew21: 21 degree (b) with 

various number of magnet modules. 
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Step-skewing with various modules in magnet: 9-
slot/6-pole PMSM
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(b) 

Figure 4.8: Cogging torque variation for 9-slot/6-pole PMSM (a) with various skew 
angles; skew0: no skew, skew6: 6 degree, skew12: 12 degree, skew21: 21 degree (b) with 

various number of magnet modules. (continued) 
 

4.6   Skewing with Variation in Magnet Shapes 

 

Torque ripple reduction is a challenging task for both the motor designer and the 

control engineer. Methods based on the motor design like skewing, magnet position 

shifting, special windings etc. are more efficient than control based methods. The main 

disadvantages of the design-based methods are the reduction in average torque and the 

increased complexity of motor construction, and hence increased overall cost. 

The torque ripple in a skewed motor can be calculated using the concept of phase 

advancing and the results of FE analysis. A motor with three-step magnet skew can be 

considered as a combination of three motors operating with three different phase angles. 

If the effective skew angle is θskew, then the torque of a three-step skewed motor without 

any phase advancing can be obtained by taking the average of the torques produced by 
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three non-skewed motors: One motor operating at θskew/3 lagging, one without phase 

advancing and the other at θskew/3 leading. Phase advance angles are represented in 

electrical quantities obtained by multiplying the skew angle with the number of pole-pairs 

for the respective motor. The overall torque ripple in a skewed motor is reduced or 

increased depending on the decrease or increase of torque ripples in the lagging and 

leading motors compared to the motor with zero phase angle advancing.  

The torque ripple variation results of Fig. 4.4(b) for the non-skewed 12-slot/8-

pole motors with phase advancing (both leading and lagging phase angles) can be used to 

explain how torque ripple results for skewed motors can be obtained. The optimum value 

of skew angle for a theoretical zero cogging torque for this motor is 15° (mechanical). A 

three-step skewed motor will thus have a torque ripple equal to the average torque ripples 

at ±5° (mechanical) or ±20° (electrical), and at 0° (mechanical/electrical). For 12-slot/8-

pole PMSMs with bar and loaf shaped magnets, the averaged torque ripple will be higher 

than the ripple at zero phase, whereas the average will be slightly lower in the machine 

with petal shaped magnets. Therefore, the results of torque ripple vs. phase angle predict 

which magnet designs will reduce torque ripple with skewing. It can also be concluded 

that skewing does not always reduce the torque ripple, although cogging torque is 

reduced. There are certain configurations (like 12-slot/10-pole) and magnet shapes (like 

bar shapes in 9-slot/6-pole or 12-slot/8-pole motors) for which torque ripple can’t be 

improved significantly by magnet skew. The results of 12-slot/10-pole motor given in 

Fig. 4.5(b) show that torque ripple variation remains almost the same with phase advance 

angle variations for all of the three magnet shapes used. 



 

 105 

The peak-to-peak torque ripples as a function of phase angles for two different 

loaf magnet shapes for a 9-slot/6-pole PMSM are shown in Fig. 4.9. The results of the 

non-skewed motor can be evaluated to see whether skewing will help reduce torque 

ripple or not. The torque ripple change is more significant with lagging phase angles 

(injecting more magnetization by adding positive id), and is almost constant with leading 

phase angles (or field weakening). The most significant result is at the minimum point of 

torque ripple. The plot in Fig. 4.9 shows this point right at phase zero for loaf-A magnet 

design and at -20° (electrical) phase lagging for loaf-B magnet design. 

The likelihood of obtaining lower torque ripple in the skewed motor depends on 

where the minimum ripple point is located and the magnitude of the ripple at this 

position. This minimum point should be close to the optimum skew angle for a good 

design.  

Torque ripple vs. phase angle for different magnet 
shapes:9-slot/6-pole PMSM 
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Figure 4.9: Torque ripples variation for two different magnet designs, 9-slot/6-pole 
PMSM. 
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Torque ripple vs phase angle in 9-slot/6-pole 
motor (Loaf_A magnet): Skew vs.non-skew
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(a) 

Torque ripple vs phase angle in 9-slot/6-pole 
motor (Loaf_B magnet): Skew vs.non-skew

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7

-40 -30 -20 -10 0 10 20 30 40

Phase angle, degrees (electrical)

To
rq

ue
 ri

pp
le

 (p
-p

), 
N

m

non-skew_loafB

skew_loafB

 
(b) 

Figure 4.10: Torque ripple characteristics of a 9-slot/6-pole PMSM with skew and non-
skew (a) loaf-A magnet; (b) loaf-B magnet. 

 

The torque ripple pattern for the skewed motor (with an optimum skew angle of 

20 deg.) has been calculated for both the magnet designs according to the techniques 

described earlier. The torque ripple for skewed motor is higher than the non-skewed case 

with loaf-A shaped magnet at the operating point of zero phase angle (Fig. 4.10(a), while 
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the case is opposite for the loaf-B shaped magnet (Fig. 4.10(b)). The location of the 

torque ripple minimum in the non-skew motor is the key in determining whether torque 

ripple can be reduced or not in a certain design. 

 

4.7   BEMF and Torque Ripple Harmonics 

 

The spectrum analyses for the torque ripple and the phase BEMFs have been 

obtained to study the effect of harmonics in the magnitude of torque ripple. The dominant 

BEMF harmonics of the 5th, 7th, 11th, and 13th orders have been considered (Fig. 4.11). 

The harmonics are obtained at a very low speed of 1deg./sec  of the motor.   Assuming a 

pure sinusoidal phase current distribution, the torque will contain mostly the 6th, 12th, and 

18th order harmonics due to these BEMF harmonics. The 6th order harmonics of the 

torque ripple will not necessarily be proportional to the contribution of 5th and 7th order 

BEMF harmonics due to magnetic saturation in the machine. Some higher order 

harmonics may follow the envelope of the torque ripple (p-p) waveform when plotted 

against phase angle.  

The torque ripple harmonics of 6th, 12th, and 18th orders for a 9-slot/6-pole motor 

with the two loaf shaped magnets, loaf_A and loaf_B, are shown in Fig. 4.12 and Fig. 

4.13, respectively. The phase advance angles in these figures corresponds to -40°, -30°,  
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BEMF Harmonics in 9-slot/6-pole motor (Loaf_A 
magnet) 
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(a) 

BEMF Harmonics in 9-slot/6-pole motor (Loaf_B 
magnet) 

0

0.001

0.002

0.003

0.004

0.005

-20 -10 0 10 20

Phase angle, degrees (electrical)

B
E

M
F,

 V 5th 7th 11th 13th

 
(b) 

Figure 4.11: BEMF harmonic components (5th, 7th, 11th, 13th) (a) 9-slot/6-pole motor with 
loaf_A magnet (b) 9-slot/6-pole motor with loaf_B magnet. 

 

-20°, -10°, 0°, 10°,  20°, 30°, and 40° respectively denoted by m40 through p40. The 

main harmonics clearly follows the envelope of the peak-to-peak torque ripple 

waveforms for both the magnet shapes (non-skew cases shown in Fig. 4.10). Also, it is 

evident that the motor with loaf_B magnet shape has less BEMF harmonics compared to 
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Loaf_A (Fig. 4.11), which leads to early saturation in the former. The result is increased 

torque ripple in Loaf_A magnet design at all angles of phase lagging compared to zero 

phase (Figs 4.12 and 4.13). 

 

Torque ripple FFT:9-slot/6-pole motor (Loaf_A 
magnet)
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(a) 

Torque ripple FFT: 9-slot/6-pole motor ( Loaf_B 
magnet)
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(b) 

Figure 4.12. Absolute values of Torque Ripple harmonics (6th, 12th, 18th orders) (a) 9-
slot/6-pole motor with loaf_A magnet (b) 9-slot/6-pole motor with loaf_B magnet.  
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Torque ripple as % of average torque: 9-slot/6-
pole motor (Loaf_A magnet)
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(a) 

Torque ripple as % of average torque: 9-slot/6-
pole motor (Loaf_B magnet)
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(b) 

Figure 4.13. Torque ripple harmonics as % of average torque (6th, 12th, 18th orders) (a) 9-
slot/6-pole motor with loaf_A magnet (b) 9-slot/6-pole motor with loaf_B magnet (with 

rotor positions of phase angles between -40°and 40°).  
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4.7.1 Effect of Saturation 

 

The BEMF harmonics expressed as a percentage of their corresponding 

fundamental component for Loaf_A and Loaf_B magnet shapes is given in Fig. 4.14 for 

the zero phase angle condition. According to the principle of electromagnetic torque 

development in a PMSM without magnetic satuaration (presented in chapter II), the 6th 

order torque ripple should be equal to the contributions of 5th and 7th order BEMF 

harmonics. Thus, the torque ripple components in Fig. 4.13 for both the designs of 9-

slot/6-pole PMSM should be originate from the BEMF components of Fig. 4.14. In both 

cases, the 6th order torque ripple values (percentage of average torque) are more than the 

5th and 7th orders of BEMF values (percentage of the fundamental component of BEMF). 

