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ABSTRACT

We consider the glass manufacturing process where the glass floats on a tin layer
through a furnace and the temperature of the glass changes from 1100°C at the en-
trance to 600°C at the exit from the furnace.

Two float glass systems, a pure-layer and a multi-layer system, are considered. For
each system asymptotic analysis is performed on the governing equations and corre-
sponding boundary conditions. The small parameter is the ratio of the glass height
to its length. The asymptotic analysis results in a simpler heat transfer model that
is subsequently solved numerically.

Further, analysis of thermal stresses in the glass ribbon is performed under plane
strain assumption, so that the strain (but not stress) transversal to the axis of the
ribbon vanish. No-stress boundary conditions are imposed on the remaining parts
of the boundary of the ribbon. The asymptotic analysis is performed on thermal
stresses up to and including third order terms in order to obtain a solution valid up
to first order in the small parameter.

Once the thermal stresses are determined, we optimize the temperature of the air to
minimize the longitudinal thermal stresses while the temperature of the glass is fixed

at 1100°C at the entrance and 600°C and at the exit from the furnace.
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CHAPTER I

INTRODUCTION

1.1 Glass history

Glass is a material that has been exploited by humans for many millenia.
Probably, it is the oldest man-made material still being used and improved up to this
day. New applications as well as new technologies for process improvement are being
suggested continuously. Glass can be defined as ”a large class of materials with highly
variable mechanical and optical properties that solidify from the molten state without
crystallization”. Glass is generally hard, brittle, and transparent or translucent, and
is considered to be supercooled liquid rather than true solid [1]. In other literature,
the authors claim that glass is neither a liquid nor a solid since it has properties of
both liquids and solids [2, 3].

The oldest glass finds date to 7000 B.C., in the Neolithic period. Glass was
first used in Egypt for decorative objects before 3000 B.C., mainly as a colored glaze
on stone, pottery, and beads. The art of making glass was perfected about 1500
B.C. in Egypt and the Near East. The entire history of glass is characterized by the
development of production methods. A small group of master craftsmen controlled

the glass industry and this industry was among the last to become modernized [4].



The two most important properties of glass are the resistance to corrosion
due to many oxide molecules in the system and its brittleness owing to the fact that

a fracture, once it starts, travels through glass easily.

1.2 Float glass process

This research will focus on float glass. In particular we are interested in deter-
mining the temperature profile and thermally induced stresses in a glass sheet. Float
glass is a term for perfectly flat, clear, tinted glass manufactured from a process in-
troduced by Sir Pilkington in the United Kingdom in the 1950’s [5]. Float glass has
been one of the most advantageous improvements seen in the glass industry during
the past 50 years. More than 90 % of the flat glass produced in the Western world is
made by the float glass process. Float glass is used for smaller windows in domestic
housing and its usage in commercial buildings is also increasing. This type of glass
provides an attractive and easy to maintain exterior surface [5].

In the float glass process the raw materials are kept in silos until they are
needed for production. Through a computerized process, the exact amount of raw
material from each silo is put on the scale until the batch makeup is complete. Fine-
grained ingredients such as silica sand, soda ash, limestone, dolomite, alumina, and
others, closely controlled for quality, are properly weighed and mixed into batches.
Table 1.1 lists the possible ingredients and their percentages for the batch mix [5].
All of the ingredients provide a major contribution to the final product. For example,

limestone improves chemical durability and increases viscosity in the lower tempera-
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Table 1.1: Raw materials.

Raw Material |Percentage

Silica sand 72.6
Soda Ash 13.0
Limestone 8.4
Dolomite 4.0

Alumina (AlyO3) 1.0

Others 1.0

ture ranges. The batched raw materials pass from a mixing silo to a five-chambered
furnace where they melt at a temperature of 1500°C (see Figure 1.1). The tempera-
ture is then increased to about 1600°C , so that even the hardest grains can melt. The
molten glass is poured onto a bath of molten tin at a temperature of approximately
1500°C where the glass spreads out in the same way that oil spreads out if poured
onto water (see Figure 1.4). Note that the molten glass does not spread indefinitely
over the surface of clean molten tin [6]. The stream of molten glass at 1500°C has an
initial thickness several times greater than the equilibrium value, consequently the
molten glass spreads outwards.

This spreading phenomenon can be explained by the surface tension of glass,
tin, and the glass-tin interface [7]. As the temperature/concentration increases, the
surface tension decreases. The molecules at the surface of a molten glass experience

a different environment from the molecules in the interior of the molten glass. In the
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interior the molecules surround each other, while on the contrary the molecules at
the air-glass interface attract only the molecules from below and beside them, and
not from above. This causes the surface of a glass to contract and act like a ”skin”.
Therefore, surface tension can be thought of as the force required to penetrate this
skin. The stronger the forces between the glass molecules, the greater the surface
tension [1, 4].

A typical furnace is 53.34 m long, 9.14 m wide, 1.22 m deep, and it holds
about 1600 tons of molten glass. The atmosphere inside the furnace is 94 % nitrogen
with 6 % hydrogen to prevent oxidation of the tin and staining of the glass. The tin
bath holds approximately 150 tons of molten tin, with a value of 1.5 million dollars.
The tin is 5.28 to 7.82 cm deep. The tin bath is 47.55 m long by 6.10 m wide at the
front and 4.27 m wide at the end [4]. The flat surface of the molten tin gives the
glass, at the tin-glass interface, a very smooth and undistorted surface as it cools.
The molten glass forms a ribbon with a width of approximately 3210 mm which is
normally between 3 and 25 mm thick [1]. The thicknesses and widths of the ribbon are
controlled by the use of rollers. The effect of the rollers is described by the stretching
model that was introduced by Narayanaswamy [7]. It was shown in [6, 7] that the
magnitude of the longitudinal tractive force in the forming process is determined
by the relative speeds of the molten glass stream and the final ribbon. Also, it is
known from [6] that any attempt to produce thinner ribbons by increasing the speed
of the ribbon will generally produce a proportionally greater decrease in width than
the thickness. Increasing the speed early in the production process decreases the
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ribbon width more than it decreases the thickness. For that reason, the rollers must
be under constant control. This continuous ribbon of solid glass moves out of the
float bath when the temperature of the glass is about 600°C (see Figure 1.1). At this
point, the glass has cooled down sufficiently to pass to an annealing chamber, called
the lehr. The lehr is approximately 106 m long and it is the cooling chamber where
electrically heated air is used to cool the glass uniformly. The glass enters the lehr
at approximately 600°C and exits at approximately 280°C [4]. Annealing removes
stresses induced during the cooling process. Additionally, it allows the glass to reach
a more stable state resulting in a higher density, viscosity, and refractive index.

Most materials expand slightly as the temperature rises, and contract as the
temperature falls. In this manner, we can observe that as the temperature decreases,
the atomic structure of glass becomes more dense. In glass this behavior is a large
part due to the strong silica-oxide bond [4].

Figure 1.1 illustrates the side view of the furnace with a layer of molten glass.
Likewise, it shows the temperatures as well as the beginning stages of the melting
process. After the glass ingredients are mixed, they are put into the furnace where at
1500°C most of the ingredients melt; however, at 1600°C the glass is thinner, since the
remaining ingredients are further melted and refined. The uniform composition of
glass is achieved through a homogenization process. In this process all the melted and
refined ingredients are being composed into one unit. This means that the molecules,
ordered or disordered, must be rigidly bound since the glass is slowly starting to cool.
Underneath the molten glass we can see the circular motion of the molten tin, which

bt
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Figure 1.1: Side view of the furnace with a layer of molten glass.

helps the molten glass move out from the furnace and into the cooling chamber [5].
Also in Figure 1.1, we identify the region of interest for this thesis (shown in the
rectangular box) as well as the corresponding axes where z represents the length, z
the height, and y the width of the molten glass.

Figure 1.2 represents a very simple side view of the pure-layer glass system
in the region of interest, shown in Figure 1.1. This system consists of one layer of

molten glass having the height H where
H = H + Ah(#, 7).

H represents the height of the perfectly flat glass, A is the amplitude of the nonplanar

correction, and h(z,y) represents the nonplanar correction to the surface shape.



Figure 1.2: Side view of a pure-layer glass system.

Figure 1.3 represents a very simple drawing of the side view of the furnace
in the region of interest, shown in Figure 1.1. Here, the molten glass is represented
as three layers. For illustrative purposes, regions I and III are pure-layers of glass
and region II is taken as contaminated layer of glass. These contaminants are some
impurities/defects like air bubbles or even some ingredients that haven’t melted. In
this thesis, the contaminated layer or region II is assumed to be between two pure-
layers, but later in this thesis, we shall vary the location of the contaminated layer
and analyze the impact it might have on the temperature profile. Also, in Figure 1.3

we distinguish the corresponding thicknesses of regions I, I, and III as f[l, PAIQ, and



H;, where

-— . A

Gas

]
Pure layer Region 111

Contaminated layer Region |1
Hy | H, |Ha=H Pure layer Region |
- Molten Tin *77 —
X

Figure 1.3: Side view of a multi-layer glass system.

= Hy+ Aci(2,79),
= H2+AC2(:%7:Q)7

H,, Hy, and Hj represent the heights of the perfectly flat surface of regions I, II, and

ITI, respectively; A is the amplitude of the nonplanar correction to the surface shape;

and ¢1(Z,9), co(2,7), and c3(z,y) represent the nonplanar surfaces of regions I, II,

and III, respectively. Note that c3(z,9) = h(Z, 7).

Figure 1.4 shows the top view of the furnace. Initially, the glass spreads out

at higher temperatures [6] (at about 1500°C ) due to the surface tension; however, in

the cooling zone (at about 1000°C ) the molten glass forms a uniform ribbon. In this
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Figure 1.4: Top view of the molten glass in the furnace.

thesis for mathematical simplification, we focus our analysis on the center-line region

of the glass sheet.

1.3 Literature review for the heat transfer problem

Charnock [6] used classical physics to describe the glass ribbon forming process.
The requirement was to produce a flat glass ribbon of uniform thickness that is free
of discrete faults (for optical purposes). The glass ribbon goes through the heating
phase where the viscosity of the glass is reduced, so that the surface irregularities
and the variation in thickness can be removed. The molten glass moves along the
bath with the help of rollers. These rollers determine the thickness of the molten
glass as described in section 1.2. Since the molten glass cools as it moves along
the bath, the viscosity increases. It is important to remember that the viscosity of
glass increases continuously as temperature decreases. The viscosity level and the

lateral spread of the molten glass are determined by the longitudinal traction force
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per unit area and the gravitational and surface tension forces, respectively. However,
the temperature level must be kept as uniform as possible in order to produce a glass
ribbon of uniform thickness without any surface irregularities. The temperature of
the molten glass is approximately 600°C when it leaves the bath. In this experiment
a very interesting point was made, namely increasing the speed of the molten glass
by rotating the rollers faster, increases the thickness of the glass rather than the
width. In our model, the temperature profile of the glass ribbon is also around 600°C,
however, we neglect the rollers.

Prieto, Diaz, and Egusquiza [8] considered an analysis of the fluid-dynamic
and thermal behavior of the tin bath from both theoretical and experimental view-
points. They studied the flow inside the tin bath and the use of baffles in the tin
bath to reduce the reverse flow of the tin, (Figure 1.1). From this paper, we were
able to find the temperature profile of the tin using the given experimental data.
Prieto et al. established a numerical model for the tin bath using a three-dimensional
approach, with variable temperature and negligible viscous dissipation effects in the
energy equation. Their governing equations were the continuity, momentum, and en-
ergy equations. In order to solve the problem numerically, the authors decided to use
the effective-viscosity turbulent flow model which was originally described by Boussi-
nesq. For their governing equations, the following boundary conditions in the tin
were used: the velocity at the tin bath walls was equal to zero; no stress distribution
at the surface of the tin where the tin is not covered by the glass; this tin surface was
assumed to be under radiation from the side walls, the top wall, the cooling surface,

10



and the electric plates; the temperature of the tin particles that are in contact with
the glass ribbon have the same temperature distribution as the glass ribbon itself.
Finally, the PHOENICS code was used to solve the governing equations. All the sim-
ulations were performed for the bath both with and without baffles and using glass
ribbon thicknesses of 2 mm and 3 mm for each case.

For the 3 mm thick glass ribbon and the bath without baffles, the authors
found that the velocity of the reverse flow is the same as the velocity of the tin in
contact with the glass ribbon. Furthermore, the tin velocity vectors under the glass
ribbon have the same direction and almost the same value as the velocity vectors of
the glass ribbon. The temperature of the tin is found to be higher at the right end of
the bath (moving from left to right). However, the temperature difference is not big,
it only ranges from 100°C - 200°C. Since the actual temperatures of the tin are high,
it can be concluded that there is no temperature difference, thus the temperature is
constant. For the 3 mm thick glass ribbon and the bath with the baffles, velocity was
calculated and it is found to be lower than for the bath without baffles. Thus, the
baffles can be used to diminish the reverse flow of the tin. Here, the tin temperature
at the right end of the bath was similar to the temperature of the bath without the
baffles. At the left side of the bath with baffles, the temperature was lower than the
left side of the bath without the baffles. This difference occurred because the glass
ribbon is more spread at the beginning of the float glass process.

For the 2 mm thick glass ribbon and the bath without the baffles, the authors
discovered that the tin velocity increased as the thickness decreased. The tempera-
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tures, however, were very similar to the temperatures calculated for the 3 mm thick
glass ribbon and the bath with the baffles. For the 2 mm thick glass ribbon and
the bath with the baffles, the velocity of the reverse flow increased as the thickness
decreased. However, the temperature calculated showed some difference compared to
the bath without baffles.

In this paper, it was found that the velocities of the tin flow depend on the
actual glass ribbon thickness and not on the baffles. However, the use of baffles
actually diminished the reverse flow as well as the temperatures at the right end of
the bath. Furthermore, the authors considered the temperature profile of the tin and
did not calculate the temperature of the glass ribbon.

In our model, we assume a presence of molten tin without any baffles. Fur-
ther, we are interested in the temperature profile of the glass ribbon and not the
temperature profile of the tin. The latter profile is an input to our model. Our
model will also take into consideration the thermal stresses in the z- and z-direction
as well as the minimization of thermal stresses in the x-direction by controlling the
temperature of the air.

The paper by T.J. Wang, H. Zhang, G. Zhang, and T. Yuan [9] investigated
the mechanism of formation of a tin profile in the glass using a one-dimensional finite
difference computer model of the penetration of tin in float glass. Wang et al. found
that the tin profile changed as the oxygen concentration in the atmosphere increased
and so the diffusion of the tin particles in the glass ribbon increased. When the glass
ribbon passed through the lehr, the tin profile remained the same. However, the tin
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profile changed when the ribbon passed through a lehr in a SO, atmosphere since
tin ions in the surface layer of glass changed from bivalent to a tetravalent state.
Thus, the tin profile with a satellite peak (big hump) is formed. The formation of the
satellite peak can be related to the iron concentration in glass. The authors concluded
that the satellite peak can be formed in a tin bath as well as in an annealing lehr
where SO, atmosphere is present. This implies that the peak can be formed in the
glass ribbon at the exit of a lehr. Further, it was observed that the float glass has two
groups of tin profiles. One is a tin profile without the peak and it can be described
by the diffusion equation. The other is the tin profile with the peak and it cannot
be described by the diffusion equation. Furthermore, they have shown that as the
SO, injection varied, the location and height of the peak varied also. Likewise, it
was found that the ribbon temperature, which was determined by a one-dimensional
thermal conduction equation, was changing while the ribbon was passing through a
gap between the bath and lehr, and through the lehr after departing from the tin
bath.