The reason for this difference is the saturation in the magnetic circuit. 

BEMF harmonics with 2-different magnet shapes: 
9-slot/6-pole PMSM
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Figure 4.14: BEMF harmonics as % of fundamental (5th, 7th, 11th, 13th orders) in a 9/6 
motor with loaf_A and loaf_B magnet. 
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The torque ripple arises from the existence of cogging torque, effect of BEMF 

harmonics, and non ideality due to saturation. The magnetic circuit in PM motor consists 

of the rotor and stator steel, magnet, and air. The magnetic permeability of magnet 

material and air are very close to unity wheareas the steel material posseses a very high 

permeability. Also, the property of steel is very much non-linear (typical B-H curves of 

Si steel can be found in Appendix-D). This means that beyond certain value of flux 

density (known as the saturation limit), the stator core gets saturated and the flux density 

in the core doesn’t increase proportionately with the increase in air gap flux density. This 

ultimately distorts the smoothness of the BEMF wave forms (sinusoidal form appears 

with flat top ) and causes torque pulsation. This phenomenon is known as saturation. A 

motor can go through this situation due to both electrical  and magnetic loading. 

Electrical loading defines the amp-turn of the machine which is simply number of turns 

per coil times the amount of current through the coil. This is also called stator mmf due to 

current in the conductors. The flux density in the air gap due to permanent magnet is 

called the magnetic loading. This depends on the size, shape, remnant flux density of the 

magnet and the length of the air gap. The effect of saturation can be simulated by 

applying different levels of current ( or amp-turn) to the stator winding and observing for 

the change in total torque ripple. Fig. 4.15 shows how a motor gradually enter into 

saturation with increasing amp-turn in the machine. The same results will follow if the 

PM flux density is increased instead. As the contribution to torque ripple due to BEMF 

harmonics as well as due to cogging torque remains constant irrespective of electrical or 

magnetic loading conditions, the ripple due to saturation can be obtained by subtracting  
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Results with linear steel can be interpreted as that for a machine without saturation; the 

total torque ripple will be the sum of cogging torque and ripple due to harmonics 

only.The instantaneous value of torque results from FE simulation when subtracted from 

the cogging torque will be equal to the torque derived from the sum of the products of 

phase BEMFs and phase currents (Fig. 4.16). In reality, saturation in PMSM is very 

common. The peak-to-peak torque ripple variation as a function of saturation (modeled as 

increasing phase currents in the x-axis) can be found in Fig. 4.17. The figure also shows 

the individual components of torque ripple for a 9-slot/6-pole motor design. The results 

shown are for a wide variation of phase currents. At any particular level of current the 

total ripple has a fixed component from cogging torque, a linearly increasing component 

from BEMF, and a quadratically increasing component due to saturation.  

 

Torque variation in a 9-slot/6-pole PMSM with 
linear steel model
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Figure 4.16: Torque ripple variation in a 9-slot/6-pole motor with linear steel as rotor iron 
and stator laminations. 
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Torque ripple (p-p) vs. current with non-linear steel 
in 9-slot/6-pole PMSM
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(a) 

 
  

 

 

 

 

 

 

 
(b) 

Figure 4.17: Torque ripple causing components in a 9-slot/6-pole motor with non-linear 
steel as rotor back iron and stator lamination (a) all current levels (b) higher levels of 

currents. 

 

4.8   Simulation and Experimental Results 

 

Torque ripple tests were conducted for two 0.75 hp, 90 A, 12 V PMSMs for an 

automotive application on a dyno test stand. Test results obtained for the 9-slot/6-pole 
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non-skewed and skewed motor closely resembles the FE simulation results for the same 

motor. The FE results and the test data are plotted in Fig. 4.18. Tests were also conducted 

on a 12-slot/10-pole non-skewed PMSM. The test data contains 1st order harmonics 

because of measurement noise, and have slot order and pole order harmonics arising from 

asymmetry in the rotor and stator, respectively.  Those orders were filtered out before 

comparing with simulation results. The simulation and experimental results are given in 

Fig. 4.19. The results of the 12-slot/10-pole motor shows that magnet shaping didn’t help 

in reducing torque ripple.The experimental results verify that torque ripple reduction is 

possible through magnet shaping and step skewing only in certain machine 

configurations.  

Torque ripple vs phase angle in 9-slot/6-pole 
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(a) 

Figure 4.18: Peak-to-peak torque ripple variation in a 9/6 motor (a) test and simulation 
results for non-skewed motor; (b) test and simulation results for the skewed motor. 
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Torque ripple vs phase angle in 9-slot/6-pole 
motor (Loaf_B magnet): Test vs. simulation 
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(b) 

Figure 4.18: Peak-to-peak torque ripple variation in a 9/6 motor (a) test and simulation 
results for non-skewed motor; (b) test and simulation results for the skewed motor. 

(continued) 

 

Torque ripple vs phase angle in 12-slot/10-pole 
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Figure 4.19: Peak-to-peak torque ripple variation in a 12/10 non-skewed motor; test and 
simulation results. 
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4.9 Conclusions 

 

Torque ripple improvement in PMSMs using step-skewed magnet is an effective 

approach, but requires careful selection of magnet shapes. The torque ripple reduction 

approach using skewing is more effective in machines that have a higher optimum skew 

angle, such as in 9-slot/6-pole and 12-slot/8-pole machines. However, some motors will 

have an increase in torque ripple even after magnet skew if the magnet shape is not 

designed carefully.  

FE analysis and test results were obtained for both 9-slot/6-pole and 12-slot/10-

pole motors to validate the torque ripple analysis presented in this dissertation. Also 

extensive simulations were carried out for 27-slot/6-pole and 12-slot/8-pole motors. The 

analysis is complicated due to machine saturation induced nonlinearities at higher torque 

levels. FE analysis is useful in the design stage to study the torque ripple for different 

PMSM designs. 



119 

CHAPTER V 

RADIAL FORCE AND VIBRATION ANALYSIS 

 

5.1 Radial Force, Stator Vibration, and Acoustic Noise 

 

The acoustic noise in PM machines is lower compared to switched reluctance and 

induction machines; yet quieter performance is desired in automotive and robotics 

applications. Noise and vibration of the electromagnetic origin dominates in low to 

medium power PM machines. The electromechanical energy conversion due to an 

interaction between the magnetic fields of PMs and armature conductors takes place in 

the airgap of these machines. As a result of this interaction a strong electromagnetic force 

field exists between the rotor magnets and the stator teeth. This force field can be 

decomposed into tangential and radial force components at any point in the airgap. The 

tangential or the circumferential component (Ftan) is responsible for the electromagnetic 

torque acting on the rotor and the stator frame simultaneously. Whereas the normal or the 

radial force component (Frad), known as radial force, causes the radial vibration of the 

stator structure (Fig. 5.1). This stator vibration along with pulsation of electromagnetic 

torque is the main source of acoustic noise in PM machines. The radial force is 

undesirable especially when it leads to unbalanced pull on the stator.   
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As mentioned previously in chapter I, the noise and vibration in PMSMs can be 

caused by electromagnetic, mechanical or aerodynamic sources. The relative contribution 

of noise and vibration from all these sources are explained in chapter II (Fig. 2.1). The 

vibration of electromagnetic origin is the main focus of this research. Proper selection of 

slots and poles number, together with the winding arrangement is the key to minimize the 

noise and vibration levels. This research is focused to find the root cause of 

electromagnetic noise and vibration in 9-slot/6-pole, 12-slot/10-pole, 12-slot/8-pole and 

27-slot/6-pole motors.  

 

 

 

 

 

 

 

 

 

 

 

 

 

This chapter analyses the electromagnetic vibration in PMSMs mostly used in 

servo type applications such as in the power steering of an automobile. A procedure for 

calculating the magnetic radial forces on the stator teeth based on the 2D finite element 

method is presented first. The radial force density or pressure is the radial force per unit 

area of the stator tooth and can be calculated both by Maxwell’s stress equation and by 

Stator 

Shaft 

Slot  

Tooth 

Rotor Magnet 

Frad 

Ftan 

Figure 5.1: Radial and tangential component of electromagnetic forces in a PMSM structure.
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finite element analysis. An analytical model of the motor is then developed to predict the 

radial displacement on the stator teeth due to the radial forces. The radial displacement of 

the stator tooth is a direct indication of the vibration. The noise caused due to this 

vibration is strongly influenced by the dominant order of modes excited in a particular 

motor configuration. Four types of motor configurations are analyzed in this research for 

comparative performance evaluation with regards to noise and vibration. 

 

5.2 Unbalanced Radial Forces in Modular Machines 

 

The attraction between the rotor permanent magnets and the stator iron causes 

radial stator forces that excite the stator structural modes and radiate unwanted acoustic 

noise. A perfect rotor motor with balanced stator windings should have a net zero radial 

force on the stator structure. However, unbalanced radial force can be present in 

machines having diametrically asymmetric disposition of slots and phase windings [13, 

36, and 37]. This force is significant in permanent magnet brushless AC and DC 

machines having a fractional ratio of slot number to pole number, especially when the 

electric loading is high. Typical 3-phase machines with fractional ratios can have the 

slot/pole combinations of 3-slot/2-pole, 3-slot/4-pole; 9-slot/8-pole, 9-slot/10-pole; 15-

slot/14-pole, 15-slot/16-pole, and so on.  

The unbalanced magnetic force acts on the stator of these machine configurations 

due to an asymmetric magnetic field distribution in the air gap. The authors in [13] have 

calculated the unbalanced force components analytically and validated the results with 

FEA using Maxwell’s stress tensor method; the analysis was carried out for 3-slot/2-pole 
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and 9-slot/8-pole PMSM and PMBLDC motors. Each phase of the 9-slot/8-pole machine 

comprises of three adjacent coils connected in series, the middle coil being of opposite 

polarity to the other two coils (Fig. 5.2a). Although the windings of phases A, B and C 

are displaced by 1200 Elec. and their BEMFs are symmetrical and phase shifted by 1200 

Elec., the disposition of the phase windings about the diameter of the machine is 

asymmetrical. This results in an unbalanced magnetic force between the rotor and the 

stator. Machines with slot-pole combinations of 6-slot/8-pole, 12-slot/10-pole, and 12-

slot/14-pole can also have an asymmetrical distribution of winding. However, a 

symmetry can be achieved (Fig. 5.2b) with a rearrangement of the windings. The special 

type of winding configuration needed to make it symmetrical is called ‘modular’ winding 

where the coils of the same phases are located in diametrically opposite slots. On the 

other hand, the winding distribution is symmetrical for 3-phase machines like 9-slot/6-

pole, 12-slot/8-pole, 15-slot/10-pole, 27-slot/6-pole, 18-slot/12-pole and few others; one 

such configuration is shown in Fig. 5.2c. 

The PMSMs with fractional ratio of slot number to pole number can be classified 

into the following three types based on their slot/pole combinations: (a) Type I having 

asymmetric distribution of slots and windings (b) Type II having the same phases in 

diametrically opposite slots and called “modular” winding and (c) Type III having the 

phases with symmetrically wound and referred to as “non-modular” winding. The above 

naming convention will be used in this dissertation. In the ideal case, none of the Type II 

and Type III motors should have any unbalanced radial forces on the stator. In reality, 

Type II motors have unbalanced forces like Type I motors. The non-modular winding 

configurations in 12-slot/8-pole and 27-slot/6-pole motors are given in Appendix-B. 
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Phase A 
Phase B 
Phase C 

 

Type-I: Asymmetrical winding 
9-slot/8-pole PMSM 

 

 

Phase A 
Phase B 
Phase C 

 

Type II: Modular winding 
12-slot/10-pole PMSM 

 

Phase A 
Phase B 
Phase C 

 

Type-III: Non-modular winding 
9-slot/6-pole PMSM 

   (a)                                                                             (b)    

   (c)  

Figure 5.2 Different PMSM configurations from winding point of view (a) Asymmetrical 
(b) Modular (c) Non-modular or symmetrical. 

 

5.3 Radial Force Density 

 

The stress of the PM magnetic field and the stator mmf field is measured as radial 

force density which is more commonly known as the radial pressure. Maxwell’s stress 

tensor method is generally used to calculate this electromagnetic force acting on an 

object. In case of a 2D FE analysis, a surface containing the object is selected as a line 

(say l) and then the tangential and the radial components of the force are calculated [13]. 

The forces are given by 
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Here Bt and Bn represent the tangential and normal component of the flux density in the 

airgap, Lstk is the stack length of the motor and l represents the line containing the object 

where force is to be computed. The presence of excessive radial force on the stator tooth 

can lead to stator vibration, and therefore, can produce noise. The composition of radial 

pressure is analyzed in the following. 

The space and time distribution of the rotor and stator MMF of a polyphase 

electrical machine fed with balanced sinusoidal currents can be expressed by the 

following equations [11]:  

For the stator 

    )cos(),(
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1 ∑
∞

=

±=ℑ
ν

νν ωανα tpFt m                           (5.3) 

For the rotor 

)cos(),(
0

2 μ
μ
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tpFt m                 (5.4) 

where α is the angular distance from a given axis, p is the number of rotor pole pairs, φμ 

is the angle between vectors of the stator and rotor harmonics of equal order, ν and μ are 

the numbers of harmonics of the stator and rotor, respectively, and Fmν and Fmμ are the 

peak values of the νth and μth harmonics, respectively. The product pα = πx/τ where τ is 

the pole pitch and x is the linear distance from a given axis. The instantaneous value of 

normal component of the magnetic flux density in the air gap at a point α can be 
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calculated as the product of airgap permeance and the total airgap mmf produced by the 

rotor and stator 

),(),(),()],(),([),( 2121 tBtBtGtttB n αααααα +=ℑ+ℑ=                (5.5) 

where )cos(),(
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∞

=

 is the normal component of flux density of the 

stator and )cos(),(
0

2 μμ
μ

μ φωαμα +±= ∑
∞

=

tpBtB m  is the normal component of flux 

density of the rotor. Also, the air gap relative permeance variation G(α) can be expressed 

with the aid of Fourier series as an even function to model the air gap variation bounded 

by the stator and rotor active surfaces 
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where k is the number of harmonics. Once the airgap flux distribution is known, the 

magnitude of the radial force per unit area at any point of the air gap can then be 

calculated according to Maxwell stress tensor in (5.2). This force per unit area is called 

radial pressure Pr (α,t) given by [11]  
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Since the magnetic permeability of the ferromagnetic core is much higher than that of the 

airgap, the magnetic flux lines are practically perpendicular to the stator and rotor cores. 

This means the tangential component of flux is much smaller than the normal component 

and can be neglected. Therefore, the expression for radial pressure simplified to 
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There are three groups of the infinite number of radial force waves. The first and 

the third term in (5.8), called the square terms, are the constant stress due to stator mmf 

and rotor field respectively. The second term represents the pulsating force waves as a 

product of both the rotor and stator mmfs. The square terms produce constant stresses and 

radial force waves with double the number of pole pairs and double the pulsation of the 

source wave magnetic flux density. This constant stress term represent the static magnetic 

pressure uniformly distributed along the airgap and is not important with regards to noise 

and vibration. Only the interaction of the rotor and stator waves (second term in 5.8) 

produce low mode and high amplitude of force waves, which are important from the 

acoustic point of view. The radial pressure with the above assumptions can further be 

simplified to 
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where ,....3,2,1,0)( =±= pr μν is the mode number of the force wave and 

μν ωωω ±=r is the angular frequency of the force of the rth order. The radial force 

circulate around the stator bore with the angular speed ωr/r and frequency fr = ωr/(2πr). 

The amplitude of the radial pressure is 

         2

0
max, /

2
mN

BB
P mm

r μ
μν= .               (5.10) 

  

Clearly the amplitude of pressure on the stator surface depends on the maximum value of 

rotor and stator contributed airgap flux density; this pressure variation is sinusoidal. The 

amplitude of the radial force on any tooth can be calculated by multiplying the pressure 

amplitude Pr with the area of that tooth which is πDinLstk/Np, where Din is the stator core 

inner diameter and Np (Np = 2p) is the number of rotor poles.  

 

5.3.1. Calculation of Radial Pressure 

 

The maximum value of radial force on a stator tooth or the radial pressure 

distribution on the tooth surface can be calculated by the analytical equation in (5.7) or by 

FEA tool. Both the amplitude and the frequency of radial pressure are important in 

relation to acoustic behavior of the machines and they vary significantly from no-load to 

full-load conditions. The issues will be addressed separately in this chapter. A set of 

typical values of radial pressures and tooth forces under no-load for several motor 

configurations are given in Table 5.1. Here, the airgap flux is only due to the permanent 

magnet and rotates at the pole-pair frequency. The radial pressure varies with the square 
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of the flux density and should be rotating at pole frequency around the tooth periphery. 

Therefore, the main pressure component other than the DC will be the pole order 

component. The radial pressure wave acts directly on the tooth tips. The stator bore 

surface is not smooth but is covered with alternating slots and teeth. These waves are 

present also in the slotted zones. Thus the actual total force exerted on the teeth is given 

by the integral sum of the force over the area within the tooth pitch. 