In this thesis, we assume that the tin and glass don’t mix. Further, we do
not consider the effects of oxygen concentration in the air. Thus, the temperature of
the air solely helps to cool the glass ribbon.

Mann, Field, and Viskanta [10] demonstrated a method to determine the ther-
mal conductivity and the true specific heat of the float glass. The data to calculate
the thermal conductivity of glass was found in the literature. In order to develop the
model for the energy equation, the authors assumed the validity of Planck’s law (as
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temperature increases, the radiance also increases) and Kirchhoff’s law (the energy
of radiation absorbed, reflected, and transmitted through the material must equal
the energy hitting the material), one-dimensional conduction, convection, and radia-
tion heat transfer through the thickness of the glass ribbon. Furthermore, the glass
ribbon was assumed to be isotropic, homogeneous, and able to absorb and emit ther-
mal radiation. The solution of the energy equation was obtained through numerical
simulations [11, 12]. In [10], the model was time dependent. In contrast, our model
is treated as a steady-state problem since we considered a moving coordinate sys-
tem in which no parameters are changing. In [10], experimental and test procedures
were conducted by measuring the initial temperature distribution after the glass was
heated as well as cooled. The authors also calculated the specific heat in the liquid,
solid, and transition region of the float glass. They used the data from Primenko
[13], who calculated the heat content in several different glasses, and found that the
temperature ranged from 300°C to 1500°C. This temperature range is very similar to
our region of interest. An empirical equation from Sharp and Ginther [14] was used
to extrapolate the data ranging from 300°C to room temperature. For temperatures
above 300°C, cubic spline fit interpolation was used. Furthermore, they found that
the specific heat remained constant in the liquid region, reached a maximum then
decreased to a liquid equilibrium value in the transition region, increased slowly dur-
ing the heating process in the solid region and then increased rapidly once it reached
the transition region. Likewise, in the cooling process, the following observations for
the specific heat were made: the specific heat decreased in the liquid region and had
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approximately the same value as the specific heat found in the heating process in the
solid region. In the liquid region, no maximum value for specific heat was obtained
for their calculations. In the transition region, the specific heat depended on the
temperature and the rate of heating; thus, it was not easy to determine the specific
heat. In this paper, the thermal conductivity was defined as the heat transferred
due to the lattice vibration. In addition, the thermal conductivity of float glass was
expressed as a linear function of temperature. The thermal conductivity for thick
plates (0.676 - 1.17 cm) was calculated by comparing the predicted temperatures
from the energy model to the dynamic temperature data. On the other hand, the
thermal conductivity for thin plates was not calculated since the temperature mea-
surements were inconsistent. The specific heat played a big role in determining the
thermal conductivity. It was discovered that a 10 % uncertainty in determining the
specific heat could potentially result in 20 % uncertainty in determining the thermal
conductivity. Finally, their measurement of the thermal conductivity and the specific
heat of the float glass were compared to the data available in the literature. The spe-
cific heat from different tests showed remarkable consistency; however, the thermal
conductivity did not show satisfactory results due to the temperature uncertainties.
There were no actual temperature results for the glass ribbon to compare to ours.

Our assumptions compared to the author’s in [10] differ in that we consider
two-dimensional conduction and neglect convection due to the already formed glass
ribbon. Further, internal radiation is neglected due to a thin domain approximation
for the glass.
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Lentes and Siedow [15] considered three-dimensional radiative heat transfer
in glass cooling processes where the temperature was < 600°C. This temperature
range is lower than that considered in this thesis. Lentes and Siedow used an im-
proved diffusion approximation which takes into consideration the geometry of the
solid and is as efficient as the Rosseland approximation which uses the formal solution
of the radiative transfer equation. The Rosseland approximation (usually used for
optically thick glass) describes the radiation as a correction of the heat conduction.
This improved diffusion approximation is a numerical simulation of the radiative heat
transfer; furthermore, it is more efficient and accurate than the Rosseland approxi-
mation. The results from the improved diffusion approximation for three-dimensional
radiative heat transfer were compared to the exact solution of the one-dimensional
cylindrical glass plate as well as the Rosseland approximation.

[15]’s three-dimensional solution was compared to the orthotropic diffusion
approximation. The glass plate had a uniform temperature distribution of 600°C.
The temperature surrounding the glass plate was taken to be 20°C and the measure-
ments were taken after 1 s and 10 s at the axis of symmetry. Additionally, the heat
transfer by convection was neglected. The comparison of temperature (ranging from
535°C - 580°C) with high absorption coefficient and at 10 s indicated that the two
approximation methods were in good standing with the exact solution. In the case
where the absorption coefficient was smaller, the difference between the Rosseland
approximation and the exact solution was obvious. On the other hand, the improved
diffusion approximation agreed well with the exact solution. The comparison be-
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tween a three-dimensional problem and the orthotropic diffusion approximation was
performed. The same assumptions were made as in the first comparison. However,
the temperature distribution (ranged from 480°C - 600°C) in the thin glass plate was
calculated along the radius by the quasi-exact solution, the Rosseland approximation,
and the improved diffusion approximation. The results showed that the improved dif-
fusion approximation agreed the best with the quasi-exact solution. It was expected
for the Rosseland approximation to perform poorly since they were considering a thin
glass plate. In our model, we solve the heat transfer as well as the thermal stress
problem analytically first, then we examine the problem numerically.

An integrated mathematical model of the float glass process has been devel-
oped by Kamihori, Iga, Kakihara, and Mase [16]. The authors analyzed three models
that influence and affect each other: the glass ribbon forming model, the float bath
heat transfer model, and the molten tin flow model. Glass of 2 mm thickness was
considered for all three models. In the glass ribbon forming model, which was not
considered in this thesis, the governing equations were a two-dimensional problem
which was previously considered by Iga and Mase [17]. Furthermore, numerical sim-
ulations were performed using the finite-element method. The authors calculated
the longitudinal and lateral temperature distribution of the glass ribbon in order to
collect information about the viscous fluid flow of the entire glass ribbon.

In the float bath heat transfer model, a three-dimensional radiative heat
transfer as well as convective heat transfer of the glass ribbon was calculated. It is
understood that nitrogen/hydrogen gas has been pumped into the bath to prevent
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oxidation of the molten tin. The furnace was divided into different sections and
the nitrogen/hydrogen gas is assumed to be completely mixed within each section of
the bath, thus representing consistency of temperature in each section. Further, the
authors constructed the energy balance equation for the surface that is not covered
by the glass ribbon and the surface of molten tin only. This equation contained
components such as the radiative heat energy on the surface, the heat energy from
the gas by heat convection, and the heat transmission from the atmosphere. In
addition, the radiative heat energy component consisted of the Stefan-Boltzmann
constant, emissivity, temperature etc. The authors examined the energy balance
equation for the glass ribbon surface and the bare surface of molten tin. This equation
was expressed as the sum of radiative heat, convective heat from the gas, heat from
the molten tin, and convective heat energy by glass flow.

For the molten tin flow model, which we did not examine in this thesis, 3-D
turbulent flow and heat transfer have been calculated using the k — ¢ mathematical
turbulent model that consisted of the continuity, momentum, and energy equations.
Only the heat distribution in the tin was considered. The authors compared the inte-
grated model with the results of the actual float glass process. The authors observed
that the colder the molten tin beside the molten glass, the more of the convective heat
energy of the glass ribbon and the molten tin under the glass ribbon was transferred
to the colder molten tin. Hence, a convex lateral temperature distribution for the
glass ribbon was established. The work demonstrated that the temperature in the
center of the ribbon is higher than the temperature on the edges of the ribbon.
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1.4 Literature review for the thermal stress problem

We used the displacement equations from [18] to solve for thermal stresses by
making the assumption of a plane strain problem. Once displacements are deter-
mined, thermal stresses are calculated along the length and thickness of the glass
ribbon.

The paper by Ootao and Tanigawa [19], considered transient thermal stresses
of an orthotropic functionally graded thick strip due to nonuniform heating in the
width direction. The authors analyzed the two-dimensional temperature profile us-
ing Laplace and finite sine transformations. They also determined the exact solution
for temperature using a simply supported strip and assuming plane strain. In their
analysis, Ootao and Tanigawa assumed that the strip is at zero temperature initially,
then it is heated from the lower to upper surfaces. As a result, the thermal conduc-
tivity is expressed as an exponential function. Also, the specific heat and density are
kept constant. In contrast for our case, the initial temperature is kept at 1100°C and
the glass is cooled until it reaches 600°C. Once the temperature profile is calculated,
the authors expressed the displacement-strain relation and then the stress-strain re-
lation. Rewriting the stresses in terms of displacements and applying the boundary
conditions led to the solution for the thermal stress problem. After obtaining the ana-
lytical solution for the temperature and stress, they verified their results numerically.
They ran different cases on nonhomogeneity of the thermal conductivity, coefficient

of the linear thermal expansion, and the elastic stiffness constant. They calculated
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numerically the thermal stresses at the midpoint of the strip in the thickness direc-
tion. Our assumptions compared to the author’s in [19] differ in that we consider an
isotropic thin glass ribbon and we also use a different method for solving the heat
transfer problem. We consider the thermal conductivity to be a constant compared
to an exponential function assumed in [19]. However, we make the same assumption

of nonuniform heating and a plane strain problem.

1.5 Physics of the problem

In general, heat transfer occurs because of a temperature difference at the
system boundaries. In general, there are three different modes of heat transfer: con-
duction, convection, and radiation [20, 21]. These three types of heat transfer can all
occur either simultaneously or separately. They are defined as follows:

Conduction is transfer of heat from one part of a body to another part with-
out displacement of the particles of the body [20]. This process is governed by the
Fourier’s law. In our case, conduction represents a heat transfer or temperature
difference inside the glass ribbon through the thickness and along the length.

Convection is known as transfer of heat from one point to another within a
fluid (gas or liquid) by mixing of one portion of the fluid with another [20].

The third mode is radiation, which is the transfer of heat from one body to
another not necessarily in contact with it, by means of wave motion [20]. During the
heating or cooling of glass, the radiative heat transfer may dominate over conduction

and convection. Thermal radiation is generally a global phenomenon, meaning heat
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can be felt regardless of the distance from the actual source. On the other hand,
conduction and convection are local phenomenon, meaning heat can only be felt in a
limited region [15].

An analysis of thermal stresses with some constraints will also be conducted.
Glass has a thermal conductivity, which is generally low compared to metals. The
properties of glass vary and they can be regulated by modifying the composition,
production techniques, or both. In any glass, the mechanical, chemical, optical,
and thermal properties cannot occur separately. A change in temperature causes an
expansion or contraction of glass. Further, if the temperature increases, the width
of the glass ribbon increases and the height decreases. On the other hand, if the
temperature decreases, the glass ribbon is expected to contract along all its directions
[22].

Thermal stresses are induced by non-uniform heating [18]. From Hooke’s law,
we can conclude that the higher the Young’s modulus £ and the thermal expansion
coefficient «, the higher the thermal stresses [23]. Since thermal stresses increase as
the temperature gradients increase [18], the probability for glass breakage is higher
for large temperature gradients.

Here, we will conduct a study of displacements/stresses for the float glass
problem to give us a better view of the glass behavior under the influence of temper-

ature.
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1.6 Thesis overview

In this thesis, we investigate a two-dimensional heat transfer model in both a
pure- and a multi-layer glass system, as well as the thermal stress distribution and
displacements in each system, disregarding flow of the glass. The region of interest
for this analysis is the part of the furnace where the temperature is between 1100°C
at the entrance and 600°C at the exit from the furnace (see Figure 1.1) and the glass
ribbon has already been formed. Thermal stresses can be observed and potentially
avoided in this region.

A pure-layer glass system is a homogeneous glass ribbon. The multi-layer
system studied is a glass ribbon consisting of one contaminated layer either placed
between, beneath (next to the tin layer), or above (next to the air) a pure-layer (see
Figure 1.3). The contaminated layer is assumed to be about a third of the actual
molten glass thickness. Further, we vary the location of the contaminated layer and
the thermal conductivity to determine if the temperature changes. From the actual
process of glass making, we know that the thermal conductivity of the contaminated
layer is 10 % of the thermal conductivity of the pure-layer [24]. In this thesis, the
thermal conductivity of the pure-layer is taken to be 1 2% [5], [9].

We neglect internal radiation since we are dealing with a thin sheet approxi-
mation [6]. The heat capacity, coefficient of thermal conductivity, and the glass den-

sity vary with temperature T'; therefore, they are defined as functions of temperature.

However, after expanding the temperature T" asymptotically, the heat capacity, ther-
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mal conductivity, and density are kept constant at the leading order. Our analytical
approach for temperature distribution consists of developing asymptotic expansions
of the dependent system variables in the limit of small aspect ratio height to the
length of the glass ribbon. An asymptotic expansion is applied to the governing
two-dimensional heat transfer equation and corresponding boundary conditions. We
analyze the temperature profile T" for the glass ribbon up to and including the first
order correction.

Considering the pure-layer glass system, we use two boundary conditions since
we have a second order governing heat equation. One boundary condition describes
the temperature at the molten tin-glass interface and the other boundary condition
describes the temperature at the molten glass-air interface.

Next, we analyze a multi-layer glass system, see Figure 1.3. Here, we have a
coupled set of three governing heat equations with six boundary conditions. Two of
the governing heat equations resemble the governing heat equation of the pure-layer
glass system. However, the governing heat equation for the contaminated layer differs
from the pure-layer system governing equation only by the values of density, heat ca-
pacity, and thermal conductivity, in general. For simplicity, we only vary the thermal
conductivity when considering contaminated layer. It is known that the density of
the contaminated glass (apparent density) is less than the density of the pure-layer
glass (true density) if molten glass contains bubbles. However, the apparent density
can be greater than the true density in cases where particles of unmelted batches
formed during cooling. Sand particles are the most likely representation of the un-
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melted batches [3]. The prescribed boundary conditions describe the temperature at
the tin-glass interface (bottom boundary condition), glass-air interface (top boundary
condition), and two pure-contaminated layer interfaces (four boundary conditions).
These four boundary conditions are expressed as continuity of temperature and heat
flux at each interface.

After the temperature profile has been calculated, it is used to calculate the
displacements and thermal stresses that occur in the glass ribbon. For the purpose of
this thesis, we consider a three-dimensional thermal stress problem by imposing the
plane strain condition along the width of the glass ribbon. Further, no-stress bound-
ary conditions are applied along the length and height of the glass ribbon. Then
thermal stresses are computed from the equations of mechanical equilibrium. Since
the differential equations are written in terms of displacements, we obtain expressions
for the displacements in the glass ribbon as a byproduct of our analysis. Finally, we
optimize the temperature of the air to minimize the stresses along the length of the

glass ribbon.