The analytical calculation of pressure is a crude approximation as it is based on 

the average flux density in the airgap rather than the distribution of the airgap flux. The 

FEA tool can capture this distribution and predict the stress due to this flux around the 

stator teeth that might lead to possible deformations. Therefore, a difference can be seen 

between the analytical and the FE results in Table 5.1. Also, the radial pressure is higher 

in 12-slot/10-pole motor compared to 9-slot/6-pole motor whereas the total force on a 

tooth of the former is less than the latter. It is the magnitude of pressure on the tooth and 

its frequency that determines the amount of vibration, and not the magnitude of force.   

 
Table 5.1: Calculated Radial Pressure @ no-load Condition (FEA vs. Analytical) 
 

Radial pressure, Pr,max 
(max), N/m2 

Radial force (max) on 
a tooth, N (Pr,max. 
Atooth) 

Motor 
configuration 

Max. air-
gap flux 
density,Bg 
(T) Analytical FEA 

Tooth 
area, 
Atooth 
(m2) Analytical FEA 

9-slot/6-pole 0.819 2.67E+05 3.77E+05 0.000867 231.4 327.1
12-slot/8-
pole 

0.863 
2.89E+05 4.07E+05

0.000651
188.2 265.0

12-slot/10-
pole 

0.853 
2.96E+05 4.27E+05

0.000651
192.6 277.8

27-slot/6-
pole 

0.882 
3.10E+05 3.36E+05

0.000257
79.6 86.3
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These will be explained in the next section with relation to dominant mode orders in each 

motor under different loading conditions.  

 

5.4 Radial Vibration and Dominant Mode Shapes 

 

The radial forces are transmitted through the teeth from the air gap to the yoke 

which can cause deformation on the stator rings. This deformation is the largest when the 

vibrating frequency of the stator  fr  is close to the natural mechanical frequency [53] of 

the stator (fm=r in 5.11). From airborne noise point of view, the most important 

frequencies are those of low mode numbers, i.e., frequencies at r = 0, 2, and 4. 

Deformations of the stator core for different vibration modes commonly called “mode 

shapes” are shown in Fig. 5.3 [43]. For r = 0 the radial force is distributed uniformly 

around the stator periphery and changes periodically with time [36, 43, and 53]. For r = 1, 

the radial pressure produces a single-sided magnetic pull on the motor and a pull rotation 

with certain angular velocity. A heavy vibration of the machine occurs at resonance when 

pull rotation speed matches the natural frequency of the stator. In most cases, the second 

order cylindrical mode or fundamental mode with r = 2 is the predominant mode. The 

mode with r = 4 is the fourth order mode causing double ovalization on the yoke 

circumference. All the mode shapes have their own natural mode frequencies. Any 

particular mode shape is excited when its natural mode frequency matches with any of 

the harmonics of the magnetic radial force. 
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The natural frequency of the stator of the rth order can be expressed as 

                                                
r

r
rm M

K
f

π2
1

==                                                          (5.11) 

where Kr and Mr are the lumped stiffness and lumped mass of the stator, respectively. 

Analytical equations for calculation of Kr and Mr can be found in [11, 22]. 

 

 

Figure 5.3: Circumferential vibration modes with different mode numbers. 
 

For a stator core with thickness wbi, mass Mst, and the mean diameter Dm , the lumped 

stiffness and lumped mass in the circumferential vibration mode  r = 0 is 

                                  
m

stkbi

D
LEw

K π40 =  and  mdst kMM =0                                        (5.12) 

where 
st

iwt
md M

MMM
k

++
+= 1  is the mass addition factor, Mt is the mass of all teeth, 

Mw is the mass of stator windings, and Mi is the mass of insulation. The lumped stiffness 

and mass for other mode shapes are calculated in a similar fashion to find the natural 

mode frequencies. The details of the mode frequency calculation can be found later in 

this chapter. 
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5.4.1. Radial Pressure and Mode Shapes under No-load Conditions 

 

The FEA results for radial pressure distribution around the stator tooth periphery 

without stator excitation are given in Fig. 5.4 for 9-slot/6-pole, 12-slot/10-pole, 12-slot/8-

pole, and 27-slot/6-pole motors. These results show a sinusoidal variation of tooth 

pressure with a constant value; the constant values of pressures are different in different 

motor topologies. In most cases, other than the modular type of motors (for instance, 12-

slot/10-pole PMSM), the dominant modes of the pressure waves are equal to the number 

of poles. This is why the pressure distribution in 1-mechanical cycle shows 6, 6, and 8 

cycles with equal amplitudes in a 9-slot/6-pole, 27-slot/6-pole, and 12-slot/8-pole 

PMSMs, respectively (Fig. 5.4 a, b, and c).  All of these PMSMs are non-modular type of 

machines. In a modular machine of 12-slot/10-pole topology as in Fig 5.4(d), in one 

mechanical cycle there are 5 cycles of pressure distribution with slightly different 

amplitudes and the pattern is repeated twice. Therefore, modes 2 and 10 exist in this 

machine in addition to the sub-orders of 2 and 10. These FE results contain some glitches 

of very high frequency and are not of interest from the vibration perspective. These are 

caused due to mesh of the FE model and its misalignment between adjacent layers as one 

layer rotates with respect to the other. 
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Radial Pressure @ No-load: 27-slot/6-pole PMSM 
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(b) 

Figure 5.4: Radial pressure variation without stator excitation obtained from FEA as 
space distribution (a) 9-slot/6-pole (b) 27-slot/6-pole (c) 12-slot/10-pole (d) 12-slot/8-

pole PMSM. 
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 Radial Pressure @ No-load: 12-slot/8-pole 
PMSM
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(c) 

 
Radial Pressure @ No-load: 12-slot/10-pole 

PMSM 
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(d) 

Figure 5.4: Radial pressure variation without stator excitation obtained from FEA as 
space distribution (a) 9-slot/6-pole (b) 27-slot/6-pole (c) 12-slot/10-pole and (d) 12-

slot/8-pole PMSM.(continued) 
 

The FFT analysis of the pressure variations clearly identifies all the mode orders 

in the motors (Fig. 5.5). The orders in a 12-slot/10-pole motor are 2, 4, 6, 8, 10, 12 etc. 

and in a 12-slot/8-pole motor are 8, 16, 24 and so on. The lower the order of the 
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frequency of this radial pressure, the more is the likelihood of the motor to run into 

resonance. For instance, the 12-slot/10-pole motor shows order 2 components compared 

to orders 8, 6, and 6 in 12-slot/8-pole, 9-slot/6-pole, and 27-slot/6-pole motors, 

respectively. This means a 12-slot/10-pole motor has more chance to run into resonance 

compared to any of the 12-slot/8-pole, 9-slot/6-pole, or 27-slot/6-pole motors. In 

conclusion, modular type machines could be more prone to vibration than the non-

modular type machines. 

 
FFT of Radial Pressure @ No-load: All PMSMs

0.0E+00

5.0E+04

1.0E+05

1.5E+05

2.0E+05

2.5E+05

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29
Order

P
re

ss
ur

e,
 N

/m
^2

9-slot/6-pole

27-slot/6-pole

12-slot/8-pole

12-slot/10-pole

 

Figure 5.5: Radial pressure variation without stator excitation: FFT analysis.  
 

5.4.2. Radial Pressure and Mode Shapes under Full-load Conditions  

 

The mechanics of the radial pressure distribution and its frequency contents 

change with stator excitation. The lower mode frequency appears in the machine with 

excitation compared to without excitation. For instance, a 12-slot/8-pole motor sees mode 

4 under stator excitation whereas the lowest mode under no excitation was 8. The mode 
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shapes under stator excitation are marked in FE plots of radial flux vectors given in Fig. 

5.6 for all four PMSM configurations.  

The difference in radial pressure distribution for modular and non-modular 

machines can also be analyzed by considering the candidate 12-slot/10-pole and 9-slot/6-

pole motors, respectively. The changes in radial pressure distribution for no-load and full- 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.6: Radial pressure distribution on the stator tooth showing the dominant order of 
modes in different motor topology with stator excited. 
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load conditions are shown in Fig. 5.7 for each of these motor configurations. Fig. 5.7c 

shows the change of lower order mode from 6 to 3 for a change of no-load to full-load in 

a non-modular PMSM with 9-slot/6-pole configuration. On the other hand, for a modular 

PMSM with 12-slot/10-pole configuration the low order mode 2 prevails and amplified  
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(b)  

Figure 5.7: Radial pressure (a) variation at full-load vs. no-load in a 9-slot/6-pole (b) 
variation at full-load vs. no-load in a 12-slot/10-pole PMSM (c) FFT of radial pressure 

for 9-slot/6-pole (d) FFT of radial pressure for 12-slot/10-pole. 
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(d)  

Figure 5.7: Radial pressure (a) variation at full-load vs. no-load in a 9-slot/6-pole (b) 
variation at full-load vs. no-load in a 12-slot/10-pole PMSM (c) FFT of radial pressure 

for 9-slot/6-pole (d) FFT of radial pressure for 12-slot/10-pole. (continued) 
 

under full-load along with other even orders like 4th, 6th, 8th etc. (Fig. 5.7d). In the other 

non-modular PMSMs with 12-slot/8-pole, and 27-slot/6-pole configurations, the lowest 

order of mode becomes the 4th, and 3rd orders, respectively. In general, the low order 

modes in non-modular types are higher than the low order modes in modular type 
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machines. This means the corresponding resonance frequencies in the former type will be 

much higher than the resonance frequency for the latter types. In addition, the radial 

pressure amplitudes for the 3rd and 4th order frequencies are smaller than the amplitude 

for the 2nd order. Both phenomena lead towards less vibration in the non-modular type 

machines. The distinguishing outcome of these results is the presence of the lowest order 

of frequency in radial pressure for certain slot/pole combination in PMSMs. These results 

also identify how the mode orders are affected in full-load than in no-load. The lower 

order mode in modular machines with full-load remains the same as compared to no-load. 

Whereas the lower order mode reduced to pole-pair frequency with full-load from pole 

frequency at no-load in non-modular machines. The next section discusses the 

displacement of the stator ring and vibration of the motor due to radial pressure. 

The analytical equation in (5.8) contains two constant stress terms; one due to 

stator mmf and the other due to rotor field. There is a also variable stress term due to the 

product of stator mmf and rotor field. Under no-load conditions, the stator excitation is 

zero and the constant stress due to stator mmf as well as the variable stress is zero. Under 

load conditions, both the constant stress and the variable stress have non zero values. 

Therefore, the DC component of stress under no-load should be less than the DC 

component of stress with stator excitation. 

The alternating component of the stress is due to the interaction of rotor and stator 

fields. In a PMSM, both the stator and the rotor field variations are assumed to be 

sinusoids with fundamental frequencies equal to the number of stator poles and the 

number of rotor poles, respectively. Therefore, the stress terms contains a fundamental 

mode frequency equal to the differences between the stator and the rotor poles and 
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several other sub-harmonics of the fundamental. This explains the harmonics in radial 

pressure under full-load as given in Figs. 5.7(c) and (d). 

The glitches in the FE results (Fig. 5.7) are due to finite element mesh and are of 

very high frequency. The frequencies of interest from noise point of view are very low 

frequencies and those high frequency glitches have no influences at all. 

 

5.4.3. Mode Shapes and Radial Force under No-load and Full-load Conditions  

 

The magnetic radial force, circumferential mode frequencies, radial deflections, 

stator vibration, and noise power level are all functions of machine geometry, 

configuration and material properties. The radial force distribution on the stator teeth for 

a modular and two non-modular machines under no-load condition are shown in the radar 

plots of Fig. 5.8. All the tooth forces of a machine are assumed as vectors acting along 

the tooth centre lines with corresponding force magnitudes at any instant and the tip of 

the vectors are connected to create the radar plots. The force distribution thus obtained 

should be moving in space as the motor rotates. The distribution clearly shows a mode 

frequency of 2 in the modular machine without the stator being excited and mode 

frequencies of 6 and 8 in the non-modular machines. 

 The radar plots given in Fig. 5.9 explain the radial force variation for all four 

motor configurations under full load condition. These clearly show how the frequency of 

the force waves change from no-load to full-load conditions in relation to modular and 

non-modular machines. Clearly, the force waves resemble with the pressure waves as 

explained in the previous section with regards to the frequency contents.  
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Force distribution on the stator tooth:3-different PMSMs under no-load
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Figure 5.8: Space distribution of Radial force on stator teeth for a Modular machine (12-
slot/10-pole) and two Non-modular machines (12-slot/8-pole and 9-slot/6-pole). 

 

   

Force distribution on the stator tooth:9-slot/6-pole PMSM
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a(i) 

Figure 5.9: Radial force distribution on stator teeth (a) non-Modular machines like (i) 9-
slot/6-pole with mode ‘3’ (ii) 12-slot/8-pole with mode ‘4’ (iii) 27-slot/6-pole with mode 

‘3’ (b) Modular machine like 12-slot/10-pole with mode ‘2’. 
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Force distribution on the stator tooth:12-slot/8-pole PMSM
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Force distribution on the stator tooth:27-slot/6-pole PMSM
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a(iii) 

Figure 5.9: Radial force distribution on stator teeth (a) non-Modular machines like (i) 9-
slot/6-pole with mode ‘3’ (ii) 12-slot/8-pole with mode ‘4’ (iii) 27-slot/6-pole with mode 

‘3’ (b) Modular machine like 12-slot/10-pole with mode ‘2’.(continued) 
 



 

 142

  

Force distribution on the stator tooth:12-slot/10-pole PMSM
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(b) 

Figure 5.9: Radial force distribution on stator teeth (a) non-Modular machines like (i) 9-
slot/6-pole with mode ‘3’ (ii) 12-slot/8-pole with mode ‘4’ (iii) 27-slot/6-pole with mode 

‘3’ (b) Modular machine like 12-slot/10-pole with mode ‘2’.(continued) 
 

5.5 Radial Displacement   

 
An analytical model of the motor structure will be developed in this section. The 

results of radial forces by FEA tool will be used in the analytical model to determine the 

displacement on the outer periphery of the stator. The results of the analytical model will 

be validated by comparing displacement results obtained from structural finite element 

analysis software.   

 

5.5.1 Analytical Model 

 

The stator can be considered as a cylinder body with restrained ends. The cross 

sectional dimensions of the devices are shown in Fig. 5.10(a). The inside radius (stator 

airgap) of the cylinder is Rgs , and the outside radius is Rout. Let the internal pressure in 
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the cylinder be Pi which is equal to the radial force per unit stator area (Pr) developed in 

section 5.3 (equations 5.8 through 5.10); the outside or external pressure is P0. The 

problem can be solved using cylindrical coordinates. Every ring of unit thickness 

measured perpendicular to the plane of the paper is stressed alike. A typical infinitesimal 

element of unit thickness is defined by two radii, r and r+dr, and angle θ, as shown in 

Fig. 5.10(b). Normal radial and tangential stresses acting on the infinitesimal element is 

also shown in the same figure. The assumptions made in developing this model are as 

follows: 

 If every element at the same radial distance from the centre is stressed 

alike, no shear stresses act on the element. One exception to this is that 

slot might not be stressed alike. 

 The axial stresses  xσ  on the two faces of the element are equal and 

opposite. They act normal to the plane of the paper and cancel each other. 

 

The stress and strain equations applied to this problem are [51], 
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                         (a)               (b) 

Figure 5.10: Cylindrical shape of stator with a cross sectional view.    

 

According to the assumption that the ends are restrained, the axial strain can be 

neglected. With 0=xε and combining the expressions in (5.13) with the strain 

relationships along the radial and tangential directions
dr
dx

r =ε  and
r
x

t =ε , the stress 

equations can be simplified as 

                   ])1[(
)21)(1( r
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dxv

vv
E

r +−
−+

=σ                                                       (5.14a) 

                  ])1([
)21)(1( r
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E
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Our interest is on the normal radial stress σr and the radial displacement x due to this 

stress for estimating vibration and noise. The condition of static equilibrium is then 

applied by summing the forces along a radial line and setting it equal to zero, 
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                             0=∑ r
F                                                              (5.15) 

 The force on the element of unit thickness is calculated as the product of stress and area 

of the element cross section. Therefore, the equilibrium condition in (5.15) can be 

simplified as  
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Combining the relationships in (5.14) and (5.16) and after simplification the following 

differential equation can be obtained to estimate radial displacement x: 

                        01
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The details of this derivation can be found in Appendix-E. The general form of solution 

to the differential equation in (5.17) for radial displacement at any point on the cylinder is  

                                            
r
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 where the constants A1 and A2 can be determined by applying the boundary conditions of 

the body 
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For simplicity the outside pressure on the cylinder, Po is considered negligible compared 

to the pressure on the inside cylinder. The final form of the constants are found to be 
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Here, Pi is the maximum internal pressure on the tooth given as Pr,max in  (5.8). The 

constants A1 and A2 when used in (5.18) give the radial displacement of any point on the 

elastic cylinder subjected to the specified pressure.  