In summary, in this thesis:

e an analytical model of the glass ribbon temperature profile valid along the

center-line and away from the glass ribbon edges is developed;

e a flexible mathematical formulation for studying contaminated layers, both inte-

rior to the glass ribbon and at the glass/tin and glass/air interface is developed;
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e an analytical model for the thermal stresses incorporating the key effects (the
longitudinal temperature gradient, surface heat transfer, and velocity of the

glass ribbon) is developed;

e an optimization procedure to determine the temperature of the air to minimize

the thermal stresses in the x-direction is developed;
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CHAPTER II
FORMULATION OF THE MATHEMATICAL MODEL FOR THE HEAT

TRANSFER PROBLEM

The formulation of the proposed model includes the discussion of the heat
transfer and the thermal stress analysis inside the float glass in the region where the
temperature of the glass is between 1100°C and 600°C from left to right. Specifically,
we shall analyze the heat transfer through the thickness, the z-direction, of the molten
glass since heat propagates faster through the thickness (approximately 3 mm) than
along the length, the z-direction (approximately 60 m). Hence, our analysis focuses
on the center line portion of the glass ribbon and away from the lateral edges of the
ribbon and hence we neglect the width of the glass ribbon or the y-direction.

For this thesis, the glass is treated as either a pure-layer system, the pure sys-
tem, or a multi-layer system, the contaminated system. We have developed governing
heat equations and corresponding boundary conditions for both systems in order to
calculate the temperature distribution within the glass ribbon. In both systems, the
following assumption is made: H < W < L, where H is the height, W is the width,

and L is the length of the glass ribbon in the cooling zone, see Figure 1.1.
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2.1 Governing equations and boundary conditions for the pure-layer system

Let us first consider the heat transfer problem for the pure-layer glass system.
The pure-layer glass system can be thought of as a single pure-layer glass floating on
the molten tin. Thus, the governing heat equation in a dimensional form is repre-

sented as

AAA|:/\ ~

AT)C(T) | T + VTj] — [/;@)@}

where
Q\(T) = €mglassOSB [7/—\14 - j—\‘;ftn} . (22)

In the governing equation (2.1), &, ¢, and Z are rectangular coordinates. Here, p is
the glass density, (7,, is the heat capacity, k is the thermal conductivity, and @ is the
radiative heat transfer or the emitted energy. All of the above stated variables are
functions of temperature T. The variable V', which is considered a constant in this
thesis, represents the velocity at which the glass ribbon is being pulled; ¢ is time, &
is length, y is width, and 2 is height of the glass ribbon. €,,44ss is the emissivity of
the glass, ogp is the Stefan-Boltzman constant. Refer to Table A.1 for a detailed
description of every variable and their corresponding values.

In general, the heat equation describes the temperature in a given region over time.
However, for easier calculations we neglect the term, fg, in equation (2.1) since we
consider a continuous process along the center line of the glass ribbon, that has

reached a steady-state configuration. Further, we introduce a moving coordinate
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system along the length direction. We also neglect the internal radiation term @(T),
since we have a very thin domain.

The conduction term,

{/%(f)f@} + [/%(f)ﬁj} + [k(f)f] , (2.3)

T

in the governing heat equation (2.1) describes the heat diffusion in the molten glass
in the z, ¢, and Z-directions.

Two boundary conditions in the Z-direction for the pure system are required since
we are dealing with a governing heat equation of second order. These boundary
conditions must be prescribed at known locations, tin and air, of the independent
variable Z. The two boundaries for this system are: the tin-glass interface (2 = 0),
which is referred to as the bottom boundary, and the air-glass interface (2 = H )
which is referred to as the top boundary.

The top boundary condition at z = H is
(D) (VT n1) = ho [T = Toir| +5 (2.4)

where

5 = €mair0SB [f4 T } ) (2.5)

awr

The bottom boundary condition at 2 = 0 is

~

—k(T) (vf : n2> — i [f - ﬁn} + 3, (2.6)

where
§ = €mtin0SB [f4 - iﬁn] . (27)
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Here, the terms
) (vf : nl) (2.8)

and

A~

—K(T) (vf : nz) (2.9)

are known as the heat flux, which is defined as the heat flow per surface area normal
to the air and tin surfaces, respectively. The top surface of the glass ribbon is assumed

to be sinusoidal [6]. Hence, the normal n; is

n, = v <Z ~ b, y)> (2.10)
IV (2= haw) |

_0h _0h 4
9z 9y’

B ()

where

H = H; + Ah(z,y).

Substituting equation (2.10) into equation (2.4) and simplifying, we obtain

P A _oh R _oh
—k(T) |T; = 0% = + 1T, 0 +(211)
VEB+(Zre1 e+ (-Ze 1
- 1
Té =

The contact surface between the molten glass and the tin is perfectly flat. Here, the

normal to the surface is in the negative z-direction and the normal nj is,

n, = (0,0,—1), (2.12)
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which simplifies the bottom boundary condition, equation (2.6), to

~

)T = hin (T = Ton) + 5. (2.13)

The convection terms from the boundary conditions, equations (2.11) and (2.13),
Rgir (f - C/F\m> and hyp, (f - ﬁm), represent the heat transfer from the air/tin to
the moving molten glass, where h,;, and hy, are heat transfer coefficients for air
and tin, respectively. The heat transfer coefficient depends on the properties of the
material; therefore, h,;. and hy;, have different values. Further, the terms $ and S
describe the radiation at the boundaries, air and tin, or the emitted energy at these

boundaries.
2.2 Nondimensionalization for the pure-layer system

The scalings in Table 2.1 are used to nondimensionalize the governing heat
equation (2.1) and boundary conditions, equations (2.11) and (2.13). Using these

scalings, we find that the governing heat equation (2.1) becomes

o (T)Cyp (1) 1 [VLMT} _ (2.14)
k2 T kL T ke 2 ey T
72 WD), + ks KT, + kegy RDTE], - @:Q(T),

where Ty is the reference value for temperature and it can be found in Appendix A,

and

4

QT = €m H (215)
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Table 2.1: Nondimensionalization table

Independent /Dependent variables|| Scale |Units
T TyT | K
z Lz m
U Wy m
z Hz m
t Tt S
i ko k(T) ||
Co(T) CrColT)| iR
H(T) pep(T) || X2
Q1) Q:QT) | s

Further in this thesis as in [9], ép(f) and p(T) are considered to be constants at
leading order [9]. Since we expect much faster heat transfer through the thickness
than through the length or the width of the glass, we isolate the conduction term in

the z-direction in equation (2.14). We rewrite equation (2.14) to find

Cal VoG Ly p] 2.16)
? ? ospT3H
72 BT, + 35 WL, + ROT). - Z2H20()

From equation (2.16), we calculate the values of the nondimensional groups, so that
we can make the decision which terms are "small” and therefore choose the small

aspect ratio, height H to length L of the glass ribbon, which we shall refer to as e.
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Thus,
H
7

€ =

(2.17)

Typically the small aspect ratio is taken to be € = 0.00005. From Table A.1 we find

Co H?V
pl’;iL — 0.5034,
H
T = 0.00005,
HQ
F = 0.0000000025,
H2
W = 0.000001,
T3 H
@%i_:1ﬂ7
L pCuHV
Vr kL '

where the values were taken from the literature [6, 7, 8, 9].

The time scale is defined as

prCpr H?
T=—.
kr
Other nondimensional groups are:
Peclet number P:
—  p.C,H*V
p=p=t—r- -
‘ WL
Radiation number R:
¢R=R = USB]Cﬂ_

(2.18)
(2.19)
(2.20)
(2.21)
(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

Note that P and R are O(1). Using these scalings, equations (2.18) - (2.26), we find

that the steady-state heat transfer governing equation (2.1) for the pure-layer system
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takes the following nondimensional form

ePp(T)Co(T)T, = € [K(T)T,], + € (A) [k(T)T,], + [K(T)T.], + eRQ(T). (2.27)

Y

Recall the conduction term in the y-direction from equations (2.16) and (2.21). The
ratio {{,—22 suggests another small parameter to be introduced along the y-direction
since our asymptotic analysis is performed along the z-direction.

Using the scalings, equations (2.18) - (2.26), we determine another relation

L
= A (2.28)

where we assume A = % = O(1). Thus, from equation (2.28), we have that

= 0(e). (2.29)

With these assumptions the y-variable appears first at higher order, O(e?).
To simplify our model, we make the following assumptions for the heat transfer
governing equation. First, the higher the thermal conductivity and/or the smaller

the thickness of the molten glass, the smaller the nondimensional ratio P which is

convection

. Thus, P is small if the conduction term dominates over the

referred as
convection, which is the case here. Also, a higher thermal conductivity leads to a
higher radiation term.

We neglect the radiation term RQ(T) since we deal with a thin approxima-
tion. The three-dimensional heat transfer governing equation that needs to be solved
is

Pp(T)C,(TT, = & [MD)T], + ¢ [HT)T,)



It is also necessary to nondimensionalize the boundary conditions, equations (2.11)
and (2.13). Using the same scalings, given by equations (2.18) - (2.26), and (2.29),
we find nondimensional forms for the top and bottom boundary conditions.

The top of the molten glass is assumed to have the shape of a sine function [6].

Assuming Z = zHj, we nondimensionalize B(x, y) = 2= Hs + Ah(z,y) to obtain

A
z=1+ th(x,y),

where A is the amplitude of the nonplanar correction to the surface shape, and

H = Hj is the height of the glass ribbon. We assume HAB = O(e), and find the

nondimensional form of the upper boundary to be
z =1+ eh(z,y). (2.31)

Further, we find

oh Adh _ Oh
0 Lor ‘or
Oh Adh  Oh
9 — Loy oy

(2.32)

(2.33)

where 4 = O(e), A << L.

L

From the dimensional form of the top boundary condition, equation (2.11), we cal-
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culate the nondimensional top boundary condition at z = 1 + eh(z,y) to be

k(T){ —€T, = _ — (2.34)
Ve + [~ 1

Ve + [-e] 1

T, =
s -]
ox dy

_EBair (T - Tair) - ERairemaiT (T4 - Tji'r) )

where the Biot number for air B,;, and the radiation number for air R,;, are assumed

to be O(e). Here, we obtain
(2.35)

€Ruir = Rair = €R. (2.36)

From the dimensional form of the bottom boundary condition, equation (2.13), the

nondimensional bottom boundary condition at z = 0 is
k(T)T. = €Byin [T — Tiin] + €Rtinmtin [T* — Tpi] - (2.37)

where the Biot number for tin By, and the radiation number for tin Ry, is assumed

to be O(e) and hence

¢Biin = B = tk— (2.38)
€Ryin = Ryin = €R. (2.39)
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From equations (2.35) and (2.38), we observe that B, and By, are small since hg;,
and hy;, are assumed to be small. Also, from equations (2.36) and (2.39), R, and

Ryin, we observe are small as well. Note further that ogp and Ty are treated as

constants in this thesis (refer to Table A.1 for their exact values).
2.3 Governing equations and boundary conditions for the multi-layer system

Let us now define the governing heat equations for the multi-layer system. The
general dimensional form of the governing equation at each layer for the multi-layer

system is represented as

FIHC,T) [T+ V] = (2.40)

L o I eV B e O v B e A}

z

T

U]
where Q™(T™) = Q(T') from equation (2.2).

The multi-layer system will be modeled as a three layer system consisting of a con-
taminated layer between two pure-layers (see Figure 1.3 in Chapter 1). Therefore,
the governing equation (2.40) is applied to each layer.

The first region (labeled as region I in Figure 1.3 in Chapter 1), is the bottom pure-

layer. Thus, the governing heat equation for region I resembles that of the pure-layer
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system:

~

b\(fmll) p(fml]) j—\%mu—}—Vng _ (2'41)

}%(fvml])f%nll- +
']%(fmu)fgnu' o
L 1y

-I;,(fmll)j:ﬁmll- _ @(fmu)

1z

The second region (labeled as region II in Figure 1.3 in Chapter 1), is the middle

layer or the contaminated layer. Its governing equation is
ﬁran(j-\vmlH)agllH(TmlH) [ﬁml][ + Vfgzm _ (2.42)
[ il (j'\vmlll)fznlfl_ 4

[ i1 (fml[])j-\vyznllf 4

[Fomil (il INpmlIr | AmiIl (pmlll
R TE QUM(T™ ).

The third region (labeled as region I1I in Figure 1.3 in Chapter 1), is the top pure-layer

and its governing equation is represented also as

ﬁ(fmlln)ap(fmun) j}mllll _i_ijmlHI _ (2_43)

~

i (T\mllll)f;@llll— 4

~

i (fmun)i;nun_ 4

~

k(fml[][)fznl]ll_ _ @\ (j-\wmlfff)‘

These three governing heat equations (2.41) - (2.43) have the same form as the gov-

erning equation (2.1); however, they differ in their values for density, heat capacity,
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and thermal conductivity since we are dealing with different material. Also, we need
to remember that we are analyzing a steady-state problem, thus YA}’”U = fim”[ =
f}m” II'— () in all three regions.

In order to solve the set of three governing heat equations of second order in the
multi-layer system, we need to have six boundary conditions in the z-direction.

In region I, we find that the bottom boundary condition at Z = 0 is described by

equation (2.6). Thus,

tin

(T (vfmlf . n2> = hun [fmlf - fm”] 48 (2.44)

In region III, we find that the top boundary condition at 2 = Hj + Acs(z,y) is
described by equation (2.4), which corresponds to the top boundary condition of the

pure system:
_]%(fmml) (Vj:mun _ n1> — b, [fmun _ f;nun 1 (2.45)

The other four boundary conditions come from having perfect thermal contact be-
tween region [ and IT and between region IT and III. Thus, we expect to have continuity
of temperature and continuity of heat flux at these boundaries.

Continuity of temperature between region I and II and region II and III at 2z =

H, + Ac, (x,y) and z = Hy + Acy(z,y), respectively gives us

fml] _ T\mm’ (2.46)

il I (2.47)
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Continuity of heat flux between region I and II and region II and III at Z = ]/-\Il +

Aci(z,9) and 2 = Hy + Acy(,7), respectively gives us

where

vamu ‘ng) = ]%mlu(vj:mm Ny,
]%mlll(vfmlll ‘ng) = l%(vfmllll ‘ng),
9c; ¢
<_ % ayl’l>
ng = B ’
Ve () h
¢ ¢
(% -%1)
ny = 2 )
Y (-5)
ns = 2 )
Y (-g)
¢ oc:
(-%2,-92,1)
nNg =

V(

. N2
—%%)2+<—%—°;> +1

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

It is also important to point out that the interfaces between region I and II as well

as region II and III are assumed to be flat at leading order for simplicity.

2.4 Nondimensionalization for the multi-layer system

The next step is the nondimensionalization process of the multi-layer system.

The same scalings as for the pure-layer system are used (see Table 2.1); however, the

superscripts mlI, mlI1, and mlI11I are used to indicate the three layers. Further, the

radiation terms elellel(Tml])’ 6lellcgmlll (Tmlll)’ and GleIHQmHII (TmlIII) are
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neglected since we are dealing with thin plates. Further, T/ = T/ = TmilT —

since we are considering the steady-state problem. Therefore, the nondimensional

multi-layer governing heat equations are:
for region I
Pp(T)C(T T =
2 [k(Tmu)T;nUL i
e [k(rm T, +
(T
for region II

6PmlIIpmlII (TmlII)C;nlII (TmZII)T;nlII —

62 [kmlll (TmlII)TmlII} 4

xT

2 mlll mllT mllT
e [k (T }y +

[ il (TmlII)TmlII]
and for region III

€Pp(Tm”II)C (TmlIII)TmlIII _
p T -

62 [k<TmlIII)TmlIII] T

x

E2 [k(TmHII)TymHII}y +

[ k,(TmlIH)TmlIII] '

z

(2.54)

(2.55)

(2.56)

This set of three coupled second order governing heat equations (2.54) - (2.56) requires

six boundary conditions in the z-direction.
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As in the pure-layer system, the z coordinate needs to be nondimensionalized
since the top of the molten glass is not flat. Thus, letting z = Hj + Acs(z,7), we
obtain

1t Ay
Z = H303xaya

where A is the amplitude of the nonplanar correction to the surface shape. We take

ﬁi = O(€) where A << 1:-\]3, and find the nondimensional form of the upper boundary
3

to be

z =1+ ecs(z,y). (2.57)

Notice that c3(x,y) in the multi-layer system is represented as h(z,y) in the pure-
layer system. Thus, c3(x,y) = h(x,y).