 

5.5.2. Estimation and Validation of Radial Displacement 

 

Separate calculations are carried out to find the displacements on the inner surface 

of the tooth and the outer surface of the stator cylinder on a radial line according to 

(5.18). If the displacement on the inside edge of a tooth is xin and the displacement on the 

outer edge of the stator ring along that tooth is xout, then the differences between these 

two are the estimate for net displacement along that line. Any displacement due to stator 

vibration from the end caps, bearings, gears etc. are not considered in this model.  

outin xxx −=                                                   (5.20) 

 

Estimation by Analytical Model 

 

The radial pressure obtained from FE analysis (using Flux 2D) is used in the 

analytical model to calculate the radial displacement x. Here, the radial pressure at the 

low order mode is used as the maximum value of tooth pressure for a particular motor 

topology. The displacement results for the four PMSMs with different slot/pole 

combinations are given in Table 5.2.  
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Table 5.2 Analytical calculation of radial displacement 

12-slot/10-pole 9-slot/6-pole 27-slot/6-pole 12-slot/8-pole 
Pmax , 
N/m2 

Disp, μm Pmax , 
N/m2 

Disp, μm Pmax , 
N/m2 

Disp, μm Pmax , 
N/m2 

Disp, 
μm 

4.07x105 4.1 3.77x105 1.9 3.36x105 1.8 4.27x105 2.1 
 

Validation by Structural FEA Model 

 

The displacement data shown in Table 5.2 is calculated based on the maximum 

pressure experienced by any tooth at an instant of time. However, structural FE analysis 

can be carried out to estimate displacements on the stator outer periphery at several node 

points under various cases. The structural finite element analysis (using ANSYS) is done 

at several locations on the stator housing of a 12-slot/10-pole machine to compare with 

the analytical data. The nodes are taken along the centre line of each tooth as 

demonstrated in Fig. 5.11 where F1 through F12 represent the tooth forces that varies 

with phase currents. These tooth forces are the oscillating portion of radial forces acting 

on each tooth in one complete cycle. There are only 6 variations for 12 tooth forces (Fig. 

5.12) as the diagonally opposite tooth pair (such as F1-F7 and F2-F8) forces go through 

the same magnetic stress. The FEA results of forces and pressures for the six set of tooth 

forces under six different cases are given in Table 5.3. The pressure values for any 

particular case when used as input to a structural FEA model in ANSYS can determine 

the displacements (in mm) at the 12 node points on the stator outer periphery (as marked 

in Fig. 5.11). All six columns (case I through case VI) in Table 5.4 are completed with  
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Figure 5.11: Structural analysis model showing tooth forces and test nodes for 
displacement measurement. 

 
 

Table 5.3: Six different cases of tooth forces and corresponding tooth pressures 
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displacement values from this structural FEA. The displacement results from this FEA 

are comparable to the displacement result obtained from analytical model in a 12-slot/10-

pole machine. 

 

 
 

Figure 5.12: Variation in tooth forces with respect to phase currents. 
 

Validation by Experimental Results 

 

Four accelerometers are mounted at 4-different nodes 90˚ apart on the outer 

periphery of a 12-slot/10-pole motor in a dyno stand. These nodes are marked as 1592, 

1457, 1503, and 1458 respectively (Fig. 5.13) to replicate some of the nodes in the 

structural model in Fig. 5.11. As the analysis showed that the lower mode in 12-slot/10-

pole motor is to be 2, the stator will go through some form of ovulation. Thus, the 

maximum displacement or stator deformation will be along the perpendicular axis of the 
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stator ring. Therefore, the accelerometers at those points can capture the maximum 

displacement at all time. 

 
Table 5.4: Radial displacement on 12 distinct nodes on the housing surface @ 6-different 

instants for a 12-slot/10-pole PMSM @ full-load  
 
 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5.13: Radial displacement measured at 4-orthogonal locations on the stator 
housing. 
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The accelerometer test results (at 4 node points marked in Fig. 5.13) match very 

closely with the structural FE data given in Table 5.4 for the same nodes. Again, the 

structural FE data matches the analytical data. Therefore, the analytical method 

developed in this chapter gives a valid approach of estimating radial force and pressure 

and displacements through modeling, and hence, avoiding experiments. 

 

5.6   Vibration and Noise due to Radial Displacement 

 

Magnetic stress under faulty conditions or due to unbalances can cause 

deflections on the structure of a PMSM. As the ends of these machines are restrained, the 

bending or the torsion can be neglected. It is then the circumferential mode that dictates 

the mode frequency and vibration due to this stress. Following statements are true in 

relation to noise and vibration in these machines. 

 Bending, torsional and other out-of-plane modes contribute to vibrations 

under unbalanced or faulty situations. 

 The vibrations in torsional, radial and bending modes can be considered 

unlikely to occur assuming that the ends of the stator structure are stiffly 

supported and clamped to the legs. 

 Circumferential modes are important in the electromagnetic vibration. 

 Frequency content of the magnetic radial force is essentially the excitation 

frequency. 

Based on the assumptions made above, the natural mode frequency, the excitation 

frequency and the condition of resonance are calculated. 
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Vibration due to the magnetic forces is a natural phenomenon of machine 

operation. The radial vibration of stator of a PMSM is initiated when the magnetic radial 

pressure causes radial displacement of the stator structure. As a matter of fact, radial 

displacement is a direct measure of machine vibration.  

The motor shaft is also deflected by the magnetic force in the motor. The 

deflection produces a corresponding increase in the magnetic forces between rotor and 

stator, which in turn is applied to the motor bearings. The deflection of the shaft produces 

an eccentricity between the rotor center of mass and the rotating centerline. The rotor 

eccentricity causes unbalanced forces that increase bearing loading and machine 

vibration. 

 

5.6.1 Condition of Maximum Vibration 

 

The maximum vibration occurs at the condition of resonance when the machine 

excitation frequency matches with its natural mode frequency. The excitation frequency 

(fexc) is an integer multiple of the machines rotational frequency (fp) given by [47] 
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where Np is the number of rotor poles. On the other hand, the natural mode frequencies 

(fm) are mainly a function of stator dimensions [22]. Natural mode frequencies for several 

modes can be calculated using the equations given in the following section. 

 

 



 

 153

5.6.2 Calculation of Natural Mode Frequency 

 

Several basic methods of calculating the natural mode frequencies (fm) can be 

found in [25, 43-47, and 52]. First, the stator is considered as a freely vibrating ring and 

then masses of the teeth and winding were considered to account for the stator structure. 

Finally, the effects of shear and rotary inertia were considered to develop formulas for the 

crude approximation of the mechanical mode frequencies [22].  The mode zero frequency 

is given by 
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E is the young’s modulus of elasticity of stator material in N/m2 , ρs is the density of the 

material in Kg/m3, Wt is the total weight of the stator comprised of tooth, windings and 

insulation weights.  

The frequency of mode 1 is given by 
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where m represents the mode number. The nomenclatures of equations (5.22) through 

(5.24) are given in the “Glossary of Symbols” at the beginning of this dissertation.  

The natural mode frequencies for all four motor configurations have been 

calculated at several rotational speeds of the rotor and listed in Table 5.5. The dominant 

mode numbers are 3, 2, 4, and 3 for a 9-slot/6-pole, 12-slot/10-pole, 12-slot/8-pole, and 

27-slot/6-pole motors, respectively. The corresponding mode frequencies are determined 

by (5.22) and tabulated in Table 5.6. For the 12-slot/10-pole motor, the mode frequency 

(393.47 Hz) matches with about 5 times the excitation frequency at 1000 rpm (83.33 Hz). 

Whereas,  

Table 5.5: Excitation frequency calculation at different rotational speed 

Rotational freq for different Motor 
configurations (fp),Hz 

Rotational 
speed, rpm  

9s6p 12s10p 12s8p 27s6p 

Excitation freq., Hz  

(n.fp) in mechanical  

Elect.: 25        41.66 33.33 25 500 

Mech.: 8.33    8.33 8.33 8.33 

 8.33, 16.67, 25, 33.33, 41.66, 
50, 58.33, 66.64, 75, 83.33, 
91.63, 100,…… 

Elect.: 50 83.33 66.67 50 1000 

Mech.: 16.66 16.66 16.66 16.66 

16.67, 33.33, 50, 66.64, 83.33, 
100, 116.62, 133.28,… 

Elect.: 100 176.64 133.34 100 2000 

Mech.: 33.33 33.33 33.33 33.33 

33.33, 66.64, 100, 133.33, 
166.67, 200, 233.33,…… 

Elect.: 200 353.28 266.68 200 4000 

Mech.: 66.67 66.67 66.67 66.67 

66.64, 133.33, 200, 266.64, 
333.2, 400, 466.67,…… 
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for 9-slot/6-pole, 27-slot/6-pole and 12-slot/8-pole motors, the mode frequencies are too 

high to match with the excitation frequency. This is a direct indication of how a machine 

with lower order mode enters into resonance easily and becomes noisy. 

Table 5.6: Mode frequency calculation 

Mode frequency for several motor configuration, Hz Mode number 
of interest 

9s6p 12s10p 12s8p 27s6p 

0  4911.7   

1     

2  393.47   

3 1027.95   1027.95 

4   1801.53  

 

5.6.3 Acoustic Noise and Sound Power Level  

 

The analytical values of radial displacements for all the motors of interest in this 

research are given in Table 5.2 when the corresponding lower order modes are excited. 