The bottom boundary condition at z = 0 is
KT T = By [T™ — Tyin] + €Ryinmtin [(T™0) = T1L,] - (2.58)

The top boundary condition at z = 1 + ec3(z,y) is

(T | it B_z_ _ — (2.59)

€3T;nlIII ox +

mlI1] _
Tz

\/[—e%f + [—e%r +1
ox oy

_GBair (TmlIII . TmlIII) . ERairemair ((TmlIII)4 . T;ir) )

air
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For the continuity conditions, we determine the appropriate thickness for each region.

Namely, between region I and II, and region II and III, we find Z = H, + Ac, (Z,9)

and 2 = Hy + Acy (2, 7), respectively, leading to the nondimensional expression for z:

5 = % + eci(z,y) and z = Z_i + eco(z,y).

The boundary conditions for the continuity of temperature and continuity of heat

flux at z = % +eci(z,y) and z = g—i + eco(z,y) respectively, are

and

Tml] — Tml[])
pmlll . pmilll
dc
kmllk_<TmlI) _€3Tmll 8_12
T x 2
w_e%]ﬁ{_e%_c;] 1
dca
3rmll Oy
€ Ty - -
\/[—e%} +[—e%—§j] +1
Tml[ 1
# 2
\/[—e%er [—e%ﬂ +1
dc
kmlllkmlII(TmlII> _€3TmlII 8_332
T x 2
Yl + [-eta] 1
dea
3mlIT Oy
€ Ty - -
\/[—e%} + ez 1
mill 1

(2.60)

(2.61)

(2.62)



and

Jdc
kmlllkmlll(T’mlll) —€3Tm”I 8_£
' ’ dc112 dc | 2
Vel + -]+
der
3l T Oy
T, - -
\/[—e%] + e +1
il 1
\/[_6%]24—[ 6601}2—0—1
oz dy
Jdcy
kmllllk(TmlHI) _ B3 mIIIT Oz
\/[ €% +[ e;yl] +1
dc1
SmlIIT dy
T, - -
e [em]
Il 1

e+ [ 1

(2.63)

All governing equations and boundary conditions listed in this chapter are

written in general form. This means that we included all three dimensions, the length

x, width y, and height z. Now we are going to summarize the assumptions for our

model and write the governing equations together with boundary conditions in their

non-dimensional form.

It is important to note that in our model we are considering a steady-state problem

since the float glass does not change its properties while cooling. Also, the width y of

the glass ribbon is neglected since the temperature is assumed to be constant across

the y-direction of the glass ribbon. Furthermore, the interface between the tin and
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the glass is assumed to be perfectly flat, whereas, the interface between the air and
the glass is assumed to be sinusoidal.

The governing equation for the pure-layer system can be written as

ePp(T)Cy(T)T, = € [K(T)T.], + [k(T)T.) (2.64)

x z

subject to the bottom and top boundary conditions at z = 0 and z = 1 + €h(x),

respectively
k(T)TZ - EBtm [T - ,-thn] + 6}%tinemtin [T4 - Tﬁn] s (265)
oh
k(T){ —€*T, Su + (2.66)

[~e5]" +1
_EBair (T - Tair) - eRairemair (T4 - T;Lir) .

The governing equation for the multi-layer system can be written as

for region I

ePp(T™)Cp (™ T = (2.67)

62 [k(Tm”)T;n”} ) 4 [k(TmlI)TZTnU] Iy
for region II

EPmlIIpmlII(TmlI[)CgLZII (Tml]I)T:;nlII — (268)

62 [k,mlII (TmlII>TmlII} + [kmlll (TmlII)TmlII}
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and for region 111

EPp(TmHI[)Cp(TmH[I)T;,’LHII — (269)
62 [k}(TmZIII)TmlIII} + [k(TmlII])TmlIII]

z

subject to the bottom and top boundary condition at z = 0 and z = 1 + ecs(x),

respectively
]{?(TmlI)T:L” = GBtin [Tm” - T;Em} + 6fitinemtin [(Tm”)4 - Tfm} ) (270)

Ocg

k(z‘vml]]]) _€3Tml]II oz o
=TT
1
TS
_EBair (Tml[][ _ Tml[][) _ eRairemair ((TmlIII)4 _ T4» ) )

air air

(2.71)

mllI]
Tz

For the multi-layer system, the interface between the pure-layer and the
contaminated-layer is further assumed to be flat. Thus, the normal on every interface

is defined as

ng = (0,0,—1), (2.72)
n, = (0,0,1), (2.73)
ns = (0,0,—1), (2.74)
ng = (0,0,1). (2.75)
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Also, the temperature and the heat fluxes between regions I and II and regions II

and I at z = g—; +eci(z,y) and z = % + eco(x, y), respectively, are continuous.

Tml] — TmlII’ (276)
Tml[[ — TmlIII) (277)
and
Jca
k}:n”k?<TmH> _€3szl1 oz o (278)
Hca 12 1
|: € ox } +
Tml[ 1 —
[—ed2]” +1
dc
k;nlflkmlfl (Tmllf) _€3Tmrnl11 8_:132 o
[—e%} +1
Tml][ 1
e+ 1
and
Jc
k,;nl[[k,ml[[ (Tmlff) _E3Txrnl11 8_331 _ (279)
\/ [—e@} ‘11
ox
Tmlll 1 —
A/ [—e%]Q +1
Jc
kmllllk(TmlIII) _E3Tmlfff 8_501 o
T T o112
[—68—;} +1

TmlIII

1
B/ L
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CHAPTER III
SOLUTION PROCEDURE FOR THE TWO-DIMENSIONAL HEAT TRANSFER

PROBLEM

In this model, we shall study the leading order and up to and including the first order
problem, O(e), for the temperature 7" in both the pure-layer and multi-layer systems.
Therefore, it is necessary to consider an asymptotic expansion of temperature 7.
The following asymptotic sequence shall be used based on the term comparison from

Chapter 2.

The asymptotic expansion for T is

T(x,2) = To(z,2) + Ty (x, 2) + ETs(z, 2) + O(€®). (3.1)

Using the asymptotic expansion given by equation (3.1) together with the Taylor
series expansion, we determine expressions for the thermal conductivity k(T"), density

p(T), and specific heat C,(T):

E(T) = Kk(Ty+ (T} + €*T3)) (3.2)

k”(To)
2

= k(Ty) + €Ny k' (Ty) + € (Tgk:’(To) + 17 ) +0(€),
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p(T) = p(To+ (€T + €Ty)) (3.3)

p"(To)

= p(To) —+ ETUO/(T()) + 62 (TQP/(TO) + T12 > + O<€3)7

Co(T) = Cu(Ty + (€11 + €T3)) (3.4)

(T
= Cy(To) + TiC(Ty) + & (TQC’;(TO) + Tf%) L o)

Substituting equations (3.2) - (3.4) into the governing heat equation (2.64), we obtain

e {p(Tg) T (Ty) + € (Tgp'(To) TP p”gTo))] (3.5)

Gl + Tyt + & (Y1) + 72 C;/;T()))]

|:T0 -+ €T1 -+ €2T2:|x

_ ¢ Kk(To) F TR (Ty) + ¢ (Tzk’(To) + T2 k”(QTO) >) (To + €Ty + szz)x]

x

+ [k(To) + €Ty K (Ty) + € (Tgk’(To) + T2 kﬂ(TD)ﬂ R

2

It is also necessary to consider asymptotic expansions of the boundary conditions.
Therefore, we expand the following terms when z = 0 and z = 1+ eh(z) using Taylor
series.

At 2z =0:

K(T) = k(To(0) + (e73(0) + €'T3(0))) (3.6)
= k(To(0)) + €11 (0)K (1o (0))

v e (nowmo) + 2o 5 1 o)
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p(T) = p(To(0) + (eT1(0) + €*T3(0))) (3.7)

= p(T6(0)) + €T1(0)'(To(0))

v (normo) + 20 50 ) o)
Cp(T) = Cp(To(0) + (eT1(0) + €T2(0))) (3:8)
= Gp(To(0)) + eTa(0)C,(To(0))
+ & (T2(0)0;<T0(0)) +T2(0) C;’I(T;(O) ) ) +O().
At z =1+ eh(x):
ET) = k(Ty+ (€T + €Ty)) (3.9)

= K(To(1)) + € [hTo(1) + Ty ()] K (To(1))

+ € {%QTOZZ(U + hT1:(1) + % (hTo-(1) + Tl(l))z} K'(To(1)),

p(T) = p(Ty+ (€Tt + €T3)) (3.10)
= p(To(1)) + € [WTy. (1) + Tu(1)] ¢ (To(1))

b [T+ ML)+ () + TP 1)

Co(T) = Cu(Ty + (T + €T)) (3.11)
= Cy(To(1)) + e [WTo. (1) + Tu(1)] C(To(1))

2

& {%TOZZ(l) + hT(1) + % (hTo.(1) + T1(1>)2} Cp(To(1)),

(To + €1 + €Ts) = To(1) + € [RTp.(1) + Ti (1)) (3.12)

+eﬂ§%Mn+MLm+nuﬂ+mﬁ,
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(To+ €l + €Ty) . = To.(1) + € [PTo.(1) + T1(1)], (3.13)

b e[St ) + 1) +OW)

(To + €Tt + €Ty), = Too(1) 4+ €[hTo.(1) + T1(1)], (3.14)

+eﬂ§%4m+mun+nm]+ow»

xT

(To + (€17 + €2T2))4 = To(1) 4 4T3 (1) [WTo. (1)Ty(1)] (3.15)
+ € [6T5 (1) (hTo-(1) + T1(1))]
h2
+ € {4Tg’(1) (;TOzz(l) +hTy.(1) + Tg(l)):| :
Substituting equations (3.6) into the bottom boundary condition (2.65) and equations

(3.9) - (3.16) into the top boundary condition (2.66), we find the expression for the

bottom boundary condition at z = 0 to be

k" (T,
k(To) + €Tk (Tp) + € <T2/€/(T0) + 17 (2 0))1 [Ty + €Ty + €T] . = (3.16)
€Byin [To + €Tt + €T, — Ttm} +

ERtinemtin [(TO + (ETl + E2T2))4 - irén} )

20



and the top boundary condition at z = 1 to be

[k(To(1)) + € [hTo.(1) + T (1)] K (To(1)) (3.17)
¢ [%QTOZZ(U +hT(1) + % (hTo.(1) + Tu(1 } (T, }
{[TOZ(l)+e[hTOZ(1)+T1(1)}Z+62 [%QTOZZ( )+ RTh.(1) + Ty(1 } 1

1

- o<63>} -
(~egp)’ +1

_EBair [T0<1) + € (hTOZ(1> + T1<1)) - Ta”] -

ERairemair |:(T0 + <€T1 -+ €2T2>> T4 ] .

awr

Notice also that we need to apply the binomial expansion on

1
1+ (—6%)2
to obtain
! [1 _ el ( on ) + 0] . (3.18)
\/1+ (e’ (am)

Thus, the top boundary condition at z = 1 becomes

[k(To(1)) + € [PTo. (1) + Th (1) K'(To(1))+  (3.19)
€ {%ZTOZZ(D + Ty (1) + % (RTy.(1) + Tl(l))Q] k;”(To(l))]

To-(1) + € [ATo. (1) + T1(1)], + € h—QTOZZ(l) + AT (1) + To(1)
{ k /]

-(&)) o]}

_EBair [T0<]-) + € (hTOZ(l) + Tl(]-)) - Tlli?"] -

ERaiTEmair [(TO + <€T1 + €2T2>> T;l’f‘] :
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To summarize, the governing equation for the pure system is given by equation (3.5)

subject to the top and bottom boundary conditions given by equations (3.16) and

(3.19), respectively.

Let us now consider the non-dimensional governing heat equations (2.67) - (2.69) for

the multi-layer system. As stated at the beginning of this chapter, the same approach

and hence the same asymptotic expansion is used, so

Tz, 2) = Ty (x) + I (2, 2) + T (2, 2) + O(€),

T (,2) = T () + T, 2) + TP, 2) 4+ O(E)

Tm”H(JJ,Z> — TgnHH<I> T ETlmlHI(l‘,Z) 4 €2T2mHH(ZL’, Z) 4 0(63).

The non-dimensional governing heat equations are:

ePp(TiM + T + TN (Ti + T 4 2T
[T(;nl] + ETlmlI + €2T2mll}$ —
& k(T3 + e + T3 [ + ey + T3] ]+

[k(Tg"T + €Ty + T3 ) [T + ey + T3] ] o

EpmlllpmlII(Tgnlll + 67":1m111 + €2T2m”1>0;n”l(Tgn”I + ETlmlII + 6ZYvaIII)
[Ténlll 4 6TvlmlII 4 €2T2mlll}x —

62 [kmlII(TOmlII + ETlmlII + EQTQmIII) [TgnlII + 6TvlmlII + 62T2m”1} x]x 4

[k:mlll(T(')mlII + ETimUI + €2T2'mlII) [T(;nlll + ETlml[I + EQTém”I] Z}Z’
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(3.21)

(3.22)

(3.23)
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ePp(THH eIl | 2mllilyey (pmilIl | pmilll 4 2qmlllly (3 95)
[TOmlHI Fermiil 4 62T2mUHL _
¢2 [k:(T(’)””H eI | 2l [Ténllll eIl 4 EzTQmUUL]x i

[k(TOmHII T 671177111[[ + 62Tv2mlIII) [TomlIII + GTlmlIII + €2T2mllll} Z:|Z ]

These coupled governing heat equations (3.23) - (3.25) are subject to six boundary
conditions.

The bottom boundary condition at z = 0 is

L (Tmll)
KTy ) + eI K (T3 ) + € (T;“”k’(Tgn”) + (T )} (3.26)

[Tgnll 4 ETvlmll 4 €2T2mll}z —
EBtin [Tomll + ETvlmll + E21-12mll - Ttin] +

€Rtin€mtin [(T(;nu + (ETlmlI + 62T27nl]))4 - Tﬁn} >

where T};, is the same temperature profile of the tin as in the pure-layer system and

similarly By, Rin, and €,,4;, are as before.
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The top boundary condition at z =1 is

[k?(Tm”II) +e [hT(;ZlIII+TmlI[I k’l Tml[[[) (327)

_|_€2 |:};2T67;illf + th’ﬂZLl]II (hTé;LlIII +Tml[][ :| k//

+€2 |:f;2T6;LiIII +hTmHII TmlIII:|

)

]
L 0<e3>}
(—e2)” +

— _EBaz’r [Tgnllll (thgllll 4 TmlIII) Tazr]

z

{|:T(')erIII T [hT(;ZHII +T1mllll]

_eRairemair [(TOmZIII + (ETlmlIII + 62Tv2mlIII)) T4 } ’

arr

where T,;. is the same temperature profile of the air as in the pure-layer system and
similarly Byir, Rair, and €,,q; are as before.