Radiated noise can be estimated from these displacement results using their relationship 

with sound energy. The sound power in watts and dB can be obtained from the following 

equations [25 and 52]; 

}.2log{.10
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PL =                               (5.25) 
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Here, Ps is the sound power in watts radiated by an electric machine for a particular 

excitation frequency, Lw is the value of the sound power converted in dB with a reference 

sound level of Psref, and σrel is the relative sound intensity. 

The radial displacements are higher in a 12-slot/10-pole motor compared to other 

candidate motors of this research. The radiated acoustic noise will follow the same trend. 

The values of sound power level due to radial vibration are listed in Table 5.7. The 

decibel level for average conversation is around 60 dB and for the average radio and 

vacuum cleaner is around 75 dB. The sound power levels listed in the following table can 

be compared with these phenomena. A brief listing of sound intensity levels of some 

familiar sources can be found in Appendix-F. 

 

Table 5.7: Sound power level due to radial displacement in 4-different PMSMs 

Quantity  9-slot/6-

pole 

12-slot/10-

pole 

12-slot/8-

pole 

27-slot/6-

pole 

Radial displacement, 

μm 

1.9 4.1 2.1 1.8 

 Sound level, dB 65.13 76.25 68.50 61.7 

 

 



 

 157

5.7   Conclusions 

 

A few researchers have identified the electromagnetic radial force as the main 

cause of vibration in PM machines and experimentally determined the mechanical 

deformation and vibration without developing a machine model [13]. This research 

developed an analytical machine model to determine radial deformation using radial 

pressure as an input to the model. The radial deformation thus calculated can be used to 

estimate noise and vibration in different PMSM configurations. 

Several researchers show that the reduction of cogging torque and mutual torque 

ripple ultimately reduce the unacceptable speed ripple, and hence, the vibration and 

acoustic noise [1-7, 15-17]. These works did not establish any fundamental relationship 

between torque ripple or cogging torque with noise and vibration. This research showed 

that the root cause of noise and vibration is the radial forces not the torque ripples. This 

dissertation contributed to both theoretical and numerical analysis of vibrations of 

magnetic origin in a PMSM. First, the exciting magnetic forces are studied with respect 

to their distribution in time and space by determining the time harmonic and spatial 

orders of the forces in relation to 12-slot/10-pole and 9-slot/6-pole motor topologies. 

Furthermore, a 2D FE tool is used to calculate the radial forces on the stator teeth. Then 

the analytical model of the machine describing vibration behavior has been developed. A 

static solution by the analytical model for that radial force value gives the radial 

displacement of a tooth pair. Finally, the radial displacement or vibration is converted to 

audible noise using sound energy equations [15, 52].  
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There are several ways to reduce radial forces. Flux can be decreased, air gap area 

can be increased, air gap symmetry can be improved, and the stator’s lateral stiffness can 

be increased. The flux reduction method will also reduce the average output torque; the 

increased air gap will require a stronger or larger magnet to maintain the same torque 

level. This research investigated the root cause of radial force variation with variation in 

slot-pole combinations; some motor topologies were found to be better than others in 

terms of radial force and lower vibration. 

In modular machines, the flux-linkage per coil and the torque density are high, 

since the coil-pitch is approximately equal to the pole-pitch. Also the cogging torque is 

very small because of the fractional ratio of slot number to pole number and the fact that 

the least common multiple (LCM) between the number of slots and poles is large. The 

higher the value of LCM, the higher is the frequency of cogging; consequently, the lower 

is the amplitude of cogging torque. However, one disadvantage is that such machines 

exhibit an unbalanced magnetic force and result in excessive acoustic noise and vibration 

[21]. In spite of the manufacturing advantages, and low cogging torque and torque ripple 

shown by the modular PM machines, they are not an attractive candidate due to the 

increased unbalanced radial forces and acoustic noise. On the other hand, non-modular 

machines with symmetrical stator windings are not as good as modular ones in terms of 

cogging torque, torque density, and torque ripple. However, they are the better candidates 

for applications requiring less noise and vibration. 
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CHAPTER VI 

SUMMARY AND FUTURE WORK 

 

This chapter summarizes the advances on permanent magnet machines 

accomplished through this research along with suggested future works.  The summary 

section 6.1 gives a brief description of the research presented in this dissertation and 

section 6.2 discusses the relevant issues that still need to be addressed in the future.     

 

6.1     Summary 

 

The permanent magnet machines are an attractive solution for compact machines 

with higher efficiency and higher torque-to-volume ratio. Such machines are now in great 

demand in many applications including the automotive steering application. These 

applications also require quiet machine operations, which mean a lower level of cogging 

torque and torque ripple and reduced noise and vibration. 

The geometry, operation, brief classification, and few applications of PMSMs 

were presented in chapter I. The key requirements for quiet operation have been 

identified as cogging torque, torque ripple, and unbalanced radial forces; the research 

objectives to address these issues have been outlined in the introductory chapter.  
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An extended literature review on torque ripple, cogging torque, and magnetic 

stress is presented in chapter II. The existing literature regarding the reduction of cogging 

torque, torque ripple, and radial vibration in PMSMs both by design methods and control 

techniques have been presented. The design based methods for improving cogging 

torque, torque ripple and radial vibration were discussed in detail identifying the 

shortcomings in the existing literature. A brief organization of the dissertation is also 

included in this chapter. 

Chapter III laid out a comprehensive design procedure for PM machines. The 

design methodology was utilized to develop analytical designs for four different motor 

topologies with different slot/pole combinations. Analytical design obtained for these 

motor configurations were for a given common set of performances and design 

constraints.  FE analysis was also carried to validate the results of the analytical models. 

An example design showed the effectiveness of these analytical models in predicting the 

performance of the machines. 

Chapter IV discusses the effects of pole shaping and skewing on cogging torque 

and torque ripple of PM machines. Both FEA and test results are included to show the 

comparison for several PMSM configurations. The effect of slot/pole combinations and 

magnet shapes on the magnitude and harmonic content of torque waveforms in a PMSM 

drive have been studied. Finite element analysis (FEA) and experimental results show 

that for certain magnet designs and a configuration skewing does not necessarily reduce 

the ripple in the electromagnetic torque, but may cause it to increase. 
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Low acoustic noise and high efficiency operation is quite normal for PM 

machines; the vibration behavior of such a machine is mostly dependent on its slot-pole 

configuration. The vibration also depends on the winding arrangement in some cases. 

However, vibrations can be reduced by adjusting the internal dimensions of the machine. 

A vibration model for PMSM to predict the radial displacement in different motor 

configurations is developed in Chapter V.  The characteristics predicted from the 

vibration model helps adjust the internal dimensions to design a motor with low acoustic 

noise. 

Careful considerations of all the design parameters are needed during the design 

iterations to ensure that all the design requirements are satisfied. Motor topology 

selection is an important step. There are motor topologies with slot-pole combinations 

that reduce torque ripple but generate higher radial force. For instance, 12-slot/10-pole 

motor has less cogging torque and torque ripple compared to 9-slot/6-pole motor, but the 

unbalanced radial forces are higher in 12-slot/10-pole motors than in 9-slot/6-pole 

motors. 

 

6.1.1     Research Contributions 
 
 

This dissertation research contributes towards the advancement and knowledge in 

the area of noise and vibration in PM machines.  The particular contributions can be 

summarized as:  
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 The use of non-traditional arc magnets for a surface mounted PMSM: The 

concept of pole shaping to create non-traditional arc magnet has been introduced. 

The magnet pole shaping resulted in cogging torque improvements.  

 Adopting appropriate skew scheme based on the PMSM configuration: The 

research revealed that some of the motor configurations have strong influence on 

cogging torque and torque ripple with step-skew. Some motor configurations have 

an increase in torque ripple even after skew if the skew scheme and/or the motor 

topology are not selected appropriately.  

 Slot-pole combination selection to reduce vibration. For certain PMSM slot/pole 

combinations the scope of reducing vibration is limited due to their low order 

mode frequencies. Certain slot/pole combinations in PMSMs demonstrate better 

acoustic performance due to less likelihood of having unbalanced radial forces 

and smaller tooth displacement caused by these forces. The tooth displacement 

calculated by the analytical model developed for vibration shows that a tooth in a 

12-slot/10-pole motor is displaced more than a tooth in a 9-slot/6-pole motor.  

 Design techniques to modify mode frequencies. A design technique to modify the 

mode frequency for a particular motor has been developed. The comprehensive 

design method explains how the stator back iron, when dimensioned 

appropriately, can modify the mode frequency. Increase in the frequency levels of 

the lower order modes help reducing vibrations. 

 Modular, non-modular, and asymmetrical winding. Certain mode frequencies can  

be modulated by adopting different winding techniques (e.g. non-modular type 
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distributed winding replacing modular type concentrated winding). However, this 

doesn’t guarantee the elimination of vibration in motor topologies like 12-slot/10-

pole or 6-slot/4-pole, as these motors have mode ‘2’ even without the motor being 

excited. The FE calculation of radial pressure and its frequency with and without 

load for a 12-slot/10-pole motor clearly showed this phenomenon.   