As in equation (3.18), the binomial expansion gives

i [(16%092} [1 - (@‘_) ) ”“4)] | (3:25)

Continuity of temperature between regions I and II, and regions II and III at z = %
and z = H2 , respectively yields

T et Tyt = Tt ety Tt (3.29)

Tgnl[[ X eTlmlH 4 €2T2mlH _ Tom”H 1 ETlmlIII 1 €2T2mlIII7 (3.30)
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continuity of heat flux between region I and II, and region II and III at z = £ and

Hj
2z = 2 regpectively are
Hy’
k(T 4 e 4 2Tmi (3.31)
dcy
_63(Tgnll+€Tl7nlI+62T27nlI)x ox - _
\/[—e%f + [—e%—ﬂ +1
1
(TanlI+T17nlI_'_62T27nlI)Z ; —
[—e%} +1
k:k_mZII<T5rLlII_+_€T1mlll_|_€2T2mlII)
dea
o €3<Ténlll n ETlmlII I €2T2mm)x oz .
Oca 2
[_GE] + 1
1
(Ténm i 6Tlmm i €2T2mln)z :
[—e%} +1
where
. kpu
by = (3.32)
1 2 [ 19cy\°
—1-< (ﬂ) +] +0(h] . (3.33)
\/1+ [(—e22)’] 2 \\o
oz
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and

kmlll(TgnlII + eT{””I + E2T2mlH) (3.34)

Jdcl
) o -
N
ox
1
(T(;mlll—f—ETlmHl +€2T2mlll)z - _
Jdcl
[_GE} +1
k:*k(T(;n”II—FGT{n”II+62T2m”11)

dcl

oz _
VI—e]? 41
) 1
NETEY

—63(T6n”1 + ETlmlII + €2T2mlll

_GS(TgnlIII + ETlmlIII + EQTQmHI[)x

U1 UIT | 27mlITT
(T5H 5 + eTy™ 4+ T

where
. k;nl]]]
! _ g (Y +O(eh) (3.36)
N 2 or '

i (o]

3.1 Leading order problem for the pure-layer system

From equation (3.5), we collect the leading order terms. The governing heat

equation at O(1) for the pure-layer system becomes

(To)Th.]. = 0. (3.37)
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This O(1) governing heat equation, (3.37), is subject to bottom and top boundary
conditions at z = 0 and z = 1, respectively
k(To(z =0)To.(2=0) = 0, (3.38)
K(To(z = 1)) To(z =1) = 0. (3.39)

Integrating equation (3.37) with respect to z and applying boundary conditions (3.38)

and (3.39), we find the solution at leading order,

To(z) = Tp. (3.40)

(Refer to Appendix C for an extension of the problem to three dimensions. An
equivalent expression for Ty is then determined in z and y. Hence, T} is a solution of
a partial differential equation in a three-dimensional case).

From equation (3.40), we observe that the temperature T} is independent of z, thus
it is a function of x only. Since the exact temperature 7| at leading order could not

be determined, we go to the next order, the first correction, to calculate Tj.

3.2 First order problem for the pure-layer system

Collecting the first order terms, O(¢), from the governing heat equation (3.5),

we write the governing heat equation for the pure-layer system as

Pp(T())Cp<T0)TQx = k(To)lez + le?/(T())Tozz, (341)
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subject to the following bottom and top boundary conditions, at z =0 and z = 1,

E(To(0)T12(0) +  To-(0)T1(0)K (To(0)) = (3.42)

Btin [TO(O) - Ttin] + emtinRtin [Tél(()) - ,Iﬁn} )

k(To(1))T12(1) = — Bair [To(1) — Toir] — €mair Rair [Ty (1) — T,

air] .

(3.43)

Notice that

from the leading order problem. Thus, the governing heat equation (3.41) at O(e)
simplifies to

Pp(TO)CP(TO)TOx = k(TO)leza (344)
where the left hand side is independent of z since Ty(z) is independent of z. Let

which is a function of x only. Therefore, the O(€) governing heat equation (3.44) can
be rewritten as

C(x) = k(To) Tz (3.46)

Notice that the governing equation for 77 depends on the leading order temperature

Th.
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Integrating equation (3.46) twice with respect to z, we obtain an expression for T

which is parabolic in z (through the thickness)

1 [C(x)
k(Ty) | 2

T, = 2+ D(x)z + E(x)|, (3.47)

where D(z) and E(z) are unknown functions of z. Here, we can observe that the
temperature 77 is a function of x and z, T7 = Ti(x, 2).

After integrating the governing heat equation (3.46) once, we find

After applying boundary conditions at z = 0 and z = 1 to equation (3.48) and

subtracting them, we determine D(x) to be
D(x) = Byin [To — Tyin] + €mtinRiin [TSI — Tén} ; (3.49)

as well as the following ordinary differential equation for T}

1

lor = BT

{_Bair [TO - Tair] - EmairRair [T(;L - T;Lir} - (350)
Btin [TO - ﬂzn] - EmtmRtin [TSL - jﬁn] } .

(Refer to Appendix C for an extension to the three-dimensional problem. An equiv-
alent partial differential equation in z and y is found).

Equation (3.50) is a non-linear, first order differential equation. It will be solved
numerically using the fourth order Runge-Kutta method. Knowing 7Tg,, we can fully

write an expression for equation (3.45) as

C(‘T) - _Bair (TO - Tair) - Gmainair (7_'61L — T4

air)

(3.51)

Btin (TO - ithn) - 6mtinfgtin (,—TSl - Tt%n)
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As it can be seen, we need to go to O(e) to calculate Ty. However, we did not fully
determine T; at O(e), thus we need to go to the second order, O(¢?), to find an
expression for E(z). Once, E(x) is determined, the complete temperature profile for

T, will be known.

3.3 Higher order problem for the pure-layer system

Recall that

L 1C@) 24 piaye+ B (3.52)

5
—~
3
~—
(\]

where C(z) is defined by equations (3.45) and (3.51), D(z) is defined by equation
(3.49), and E(z) is unknown.

Hence the temperature profile is

T(z,2) =Ty(z) + ¢ {k(lTo) (@22 + D(x)z + E(x))] + O(é?). (3.53)

From the governing heat equation (3.5), we write the O(e?) governing heat equation

for the pure-layer system as

P [p(T0)Cyp(Ty) T1o + Tou T1C,(To) p(To) + TooT1p' (T0)Cy(T) | = (3.54)

[k(TO)TOI]x + k(T[))Tsz + lelezk/(T0)7

subject to the bottom and top boundary conditions at z = 0 and z = 1, respectively.

This yields

Byin 4T03
k:(TO> +e€ t t k‘(To) (ZL’) ( )
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and

k(Ty) Ty, = [C;”“") +D(:7c)] { k_(ﬁo) - Raemalj(—?fi)] ~h@)C(x) (356
| (5) etmer e [0 -
(5 o) (G~ secre) Yoo
= Ky(2) + Ky(2) E(x),
where h(z) = a sin(22) was taken from Charnock’s paper [6] and it describes the

uneven top surface of the glass ribbon. Also, it is assumed that the amplitude a is
considerably smaller than the wavelength A, a << .

Substituting expressions for T, T1,, T1.. and T3, in equation (3.54) and integrating
with respect to z, we observe that an expression for 75 is cubic in the variable z.
Applying the bottom and top boundary conditions at z = 0 and z = 1, respectively,

we determine that E(x) satisfies

8_E
ox

+ [-Ui(2)] E(z) = Us(2), (3.57)
where Uy (z) and Us(x) are known functions.

We obtain a linear, first order ordinary differential equation. Equation (3.57) is
solved using the fourth order Runge-Kutta method. It seems like the differential
equation in (3.57) can be solved analytically since it is linear, first order; however,

Ui(z) and Us(x) are very complicated expressions, so it is easier to solve using the

Runge-Kutta method. Further, we also need to determine a boundary condition for
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E(x) by analyzing T}(z, z). From our assumptions, we know the temperature at the
beginning of our region of interest.

Consider

C(z =0)
2

224+ D(x=0)z+ E(x =0) = 0. (3.58)
Analyzing expressions C'(x = 0) and D(z = 0), we noticed that they are very small;
thus, by linear independence, C'(z = 0) and D(z = 0) can be neglected. This produces
a boundary condition, F(z = 0) = 0, for equation (3.57).

In the case that C(x = 0) and D(x = 0) have larger values, the left boundary
condition (at 1100°C) would not be satisfied and a boundary layer analysis would
have to be applied at the left boundary condition. If C(x = 0) and D(x = 0) have

larger values our current analysis would fail.

Once E(x) is solved numerically, the temperature profile
T(z,2) = To(z) + €Ty (z, 2) + O(€?) (3.59)

where

Cl)

Ti(x,z) = 2+ D(x)z+ E(x)|, (3.60)

is completely determined.

3.4 Leading order problem for the multi-layer system

Here, we shall define and solve the leading order problem, O(e), for the multi-

layer system. The same assumptions and approaches for determining the leading

62



order problem, i.e. Taylor series expansion, are used as in the pure-layer system.

Therefore, the O(1) governing heat equations for the multi-layer system become

[Ty TE", = o, (361)
[k (T YT =, (3.62)
[k:(TSnlIII)T(;ZlIH} = 0, (3.63)

subject to the following boundary conditions

top boundary condition at z =1
k(T T = 0, (3.64)
bottom boundary condition at z =0
k(T T = 0, (3.65)

continuity of temperature between regions I and II and regions II and III at z = £t

Hs

and z = g—g, respectively
= Tt (3.66)
Ténl][ _ TSnUII7 (367)
continuity of heat flux between regions I and IT and regions II and III at z = g—; and

H. .
z =4 respectively

k(TOTnlI>T1ﬂZlH — k:kmlff (Tgn”l)Tglll, (368)
kmlII (TgnlII)T{Z”I — k':*k(TOWL”II)T{ZHII, (369)
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where kf and k* are defined in equations (3.32) and (3.35). Integrating equations
(3.61) - (3.63) with respect to z and applying boundary conditions at prescribed

locations, we find the following solutions at leading order:

e(r) = kE™N(TETY, (3.70)

fla) = RRTOTE, (3.71)
1 m m

gle) = k(TITR (3.72)

From equations (3.70) - (3.72), we observe that the temperature between the layers,

specifically between region I and II, and region II and III, is the same. This means

Ty =T = T = Ty = To(x), (3.73)

which is similar behavior to the pure-layer system. Therefore, T\, must be determined

at the next order.
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3.5 First order problem for the multi-layer system

Collecting the first order terms, O(¢), from the governing heat equations (3.23) -

(3.25), we write the O(e) governing heat equations for region I, II, and III respectively

Pp(Tg"Cy(Tg ) T = (3.74)
(T T + TR (T T2

PmlIIpmlII(T(;nl]I)O;nZII (TgnlII)Tézl]I — (375)

mll I frmlI T\l T mlI1 il TT (rmlITrmlI T
Em (T T + TR (T )T

1zz 0zz >
Pp(TénUII)Cp(Ténllll)TgZ”II — (376)

k(]ﬂénlIII)TmlII[ + TlmlIIIk/<TOmZIII)TmlIII’

1lzz 0zz

subject to the following boundary conditions:

bottom boundary condition at z =0
k(T T = B [T(;n” - Ttm} + Riin€mtin [(T(Jm”)4 - ,’Tén} ) (3.77)
top boundary condition at z = 1

k(j'gnl[[[)Terllll — _Bair [Tgn”ll o Tair} . Rairemair [(Tgnllfl>4 o T4

air] )

(3.78)

continuity of temperature between region I and II and region II and III at z = %

Hy

and z = o respectively

o= (3.79)

Tlm,llf — Tlﬂ”LlIII’ (380)
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continuity of heat flux between region I and II and region II and III at z = g—; and
z = %, respectively
k(TéTL”)T{ZlI — k:kmlff (TOTnHI)T{ZHI, (381)
fo(T Ty pmill - o omlI 1 (Pl ITypml 1T, (3.82)
Notice that
o =0, (3.83)
TSZZII —_ O7
Tl

from the leading order problem in each region. Thus, the governing heat equations

(3.74) - (3.76) simplify to

Pp(Tg" Gy (T T = k(T )T, (3.84)
PmlllpmlII(Ténl]I)C;nlII (TonmlII)T(;rle] — kmll] (TgnlII)T{rZLiII’ (385)
Pp(T(';nlIII)C«p(T(';nl]II)T(';;LlI]I — k(TSnlIII)TeriIII7 (386)

where the left hand side of these three equations (3.84) - (3.86) is independent of z.

Thus, by following the same convention as in the pure-layer system, we define

wi(x) = wy = Pp(Ty")Cy(Ty T, (3.87)
U)Q(iL‘) = wy = PmalmlH(Tgnlll)cv;nlll(Tg)nlII)TSZlH7 (388)
wy(r) = ws = Pp(Ty" e, (T Tnt T, (3.89)

66



Substituting equations (3.87) - (3.89) into the first order governing heat equations

(3.84) - (3.86) and integrating with respect to z, we find

E(T T = wiz +dy(2), (3.90)
ol (I Ty pmlIl 4 (), (3.91)
R(TyTI = wsz + ds(x). (3.92)

Applying the top boundary condition at z = 1, equation (3.78), to the region III
governing heat equation (3.92), we obtain an expression for the arbitrary function of

integration, ds(z) to be
d3(z) = dy = =B [T = Tuir| — Ruiv€mair [(T3" ) = T ] — w3, (3.93)

Applying the bottom boundary condition at z = 0, equation (3.77), to the region I
governing heat equation (3.90), we determine an expression for the arbitrary function

of integration, d;(z) to be

di(z) = di = By [T — Tiin] + Risn€mtin [(T3™)* — T - (3.94)
Using the heat flux continuity conditions at z = % and z = %, equations (3.81) and

(3.82), and applying them to equations (3.90) and (3.92), we obtain expressions for
the arbitrary function of integration in region II, ds(z), from equations (3.91).

_H
AtZ—F;

H H 1
~wy — 2wy + —— [Brin(Tg™ — Thin) + €mtin Rein(T™)g — Tih)] (3.95)

R
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and at z = %
—H, H, 1
d = - — 3.96
2(7) Hy s (Hz%k?f k’?) (3.96)
1

- 3. (Bair(T(;rnl - Tair) + Emai’/‘Rair«Tml)é - sz'r)) .

Setting equations (3.95) and (3.96) equal, we are able to produce the governing heat
equation for the contaminated-layer temperature T¢™. The governing heat equation
for the contaminated-layer system becomes

A Bui [T = Tuia] + €mair Rase [(T3")* = T, 1}

air

T - (3.97)
! et Po(Ty ) Cy(Ty) + BM
Bl Pp(Ty) Oy (T3) + M |
where
g = pp(TO)Cp(TO)a (3-98)
1 k*Hy — H3k** H
M = r 2 3 T ! (399)

ke kek*Hs  Hgk™
Recall that T,;. and T};, are the same air and tin temperature profiles as in the pure

system. Also, from the leading order solution recall that Tg"! = T = T, thus

T é {Bm‘r [TO - Tair] + €mair Rair [T(;1 - thir]} (3 100)
0z — _ ’
BT Pyp(Ty)Cy(Ty) + AM
k'r% {Btzn [TO - Ezn] + EmtinRtin [T(;l - Tt%n]}

12 Po(Ty)Cy(To) + BM !

where M and 3 are defined in equations (3.99) and (3.98).
This is a non-linear, first order differential equation that describes the temperature

distribution in the z-direction, through the length, of the glass ribbon. Because of
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the non-linearity, this equation will be solved numerically using the Runge-Kutta
method. It is important to note that if £ = k;* = 1 in the multi-layer differential
equation (3.100) at O(e), then equation (3.100) becomes equation (3.50) from the
pure-layer system at O(e). Therefore, the contaminated layer does not exist and the
two differential equations give the same temperature profile.

Also, notice that by integrating equations (3.90)-(3.92) with respect to z, we obtain

the same parabolic profile for 7 as in the pure-layer. Hence,

mil _ 1 wi(z) ,
7 (x,z) = () [ 2( )z —i—dl(m)z—l—nl(:v)] : (3.101)

milT _ 1 WalT) 2
T (2,2) = Rl (T [ 5 ? + do(x)z + 77,2(33):| : (3.102)
T (5 5) = kmmll T [wSQ(@z? + dy(x)2 + n3(x)} . (3.103)

By substituting expressions for wq(z) and dy(z), calculating n(x) at next order and
assuming k™1 (Ty) = k(Ty) = 1, we obtain the same temperature profile for T/ as
in the pure-layer, equation (3.47).

Combining the temperature profile T/ for regions I - III, we can represent 77 as a

piecewise defined function

;

T Ty [“’if”)z? +dy(z)z + nl(x)] if 0<z<H,,

ml
(e, 2) = km—ZIII(To) [w22(z) 2%+ dy(z)z + n2(95)] if Hy <z < Hy, (3.104)

kmlIIlI(TO) |:w32(x)22 + d3(fIJ)Z + ng(a:)} if Hy <z< H;.
\
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3.6 Higher order problem for the multi-layer system

In this higher order problem, we need to calculate an expression for ny(z) in
T (x,z). The same approach and assumptions were followed as in the pure-layer

system. Hence, the temperature profile can be written as

TmlH(ib, Z) _ Ténln(ﬂi) + ETlmlH(x, Z) + 0(62) (3105)
1 wa(x)
_ mlIT 2 2
= T () + EkmlU(To) 2%+ do(x) 2 + na(x)

+ O(é?).

Collecting the O(e?) terms from governing equations (3.23) - (3.25) and boundary

conditions, we find

PTG (T T + PTEI T CYTy ™ o(T3™) -+ (3.106)
PTRITY! (TP Cy (T3 =
[T TET), + BT TR+ TR T (1),
Pp(TOmlII) Op (TOmlII)T{;LlII 4 PTOTSZIIT{nlIICIg(Ténlll)p(TOmlII) + (3 107)
PTg;lIIT{nlIIpI (Tgnlll)cp (Tgnlll) —_
[k?(T(;m”I)TSZUI} N + k(TénlII)ngLiII + T{ZiIIT{Z”Ik?/ (Tgnllf) 7
Pp(TgnlII])Cp(TgnlIII)T{;LZIII + PTSZ”IIT{n”IICI/)(Tgn”]I)p(TOmHII) 4 (3 108)

PT[;;L”IITlmlIIIIO/ (Tgnllll) Cp (TomlIII> —

[k(TSnlIII)Tg);LlIII}I—‘Fk(TénlIII)TmlIII+TMZIIIT{ZIIIIkI(TSnZIII)

2zz lzz
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subject to the bottom and top boundary conditions at z = 0 and z = 1, respectively
k(T3 T2+ TR (T3 T+ (3.109)

k’” Tml[
(szukfl (Ténll) + (T{nll)2 ( 20 )) T(?)le
Btin [Tlm” - Em] +

Rtinemtin [2(T6n11>3T{nl1 - Tt%n]

and
h2
kf(Tg)n”II) |:?T£illl +hT177;lIII+T27nlIII:| + (3110)
[hTé‘rZZZIII +T17nlIII:| kl(TgnlIII) [hT(')rTZleII +T17nlIIIj|Z +
h2 mlII1 mlIIT] 1 mlII] mIIIT\2 " mlII] mlII]
?TOZZ + thz + 5 (hTOZ + Tl ) k (TO )TOzz -
— By [(RTZT 4 Tty — T, -
Rairemair [4(7’3}1[1[1)3 (thZ”II + Tlrnllll) o 7’;3”} ’
where h(z) = a sin(*%) as before.

Continuity of temperature and heat flux at z = % and z = % also apply. Please

refer to equations (3.29) - (3.31), and (3.34) for the exact form of the boundary con-
ditions.
Recall from the assumptions we made and the solution from the leading order prob-

lem, which simplify the governing heat equations (3.23) - (3.25) and boundary con-
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ditions (3.29), (3.30), (3.31), (3.34), (3.109), and (3.110)

KTy = K" (T =0, (3.111)
CyTy™h) = Ty = 0,
pl(T(')mlII):p//(TOmlI]> — 07

mll _ mll
T =l =),

0zz

mlll __ rqmlIl
T(Jz *T(Jzz - 07

mIIIT __ pmlIIT
TOZ - T()zz

Applying the bottom and top boundary conditions at z = 0 and z = 1 as well as the

continuity conditions z = % and z = %, we determine an expression for ns(z) and
hence an expression for T/ (z, z). The expressions found are quite lengthy, thus we
omit them. Refer to the numerical simulation and results section of this thesis for

more details about the calculations.
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CHAPTER IV
FORMULATION OF THE THERMAL STRESS AND DISPLACEMENT

PROBLEM

Next we determine three-dimensional thermal stresses and displacements in the
glass ribbon that appear due to nonuniform heating. Note that all the displacements
and thermal stresses will be determined via a combination of asymptotic analysis and
numerical simulations.

From [18], we obtain the basic equations of equilibrium in terms of displacements.
For simplicity we assume a plane strain model since the heating of the glass is uniform
across the width of the ribbon. This requires us to assume that there is no displace-
ment along the y-direction, thus, €¢; = 0. However, the stresses in the gy-direction,
0y, do not vanish in order to maintain the plane strain condition. Note further that
the body forces are neglected and we assume that, except for the lateral surfaces, the
boundary remains stress-free.

In what follows, variable subscripts denote derivatives with respect to that variable
and scalar subscripts denote the order at which the asymptotic expansion is being

solved.
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4.1 Governing equations and boundary conditions for the thermal stress system

We begin with the general equilibrium stress equations

0 0y 0z
06y  OTsy  OTys _ 0
oy 0z 9z
0z o0z oy n
and constitutive conditions
. -~ 1. . R
€ — (T — Tref) = 7 6z — V(o5 +62)],
. EN 1. R R
€y — o (T — Tref) = 7 6y —v(0: +02)],
. EN 1., . R
€ — (T — Tref) = 7 [6: —v(6: + 6yg)]

Adding the set of equations (4.3), we find

1 . N
&:Eﬂ—ﬂm@+ﬁaCT—ﬂd»

(4.1)

(4.2)

(4.5)

where € is the sum of strains, © the sum of the principal stresses, a thermal expansion

coefficient, E the Young’s modulus, A and v the Lame constants, G the shear modulus,

and T,.s is the reference temperature. Further,

>
|

@)
Il

€s + 5+ é:,

b3+ 64+ 6z,

vE

(1+v)(1—2v)’

E

21+v)
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Recall we made an assumption about solving a plane strain problem along the y-

direction, i.e.

8
I

hence,

R ot
Yig = [~
Yy ay

ow

~

Here, 4, v, and w are displacements.

However, the shear strain 4 in 2 and 2 is still present. Therefore,

A~

Viz =

_|_

’Yﬁgza—@—i—%

0z

A

€ =

Yy
00
0z
00

ow
oz’

(4.10)
(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

Using equation (4.5) and solving for stresses from the set of equations (4.3), we

determine expressions for the thermal stresses, ; and 6;, in terms of strains, and

thus displacements. They are written as

0 = M+ 2Gé; —

0; = e+ 2Gé; —

o (T = Troy)

1—2v
o (T = Troy)
1—2v '

From equation (4.3) and since é; = 0, we find

A

Oy = I/(é'@ -+ 5’;3)

5

(4.16)

(4.17)



Substituting equations (4.16) and (4.17) into the stress equilibrium equations (4.1), we

determine the governing equations in the dimensional form for the three-dimensional

problem:
<>‘+G)§§ + GV — (1(i£;y> 9 (T\(;gTref> — 0,
(A + G)% + GV — i iEzy) 0 (T géTref) —

Boundary conditions without any surface forces can also be derived from equations

(4.16) and (4.17) in the dimensional form:

o (T = Troy)
1—-2v

(4.19)

_ G [au ot o1 }

z
oz Tag" o

+ G 8ﬂl+8@ —Fa—w
or Toar T ar

ol (T = Troy)
1—-2v

l _

o Ta" Tt oz
o 00 ow

+ G [8gjl+a_gm+8_gn] N

m = )\ém—l—G{av 0 Gvn}

aF (f — Tmf)
1—2v

AR TLLRNPF
oi. 96 o }
[+ —m+ —n

2 Tt s

n = )\én—l—G{aw Ow awn]

vl

where [, m, and n are the components of the normal in the Zg2-system and correspond

to the z, g, and Z direction.
Making simplifications to the above governing and boundary condition equations in

dimensional form, equations (4.18) and (4.19), and using the plane strain assumption,
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equation (4.13), we find the governing equations pertinent to our model

o 9 o 0% aE 9 (f - Tref)
_ —0, (4.2
(A +0) {a:ez * a;%az} TG [aa:«‘z * 022] i—2) o 0, (4.20)
o 0% o 0 aE 9 (f - Tref)
° . —0. (4.21
A+6) [afcaz * 0@2] ¢ {8&2 * 822] I-20) o 0. (4.21)
subject to the boundary conditions
at 2 =0, H:
i O
= 4.22
BE 07’ (422)
ok (f - Tref) i o
- A+ 2
1~ Ao TAH26) 53
at © =0, L:
B O
- 4.2
BB 0%’ (4.23)
oF (T\ — Tref) aw aa
- 2 .
1— 2 Az T A+20) 52

4.2 Nondimensionalization for the thermal stress system

The scalings in Table 4.1 are used to nondimensionalize the governing thermal
stress equations (4.20) and (4.21) and the boundary conditions, equations (4.22) and
(4.23). We assume that the reference temperature 7). is equal to the temperature
at the exit of the furnace, 873 K. Using the aspect ratio, equation (2.17), and the

scalings in Tables 2.1 and 4.1, we find that the governing thermal stress equations,
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Table 4.1: Nondimensionalization table

Independent /Dependent variables|Scale||Units

=0

u Lu m
w Hw | mm
(4.20) and (4.21), become
e (A +2G) % +EAN+G) ;;;UZ + ng _ 2 (?%ﬂ;li) o(T (;xTref)
(A +2G) % + A+ G) ggz + €2Gg11§ _ (T?T;) o(T gZTref)
subject to the boundary conditions
at 2 =0, 1:
ou 5 0w
7 - o
f?T;, (T =Tey) = Ag—z + (A +2G) ‘?)_";’
at v =0, 1:
du 5 Ow
A
??T;Z (T —Trep) = Ag—ls + (A +206) %.

=0, (4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

From the heat transfer analysis, there is a boundary layer at the beginning and end

of the region of interest. Therefore, the second boundary condition in x, equation

(4.29), will not be used. Only the shear condition, equation (4.28), will be applied at

x=0,1.
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We performed an asymptotic analysis on temperature 7', equation (3.1); now the dis-

placements and the thermal stresses will be expanded asymptotically as well. There-

fore, the displacement u in the z-direction and the displacement w in the z-direction

can be written as
u(w, 2) = ug + eup + €ug + €*uz + O(e*)
and
w(z, 2) = wo + ew; + €wy + €ws + O(e'),
respectively.
The thermal stress equations in z-, y-, and z-direction can be written as

OCETH
1—2v

o = (A 2G)u; + \w, — (T —They)

o, = v(og+0,)—aE (T —T.y),

OéETH

o (A +2G)w, + \u 5,

(T'—Toey) -

(4.30)

(4.31)

(4.32)
(4.33)

(4.34)

We formulated the governing displacement equations subject to the corresponding

boundary conditions as well as the thermal stress governing equations.
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CHAPTER V
SOLUTION PROCEDURE OF THE THERMAL STRESS AND

DISPLACEMENT PROBLEM

Here, we will study the displacements v in x- and w in z-direction as well as the
thermal stresses o, 0,,, and o, up to and including the third order problem, O(e?) in
order to determine the thermal stresses at O(1) and O(e). The asymptotic sequence
has already been obtained in Chapter 4, equations (4.30) - (4.34).

Let us recall the nondimensional equilibrium equations in terms of displacements we

obtained in Chapter 4

0*u 0w Pu BTy O (T — Trer)

62(>\+2G)@+€2()\+G) 570: T2 €13, o =0, (5.1)
(A +20) 227‘;’ LA+ ggz + %Z?j _ ff:gfi or (;ZTref )0 (2
subject to the boundary conditions
at 2 =0, 1:
% = —622—:, (5.3)
‘fT;; (T —Tyep) = )\% + (A +2G) g—";’ (5.4)
at r =0, 1:
% = —62(2)—1; (5.5)



and

(A4 2G)u, + Aw, —

OCETH
1—2v

(T - Tref) )

v(oy+0,) —al (T —They),
ET
- (/\+2G)wz+/\um—? oo (T = Tp).
— zZlV

5.1 Leading order problem for the displacements

From the governing equilibrium equations (5.1) and (5.2) and the corresponding

boundary condition equations (5.3) - (5.5), we collect the leading order terms to set up

the O(1) problem. The governing equilibrium equations in terms of the displacement

at O(1) then becomes,

Gquz = 07

(A +2G)wo, + A+ Gluge: = 0

subject to the boundary conditions

at z=0,1

and at x = 0,1

Up, = Oa

CYETH
1—2v

(TO - Tref) - >\U0m

Uy, = 0.
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+ (A + 2G)wo,

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)



Integrating equations (5.9) and (5.10) with respect to z and applying boundary con-

dition (5.11) - (5.13), we find the displacement in z- and z-direction to be

uy = up(z) = po(x), (5.14)
w = wo(e?) = o ;éj;(TlH_ 37 (To(@) = Trep) = (5.15)
— mp{)(x)z + ho(x).

We observe that ug is only a function of z and that wy depends on the unknown
functions po(z) and ho(x). Thus, we were not able to fully solve for the displacements

and we must go to higher orders.

5.2 First order problem for the displacements

In this section, we solve for the displacements at O(e). From the govern-
ing equilibrium equations (5.1) and (5.2) and the corresponding boundary condition
equations (5.3) - (5.5), we collect the first order terms to set up the O(¢e) problem. The

governing equilibrium equations in terms of the displacement at O(e) then become

Gulzz = 07 (516)
OéETH
2 ——T, = 1
subject to the boundary conditions
at 2 =0,1
U1, = 0, (518)
ET
f T = s+ (A + 2G)u, (5.19)
—2v
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and at = 0,1

uy, = 0. (5.20)

Recall from Chapter 3 the expression for T}, equation (3.47).
Integrating the governing equations (5.16) and (5.17) with respect to z and applying
boundary conditions (5.18) - (5.20), we find expressions for the displacements in the

x- and z-direction,

u =ui(x) = pi(x), (5.21)

aFETy 23 22
wy =wi(x,z) = T 2G)(1 =9 C’(x)g + D(x); + E(x)z (5.22)

/ .