 

6.2   Future Works 

 

The following research works are suggested to be carried out in the future in this 

area of PMSM design: 

• Tooth shaping rather than pole shaping. The concept of pole shaping has been 

presented in this dissertation to reduce torque ripple in fractional slot machines. 

The method works well especially when the slot-to-pole ratio is 1.5 (for example, 

9-slot/6-pole, 12-slot/8-pole). The implementation of the proposed method may 

be challenging and costly from a manufacturing point of view. Therefore, tooth 

shaping technique in PMSMs can be studied to examine if it offers the same 

advantages as that of pole shaping. 

• Continuous skew rather than step-skew. The step-skew technique discussed 

throughout the dissertation is limited in its ability to cancel certain frequency 

components of the cogging torque for a given skew angle. The continuous skew 

scheme can reduce a particular harmonics as well as all higher order harmonics 

that are integer multiples of that harmonic. This would be a more effective 

approach of reducing cogging torque and torque ripple. 
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•  Structural FEA to capture different mode frequencies at design variations. The 

mode frequencies have been calculated by an analytical equation with estimation 

of the masses of tooth, yoke, insulation, winding etc. for all four PMSM 

configurations. A structural analysis tool can compute all these masses precisely 

by dividing the motor geometry into infinitesimal volumes.  For a given 

geometry and given material properties for different parts of the geometry, the 

structural FE tool would predict those frequencies more accurately.  

• Tests in an anechoic chamber to identify noise: amplitude as well as frequency. 

The noise and vibration in PMSMs covered in this research is based on the 

prediction of dominant mode order and frequency. The developed analytical 

vibration model was used to determine the radial displacement due to radial 

vibration. The displacement data was converted into sound energy using 

analytical equations. Direct noise tests in an anechoic chamber can be utilized to 

validate and improve the analytical model. 
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APPENDIX A 

GLOSSARY OF SYMBOLS 

 

Machine Geometries: 

αlmrg, αroutrg, αlmds Ratios of lm/Rg, Rout/Rg, and lm/ds respectively. 

αyrys, αsd  Ratios of yr/ys and (d1+ d2)/wtb, respectively. 

Aslot   Copper area for each coil side (m2). 

Ape, Apm  Electrical and mechanical area product (m4), respectively.   

g   Airgap between stator and rotor poles in face to face (m). 

ys, yr   Stator and rotor pole height (m), respectively. 

Lstk   Stator stack length (m). 

Np   Number of rotor poles. 

Ns   Number of stator slots. 

Nph, Nrep  Number of phases and repetitions, respectively. 

nser, npar  Number of series and parallel paths in the winding.  

Rshaft,  Rgs  Shaft radius and radius to stator tooth tip (m), respectively.  

Rg, Rsy Radius to rotor pole tips and the radius to stator yoke (m), 
respectively. 

Rout, Rm   Outer and mean radius of stator yoke (m), respectively. 

τc, τp   Stator coil pitch and rotor pole pitch (rad), respectively.   

Stf    Stator stacking factor. 



 

 172

ws, wsb, wtb Slot width at airgap end and yoke end ,and thickness of the tooth   
(m), respectively. 

ds, wbi Radial depth of slot and stator back iron (m), respectively. 

Wp     Total weight of all the stator poles (kg). 

Wy    Total weight of the stator yoke (kg).  

Ww   Total weight of the phase windings (kg).  

Wi    Total weight of the copper winding insulation (kg).  

Wt   Total weight of the machine (kg).  

Wrotor   Total weight of the rotor (kg). 

Machine Parameters: 
 
Jrms   Rms current density (A/m2). 

Ld, Lq   d- and q- axes phase inductance (henry), respectively.  

Pmax   Maximum rated power (watt). 

Rph   Resistance of phase winding (ohm). 

τrated, τmean  Rated output torque and mean output torque (N.m), respectively. 

ω    Instantaneous rotor angular speed (rad/sec).  

ωb   Base speed of the machine (rad/sec). 

ωmrated   Maximum rated speed of the machine (rad/sec).  

η   Core loss dependent parameter of the machine. 

Vdc   Dc bus voltage (Volt).  

Material Properties: 

Bsat   Saturation flux density of the machine material (Tesla). 

E   Young’s modulus of elasticity of stator material (N/m2). 



 

 173

μr   Relative permeability of the machine material. 

μ0   Absolute permeability of the air = 4.π.10-7. 

Φg    Air gap flux (weber). 

ρm, ρs    Density of rotor and stator material (kg/m3), respectively. 

ρc    Density of copper wire used in the windings (kg/m3). 

ρres   Resistivity of the copper (ohm-m).  

Teρ     Maximum rotor torque density (N.m/m3). 

Ts   Hoop stress of rotor material (N/m2). 

Various Factors: 

Ke   Back-emf constant (V/rad/sec).  

Kcu   Copper factor = Acu/Awn.   

Pf   Power factor. 

fm(=1)   Circumferential mode frequency for mode m = 1 . 
 

fm(=2)   Circumferential mode frequency for mode m = 2 . 
 

Vibration Parameters: 

σr    Radial component of stress on the stator (N/m2). 

σt    Tangential component of stress on the stator (N/m2). 

v    Poisson’s ratio for steel material used in stator lamination. 

Ps    Sound power radiated (watt),  

σrel    Relative sound intensity = k2/(1+k2),  

c    Traveling speed of sound in the medium (m/s). 



 

 174

Psref    Reference of sound power level (10-12 watt).  

fexc     Excitation frequencies of the magnetic radial force (Hz) = n.fp.  

n   Harmonic number = 1, 2, 3, …. ….., n.   

K   Equivalent stiffness.   

M   Equivalent mass. 

m   Circumferential mode number. 

(All the units are in MKS standard.) 
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APPENDIX B 

SEVERAL WINDING TOPOLOGIES 

 

 

 

 

 

 

 

 

 

 
 

1. Concentrated winding (double layer) in a 9-slot/6-pole PMSM. 
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2. Distributed winding (double layer) in a 27-slot/6-pole PMSM showing 1-
phase only. 
 
 

 
3. Modular winding (double layer) in a 12-slot/10-pole PMSM.  
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4. Concentrated winding (double layer) in a 12-slot/8-pole PMSM  
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APPENDIX C 

CANCELLATION OF EVEN HARMONICS IN TORQUE FOR A 3-PHASE PMSM 

 

The 3-phase BEMFs with 5th, 7th, 11th, and 13th order harmonics and the ideal 

currents with fundamental component only with a phase advance angle γ is given as 
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All three phases are assumed to be balanced and all harmonics of the same orders in all 

phases are of the same magnitudes. Also, the phase currents are assumed to be pure 

sinusoids for simplicity. The instantaneous torque is then given by 
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Here, 
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Therefore, the torque equation simplifies to 
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For simplicity the torque is composed of the following components 
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eT = DC or average torque + 6th order component + 12th order component + integer 

multiple of 6th order components. 

Here, the average torque is given by γ
ω

cos
2

3 11

r

IE  , the 6th order components composed of 

contribution from 5th and 7th order harmonics of BEMF when interacting with 

fundamental component of current. These can also be as a result of current harmonics 

interacting the same way with fundamentals of BEMF. Similarly the 12th and other higher 

order torque ripples (multiple of 6th order) can be explained. Also, it is clearly seen that 

the even harmonics of 2nd, 4th, 8th, 10th, 14th etc. are cancelled out in a balanced 3-phase 

system. 
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APPENDIX D 

TYPICAL B-H CHARACTERISTICS OF LAMINATION STEEL 

 

 

Magnetization, B vs. H: Typical non-oriented Silicon Steel
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APPENDIX E 

DIFFERENTIAL EQUATION OF VIBRATION MODEL 

 

From static equilibrium we have  
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Solving the above equations for  rσ  and tσ  
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Combining (D6) and (D7) in (D1)  
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Again, the solution to the above differential equation (D8) can be written as 
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The constants are determined using the boundary conditions 
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The final form of expressions for A1 and A2 in terms of known quantities is as follows 
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APPENDIX F 

SOUND POWER LEVELS IN dB FOR SOME COMMON NOISE SOURCES 
 
 

Noise Sources Sound Level (dB) 
Threshold of hearing 15 

Whispering sound 30 
Rustling leaves, soft music 45 

Normal conversation 60 
Average radio, vacuum cleaner 75 

Inside acoustically insulated tractor cab 85 
Tractor, farm equipment, power saw 100 
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APPENDIX G 

SCHEMATICS OF A TYPICAL ELECTRIC POWER STEERING SYSTEM 
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T = steering torque sensed by TS 
θv = steering angle 
TS = torque sensor 
L, R = left & right wheel 
HW = hand wheel 
ECU = electronic control unit 
I, θm , V = motor current, position, 
voltage 
 G, M = gear box and motor 
 