Notice again that the only information we obtained from this order is that u; is a
function of x, py(x). wy depends on the unknown functions p,(z) and j;(z). Having
worked through O(e) analysis, we observe that the answers to O(1) problem will be
determined at O(e?) and answers to O(e€) at O(e?). Therefore, we set up higher order

problems.

5.3 Second order problem for the displacements

In this section, we solve for the displacements at O(e?). From the govern-
ing equilibrium equations (5.1) and (5.2) and the corresponding boundary condition
equations (5.3) - (5.5), we collect the second order terms to set up the O(e?) prob-

lem. The governing equilibrium equations in terms of the displacement at O(e?) then
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become

(A +2G)tozs + (A + G)woes + Guugee — 7= Tos = 0, (5.23)
—2v
ET,
()\ -+ 2G)UJ2ZZ -+ ()\ + G)Ugmz + Gszx - ?—QHTQZ =0 (524)
—2v
subject to the boundary conditions
at 2 =0,1
Uy + Woe = 07 (525)
ET,
D = gy + (A 4 2G)wss (5.26)
1-—2v
and at x = 0,1
Ug, + Wo, = 0. (5.27)

Substituting expressions for gz, Wope, and wp,, from O(1), equations (5.14) and
(5.15), into the governing equations (5.23) and (5.24), we obtain governing equations
that can be easily solved. Then integrating these equations with respect to z and
applying boundary conditions, equations (5.25) - (5.27), we find an expression for

py(x) which after integration produces an expression for py(x), thus ug. We find

B aFTy
wl@) = e —

) /Ox (To(z) — Tyep) dx + Bx (5.28)

where B = 0 is chosen not to allow rotation with respect to the z-axis at x = 60 m.

We can also construct the solution for wy as

aFETy
D1 20)(1 —2)
BTy
0 2 G =2 (@)
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wo(z,z) =

(To(x) — Trey) 2 (5.29)

— Thef) 2 + ho(x)



where hg(z) is still undetermined. As stated previously, we needed to go to O(€?) to

find displacements ug(x) and wo(z, z).

5.4 Third order problem for the displacements

In this section we will set up the O(e®) problem, but obtain answers for the
O(e) problem. From the governing equilibrium equations (5.1) and (5.2) and the
corresponding boundary condition equations (5.3) - (5.5), we collect the third order
terms to set up the O(e®) problem. The governing equilibrium equations in terms of

the displacement at O(€*) then become

ET,
A+ 2G) 100 + (A + G)wrs + Guigas — f ol = 0, (5.30)
—2u
ET,
A+ 2G) w3 + (A + Guses + G1gg — f—;:ﬁgz =0 (5.31)
—2u
subject to boundary conditions
at 2 =0,1
U3y + Wiy = 0, (532)
ET,
D — gy + (M 4 2G)ws, (5.33)
1—2v
and at x = 0,1

We also assume that T3 = 0 for simplicity purposes.
Substituting expressions for ui,;, Wige, and wy,, from O(1), equations (5.21) and

(5.22), and T}, from equation (3.47) into the governing equations (5.30) and (5.31),
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we obtain governing equations that are ready to solve. Integrating these equations
with respect to z and applying boundary conditions, equations (5.32) - (5.34), we
find an expression for p{(z) which after integration produces an expression for p;(x),

thus u;. We find

@ = o +“§71H_ o /0 (éc + D( )~|—E(9:)) dr . (5.35)
wi(z,2) = (H;‘GETlH_ 2 EC(M + D( )Z2+E(x)z] (5.36)
)\OZETH 1

20+ 2G) A+ G)(1 = 20) [60< >+§D<x>+E($)} :

To summarize, we can represent the u and w displacements as

ua) = 5 +O£€H_ 5 /0 (To(@) = Thup) da (5.37)
- +a£(T1H_ - /0 ( é ) + % D) + E(x)) do |
wie,?) = o5 QO‘GE)aH_ 37 (To(@) = Trep) = (5.38)
T 0T 2(;)A (O;]iTg)u — 5 (T0@) = Tre) 2
+ hole)+ o3 ;C;E)(Tf_ 7 EC(:U)Z?’ + %D(m)f 4 E(x)z}
T 0+ QG))\((f\iTg)(l —o) EC(”’”) * %D () + E (x)} ?

where ho(x) is an unknown function. We would have to go to higher orders to
determine this function, but for simplicity of this thesis we decided to stop at O(e?).
Hence, wyg is determined up to an unknown function of z.

The displacements calculated here represent the difference of displacements across

the length and height of the glass ribbon. Note that the expression for u, equation
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(5.37), integrates temperature over small subdomains first, thus, we can say that the

displacements accumulate.

5.5 Leading order problem for the thermal stresses

Since we determined displacements at O(1) and O(¢) previously in this chapter,
we can define the thermal stresses at O(1) and O(¢) as well. Recall the thermal stress

governing equations (5.6) - (5.8). Thus,

aETH

O0r = ()\ + 2G>’U/03¢ + )\’woz — 11— 9 (To(l’) — Tmf) s (539)
ooy = V(00x + 00:) — aE (To(z) — They) , (5.40)
ET
o0 = (A+2G)wi. + Aoy — 75 (To(w) = Trey). (5.41)

Substituting expressions for ug, and wy., equations (5.28) and (5.29), into the thermal

stress equations (5.39) - (5.41), we find

oo = 0, (5.42)
ooy(z) = —aB (To(x) —Tres), (5.43)
00, = 0. (5.44)

As we can see, only the imposed thermal stresses in the y-direction from the plane
strain assumption survive at this order. We have to go to higher order to determine

thermal stresses in the z- and z-directions.
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5.6 First order problem for the thermal stresses

Collecting O(e€) terms from the governing equations (5.6) - (5.8), we obtain

O1z

O1y

01z

= (A4 2G)ui, + Ay, —

OéETH
1—2v

Tl('ra 2)7

= v(o1p +01.) — aETHT(x, 2),

= A+ 2G)wy, + Aug, —

(5.45)
(5.46)

(5.47)

Substituting expressions for uy, and wy., equations (5.35) and (5.36), into the thermal

stress equations (5.39) - (5.41), we find

O1g

Uly

01z

2GaETy

N+ 2G)(1—2v) |

QG(IETH

O+ 2G)(1— 20) |2
1

2Gva BTy

(A +2G)(1 —2v)
2Gva BTy

(A +2G)(1 —2v)

| 6

~C(z)2* + D(x)-z} ,

Lo@) + Lo

1 2
50(%)2 + D(x)z}

— aFTy %C’(:zc)z2 + D(z)z + E(m)} :

= 0.
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(5.49)

(5.50)



Combining O(1) and O(e) results, we determine

2GaETy 1 1
Op = 0200 -2 {EC’(x) + §D(x)} (5.51)
2GaETy  [1., .,
T 0 26)(1 - w) {50(@2 + D@)Z} ’
7, = —oBTy(Ty(x) = Top) + 75 jigo)‘ﬁT_H 5 [é(](m) + %D(:p)] (5.52)

2GvaETy 1 N
0T 201 -2 {—C’(m)z + D(x)z]

2
— aETy BC(Q:)ZQ + D(x)z + E(if)} )

o, = 0. (5.53)

Notice the C(z), D(z), and E(z), equations (3.45), (3.49), (3.51), and (3.57), depen-
dence in the above equations (5.51) and (5.52). From equations (3.45) and (3.51),
we observe that C'(x) is proportional to the longitudinal temperature gradient. C(x)
also depends on the temperature of the air and tin, whereas D(x) only depends on
the temperature of the tin. Thus, equations (3.51) and (3.49) influence the surface
heat transfer in the system, which lead to the development of the thermal stresses.
Note further, in the case that surface heat transfer is not present, i.e. C(z) = D(x) =
0, the longitudinal thermal stresses would not exist. Only the imposed thermal
stresses due to plane strain assumption would survive.

For simplicity, thermal stresses in the contaminated layer are not considered.
However, in order to determine stresses in the contaminated layer, one must change

the material properties, i.e. Young’s modulus, Poisson’s ratio etc.
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CHAPTER VI

HEAT TRANSFER RESULTS

In this section, we study the distribution of temperature in the glass ribbon for

the one-layer and the multi-layer systems.
First, the non-linear, first order differential equation, (3.50), along the length
x of the glass ribbon will be solved numerically by using the fourth order Runge-
Kutta method. Here, the Peclet number P, Biot number for air and tin, B,;, and By;,,
emissivity values for air and tin, €,,4; and €,,4;,,, radiation number for air and tin, R,
and Ry, are considered as constants. Further, the thermal conductivity at leading
order k(7}), heat capacity at leading order C,(Tp), and density at leading order p(71p)
are kept constant for both systems. Temperature of the air, T,;,., and temperature of
the tin, T};, are taken as functions of x that were determined by curve fitting the data
obtained from the literature [8, 9, 16, 25]. This data was nondimensionalized with
the reference values for this thesis (60 m for the length z of the tin bath and 1373
K for the temperature T'). After nondimensionalizing, polynomial interpolation was
applied. It seemed reasonable to use cubic interpolation since it fit the individual

points the best. Finally, we obtained the temperature profiles of the air and tin,
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respectively

Tuir(r) = 0.3422° — 0.31752% — 0.4792z + 0.9993, (6.1)

Tyin(z) = —0.06542° — 0.13632* — 0.1695x + 1.109. (6.2)

Once the temperature distribution T} in the x-direction is determined, it is plotted
together with the temperature of the air, T,;., and the temperature of the tin, T};,,
(Figure 6.2). To verify our calculations we used simple functions for which the an-
alytical and numerical results are comparable. Table A.1 lists the nondimensional
values for calculations used in the code. Furthermore, the final temperature profile
including the correction, equation (3.52), was determined numerically as well.

For the multi-layer, recall the non-linear, first order differential equation,
(3.100), along the z-direction that is solved numerically using the fourth order Runge-
Kutta method as well. The same approach as in the one-layer system is applied. The
one- and multi-layer results are plotted in the same graph to compare the tempera-
tures between the layers. Note that, if the thermal conductivities for the contaminated
layer k¥ = k* = 1, equation (3.100), then the governing heat equation (3.100) re-
duces to the pure-layer governing equation (3.50). First, the pure-layer results were
plotted against the multi-layer results. In both systems, it was determined that the
temperature at leading order, Ty, only depends on the length x of the glass ribbon.
Recall k(Ty) = 1 for the one-layer system, whereas, 17 < k™(Ty) < 55 for the multi-

7 1.1

layer system.
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Figure 6.1 represents the pure-layer temperature T, temperature of the air,
T,:r, and tin, T};,. The glass temperature is between the temperature of the tin and air
because heat conducts from the hotter tin to the cooler air. Using equation (3.50), we
can explain this temperature profile. Analyzing the terms that represent the Newton’s
law of cooling, i.e. [Ty — T,i] and [Ty — Tiin], we can say that — B, [Ty — Toir] <
0 and —€air Rair [Ty — T ] < 0 since [Ty — Thir] > 0. This observation leads to
To. < 0, thus, T} is a decreasing function. Note the temperature does not change
along the height z since T} is only a function of x. This figure also shows that the
temperature of the glass ribbon ranges from exactly 1100°C to about 600°C. The
pure-layer temperature shown in Figure 6.1, is the reference configuration for other

analysis in this thesis. Parameters used in equation (3.50) are listed in Table A.1.

Figure 6.2 represents the surface plot of the temperature T along the z-direction.
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Figure 6.1: Pure-layer temperature Ty, air Ty, and tin Ty;,.
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Figure 6.2: Surface plot of pure-layer temperature 7.

Considering equation (3.50), further analysis can be performed. From [24], we
know that glass can be treated as a vertical sheet, thus ignoring the tin. Assume pure-
layer temperature is subjected to the same temperature on both sides. Therefore,
replacing the temperature and the Biot numbers of the tin with the temperature and
the Biot numbers of the air, T};,, = T,; and By, = B, we observe lower pure-layer
temperature (Figure 6.3). Since T,;. < T, the glass ribbon is cooled by the air from
both sides. Hence, the pure-layer temperature 7y decreases more as z increases. From
Figure 6.3 we observe that the reference state Tj is larger as we move towards the
end of the furnace than the newly calculated Ty when Tj;, = Ty and By, = Bair.

Figure 6.4 compares the pure-layer temperature 7, and the pure-layer tem-
perature Ty when R,;, = Ry, = 0. Clearly, radiation terms play a very important

role in calculating the pure-layer temperature since radiation is responsible for cooling
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Figure 6.3: Pure-layer temperature Ty: T}, = Thir and By, = By

the glass. Thus, including the radiation terms causes substantial temperature change
within glass ribbon. Without radiation in the governing equation (3.50), the heat
does not escape as quickly. Hence, it takes longer for the glass ribbon to cool.

In Figure 6.5, we vary values of B, and By,. Recall the reference values
for By and Byy,. Taking By, = By, = 0, implies, equations (2.35) and (2.38), that
heir and hy;, are neglected; that is hg; = hyn = 0. Since there is no convective
heat transfer at the surface of the glass, the pure-layer temperature is expected to be
higher. Taking B, = By, = 0.0002, which is smaller than the reference values for
Byir and By, we used to calculate (3.50), we observe lower pure-layer temperature
than the reference state temperature.

However, taking B,, = By, = 0.03 and Bg;, = By, = 0.0325, where both values

are larger than the reference values, we obtain a higher pure-layer temperature than
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Figure 6.4: Pure-layer temperature Ty: Ry = Ryin = 0.

the reference state temperature. This occurs because of larger values of hy;. and hy,.
Larger values of h,;- and hy;, lead to greater the heat exchange between the air and
glass and between the tin and glass. Thus, the pure-layer temperature is lower.
Figures 6.6 - 6.9 compare the pure-layer and multi-layer temperatures. An-
alyzing the governing heat equations (3.50) and (3.100) analytically by assuming
k(Ty) = 1 for both layers, we obtain the same temperature distribution. In Figure
6.6, the contaminated layer is placed on the bottom, at the tin interface. In Figure
6.7, the contaminated layer is placed exactly in the middle of the two pure-layers. In
Figure 6.9, the contaminated layer is placed on top of the two pure-layers at the air
interface. The height of the layer is assumed to be 1 mm. Decreasing the thermal
conductivity of the contaminated layer, equation (3.100), increases Bg; and By,

equations (2.35) and (2.38). This leads to a greater heat transfer and we obtain lower
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Figure 6.5: Pure-layer temperature Tj: varying Biot numbers.

temperature for the contaminated layer (about 595.6°C when contaminated layer is
on the bottom; 597.3°C when in the middle, and 617.8°C when on the top). Increasing
the thermal conductivity of the contaminated layer, decreases B,;. and By;,, leading
to a lower heat transfer and hence, higher temperature of the contaminated layer
(about 622.1°C when contaminated layer is on the bottom; 620°C when in the middle,
and 598.9°C when on the top). Varying thermal conductivity corresponds to a tem-
perature difference between the pure- and contaminated layer. Note that the pure-
and the contaminated layer exhibit a similar temperature profile at higher order, i.e.
both are parabolic in z. Combining the analysis results shown in Figures 6.6 - 6.9, we
observe that the higher the thermal conductivity, the lower the surface heat transfer,
and the higher the temperature of the contaminated layer independent of its location.

On the other hand, a decrease in the thermal conductivity results in an increase in
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Figure 6.6: Pure-layer temperature 7y, contaminated layer is on the bottom with

H; =1 mm.

the surface heat transfer and a decrease the temperature of the contaminated layer.
Figure 6.8 is an enlarged view of Figure 6.7.
Now, consider the first order solution in the analysis as well. Thus, T =
Ty + €Ty + O(€?). Since € is very small, the dominating term is T}, hence we obtain
the identical temperature profile as in Figure 6.1.
Figure 6.11 is the contour plot of the pure-layer temperature 7' in a cross section
of the glass ribbon. The contours are represented as straight vertical lines since the
O(e) correction is very small and the parabolic shape of T" in z is hard to observe.
We can also represent the multi-layer temperature, 7. A contour plot
of the multi-layer temperature is shown in Figure 6.12. We have seen graphical

representation of the multi-layer in Figures 6.6 - 6.9. Thus, we can say that 7"
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Figure 6.7: Pure-layer temperature Tj, contaminated layer is in the middle with

Hy; = 2 mm.

resembles very closely Ty and contours shown in Figure 6.12 resemble the contours of
the pure-layer in Figure 6.11.

Figure 6.13 shows the O(¢) temperature distribution 77 of pure- and multi-
layer system along the height z for x = 0 m. From equations (3.47) and (3.104),
we know that T} is parabolic in z and we also observe that behavior in this figure.
As stated earlier in the thesis, there is no significant difference in the leading order
temperatures between the two glass systems. However, we observe different behaviors
for temperature Tj. Note that €7} is of the order 107#, thus it does not effect the

complete temperature profile, Ty™ + €T}, significantly.
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CHAPTER VII

THERMAL STRESS, DISPLACEMENT, AND OPTIMIZATION RESULTS

In this section, we introduce the optimization process for the thermal stresses by
minimizing thermal stresses of the glass ribbon in the xz-direction. We optimize the
temperature of the air since it is under our control and not the temperature of the
tin. From literature [8, 9], we know that the temperature of the air has a profile of a

cubic function. Therefore, we assume

Toir(7; 0,0, ¢,d) = az® + bx* + cx + d. (7.1)

The goal is to determine the parameters a, b, ¢, and d in such a way that the thermal
stresses of the glass ribbon are minimized. Also, the temperature of the glass ribbon
should be closer to 600°C at the exit of the furnace. From literature [8, 9] we have
very good estimate on what T,;. should be; therefore, we have good initial guesses
for the parameters a, b, ¢, and d.

Recall equations (3.49) and (3.51) for D(z) and C(x), respectively. Note that
D(z) does not depend on T, but C(x) does. Thus, C(x;a,b,c,d). Furthermore,
from equation (3.45), we know that C(x;a,b,c,d) is proportional to Ty,. Hence,

To(z;a, b, c,d) also depends upon a, b, ¢, and d.
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We want to minimize the longitudinal thermal stress, o1, = o0, only since
00z = 0, equation (5.42).
Also, 01, is defined in terms of C(z;a,b,c,d) and it is a function of x and z. Thus,
o1:(x, z;a,b, ¢, d) also depends upon a, b, ¢, and d. Therefore, for the thermal stress,

equation (5.51), to be minimized we consider

2GaFE 1
o1:(x,z;a,b,¢c,d) = Ga {

(A +2G)(1 —2v) gCwiabed) + %D@?)} (7.2)
2GaFE 1 )
(A +2G)(1 —2v) {_C(“‘ a,b, ¢, d)2" + D(x)z} :

2

In order to minimize equation (7.2), we assume L? space and take the following

approach

1
min || o1z, z;a,b,¢,d) ||*= [\/< 012y 012 > = / ol dz. (7.3)
0

Note that we could have selected other criterion to minimize.

We choose to optimize the thermal stress at the glass/air interface since the thermal
stress is the largest at that location. Thus, by fixing variable z, z = 1, which cor-
responds to the glass/air interface, and integrating with respect to =, we obtain a

function of a, b, ¢, and d only
1
F(a,b,c,d) :/ [012(2, 250, b, ¢, d)]2 dz, (7.4)
0

where oy, is defined by equation (7.2).
In order to fully determine oy,, we have to presolve o1, numerically. The trapezoidal
rule was invoked from the Matlab library. In order to optimize the stresses, we

decided on the following approach, which can be considered as the Lagrange multiplier
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approach

minimize

1373

Fla,b,c,d) + A (To(x _q- 3 ) ] | (7.5)

where A is the Lagrangian multiplier. Notice that we minimize the area under the
curve o3,. In order to optimize equation (7.5), we have to have initial guesses for the
parameters a, b, ¢, d, and \. Initial guesses for the parameters a, b, ¢, and d are taken
from [8, 9] and used to calculate T as in Chapter 3. X is a free parameter and it is up
to us to choose its value based on the results. Our written code in Matlab is adapted
to use the built in minimization function, fminsearch. fminsearch is a multi-variable
minimization function that is based on the Nelder-Mead Simplex algorithm. Once

the values for a, b, ¢, and d are determined, we obtain a new T,;. function

Tur(z) = —0.680613376841712° — 0.149916075131872* (7.6)

+ 0.15213769916125x + 0.99402703828734.

Now, we will discuss the results of the displacement and the thermal stress
calculations in the z-, y-, and z-direction. Recall the governing equations for dis-
placement, (5.1) and (5.2), and corresponding boundary conditions, equations (5.3) -
(5.5). The thermal stress equations, (5.6) - (5.8), are determined after the displace-
ments are obtained. Notice that even though the displacements and thermal stresses
are solved analytically, the results are presented numerically since some stress com-
ponents are presolved numerically in advance. We invoke the trapezoidal rule to help
us solve the thermal stress equations. Our two-dimensional heat transfer analysis

would imply that the thermal stress analysis is also two-dimensional, since thermal
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stresses depend on the temperature. Based on our plane strain assumption, we have
to consider all three dimensions; particularly the imposed o, stress. Therefore, we
are interested in examining the thermal stresses o, 0,, and o,. Thermal stresses in
x-direction, o, will be plotted against the length x and height z of the glass ribbon;
whereas, thermal stresses in y-direction, o, will be plotted against the length x of
the glass ribbon. Note that the thermal stresses, o,, are zero.

Figure 7.1 represents the surface plot of the full thermal stresses o,. Notice
the parabolic shape of the curve. This behavior comes from the presence of T; in
the expression for oq,. Also, due to prescribed displacement boundary conditions,
the thermal stresses at O(1), og., do not appear. Note the compressive stresses at
z = 0 mm, and tensile stresses at z = 3 mm. Further, observe the small values for
the thermal stresses due to og, = 0. Analyzing equation (7.2), we observe that at the
tin interface, z = 0 mm, the second term vanishes. Also, from analysis we know that
C'(z) is the dominating term in the expression and it is negative along x. Therefore,
we expect to see compressive stresses at and around z = 0 mm. The thicker the glass
becomes and approaches z = 3 mm, the more dominating the term C(z)z*+ D(z)z in
equation (7.2) becomes; thus, creating tensile stresses at the top of the glass ribbon.
To better observe the behavior at 2 = 0 mm and z = 3 mm Figure 7.2 shows the
rotated view of Figure 7.1.

Figure 7.3 represents the imposed thermal stresses in y-direction, o,. Note
the large compressive stresses, which are due to the plane strain assumptions. We
also observe no z dependence in o,. Since € is very small og,, is dominating.
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Figure 7.1: Thermal stresses og, + €01, € = 0.00005.

Vertical and horizontal displacements up to and including the first order are
also calculated. Figure 7.4 - 7.6 show the vertical displacement at different orders.
The O(1) solution is represented in Figure 7.4. We observe that the values are of
order 1072 mm and that there is no displacement at z = 0 mm and = = 60 m due to
the prescribed boundary conditions and the assumption that there is no rotation at
x = 60 m. Notice the displacements are the largest at z = 3 mm and x = 0 m. This
behavior is expected since the glass expands the most at that location. Also, the
displacements calculated here are accumulating through the thickness of the glass
ribbon. Thus, we can say that Figures 7.4 - 7.6 represent the difference between
displacements along the thickness.

Figure 7.5 is the surface plot of the first order solution. It is expected that

the values are negligible, 107%, due to the small aspect ratio €. The behavior of the
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Figure 7.2: Rotated Figure 7.1.

graph around x = 0 m indicates a possible boundary layer which we mentioned in
previous chapters. However, when the complete profile for the vertical displacement
is put together, we observe the dominance of the leading order term. Thus, Figure 7.6
resembles the already discussed Figure 7.4. Increasing the velocity by which the glass
is being pulled, decreases the difference between the vertical displacements (Figure
7.7).

Horizontal displacements are also studied. We observe a linear profile in x-
direction and no z dependence in Figure 7.8. Also, the values of the displacement
are much higher than for the vertical displacement shown in Figure 7.4. This is due
to small aspect ratio €, equation (2.17). The displacement is the largest at © = 60 m
since displacements accumulates as the glass ribbon is being pulled towards the exit
of the furnace. Thus, increasing the velocity by which the glass is being pulled,
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Figure 7.3: Thermal stresses og, + €01, € = 0.00005.

decreases the difference between the horizontal displacements (Figure 7.11). Figure
7.9 demonstrates the first order solution for horizontal displacements. Notice the
much smaller values here, 107°. Graphing the full horizontal displacement u, the
leading order term dominates and we obtain a very similar graph, Figure 7.10, as in
Figure 7.8.

As described in this chapter, longitudinal thermal stresses are optimized.
Figures 7.12 and 7.13 show the optimized stresses. Notice that there are hardly any
stresses at z = 1.5 mm. The stresses increase toward r = 60 m and z = 3 mm.
Compare this to the longitudinal thermal stresses prior to optimization where the
largest stresses are around x = 30 m and z = 3 mm. This change of location in x is
due to the choice of the minimization process. Figure 7.13 is a contour plot of Figure
7.12 where we can confirm our calculations shown in Figure 7.12 by observing that
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Figure 7.4: Vertical displacement wy, velocity V =

the largest tensile stresses are around z = 60 m and z = 3 mm. Notice that there are
hardly any stresses 10 m < z < 35 m and % mm < z < 2 mm.

Figure 7.14 shows the already discussed optimized longitudinal thermal stresses.
However, we want to show the optimized thermal stresses at the tin and air interface,
z = 0 mm and z = 3 mm, respectively. Notice again the compressive and tensile
stresses as explained for Figures 7.12 and 7.13.

Figure 7.15 shows compressive longitudinal thermal stresses and optimized
longitudinal thermal stresses at z = 0 mm. The magnitude of the optimized thermal
stresses is about the same compared to the thermal stresses prior to optimization.

In Figure 7.16, we compare the tensile longitudinal thermal stresses and the
optimized longitudinal thermal stresses at z = 3 mm. The longitudinal thermal
stresses are larger than the optimized thermal stresses by about 10 % due to the
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Figure 7.5: Vertical displacement ew;, € = 0.00005, velocity V =

optimization choice, the fact that we optimized the area under the curve o2 , and

very good choice of parameters such as the Lagrangian multiplier A\, number of mesh
points for x and z, M and N, respectively..

In Figure 7.17, we compare Ty and T,;. with the optimized Ty and T,;.. The
temperature gradient of the optimized temperature T is not as decreasing at the
entrance of the furnace as the temperature gradient of Tj,. The steepest temperature
gradient is shifted towards the exit of the furnace. Also, note that the temperature
profile Tg follows the temperature profile T,;. in terms of the shape of the curve. For
this figure we observe that the temperatures are closer together around x = 0 m since
the temperature is prescribed at that location, 1100°C.

Figure 7.18 demonstrates the contour plot of the pure-layer temperature when
velocity by which the glass is being pulled longitudinally is increased. We observe
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higher temperature at x = 60 m by about 100°C than the reference temperature T
at x = 60 m. This behavior is understandable since the glass is being pulled faster,
thus it does not have enough time to cool down.

Further, we graph T} for higher values of velocity together with T,;. and T};, (Figure
7.19). In order to lower the temperature of the glass while increasing velocity, we

have to lower the temperature of the air since we have control over it.
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Figure 7.9: Horizontal displacement euq, €
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Figure 7.10: Horizontal displacement ug + euq, €
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Figure 7.12: Optimized €oq,, €
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CHAPTER VIII

SUMMARY, CONCLUSION, AND FUTURE WORK

In this thesis we have developed an asymptotic model for the two-dimensional heat
transfer and thermal stress development during the processing of float glass process.
The glass ribbon is constrained by two boundaries in the vertical direction: the
interface of the molten tin and glass (bottom) and the interface of the air and glass
(top). We considered a very long and thin glass ribbon with a small aspect ratio,
€= % << 1. The region of interest is the part of the furnace where the temperature
of the glass ribbon changes from 1100°C to 600°C, from the entrance to the exit of
the furnace.

First, we analyzed the one-layer system, which represents a pure-layer glass
where we have one governing heat equation subject to corresponding boundary con-
ditions at the top and bottom. Then, the three layer system, which represents the
multi-layer glass where we have a set of three governing equations subject to corre-
sponding boundary conditions.

Several assumptions are made:

e at the leading order the thermal conductivity k(Ty), density p(Tp), heat capacity
Cp(Tp) are treated as constants where k(Tp) = 1 for the pure-layer and 77 <

k(Ty) < g5 for the contaminated layer;
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e the interfaces between the contaminated layer and two pure-layers are consid-

ered to be flat;

e the interface of the air and glass ribbon is assumed to take the form of a sine

function [6];

e the starting temperature for the glass ribbon is prescribed to be 1100°C.

We calculate the temperature profiles of the one- and multi-layer systems up
to and including the first order problem. Both profiles at the first order, exhibit a
parabolic shape through the thickness of the glass ribbon. However, in both cases,
the temperature at leading order was determined to only be a function of the length
of the glass ribbon.

We examined the temperature profiles by varying the parameters in the gov-
erning equation such as the Biot numbers and the radiation numbers for the air
and tin. From the analysis, we observed that the presence of radiation terms, while
keeping the same values for thermal conductivity, in the governing equation is very
important for establishing the temperature profile of the glass ribbon. Without radi-
ation, the glass ribbon would need a very long time to cool. Moreover, varying Biot
numbers of the air and tin (thus varying the heat transfer coefficients) did not have
a significant influence on the the temperature profile.

By varying the thermal conductivity k(7p) of the contaminated layer, we were

able to find a small temperature difference compared to the pure-layer. The location
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of the contaminated layer did not have a significant influence on the temperature
profile.

Due to non-uniform heating in the glass system, thermal stresses develop.
The equilibrium equations in terms of the displacement were used to solve for the
thermal stresses subject to the displacement boundary conditions along the length
and height of the glass ribbon. The system was treated as a plane strain problem
along the width of the glass ribbon. This meant imposing the thermal stresses along
the width as well.

We found that the stresses along the width have large compressive values due

to the plane strain assumption. Also, they only depend on the length of the glass
ribbon.
For the longitudinal stresses, the largest tensile stresses were observed at the glass/air
interface, whereas the largest compressive stresses were found at the glass/tin inter-
face due to non-uniform heating. Also, we created surface plots of thermal stresses
along the length and thickness and we observed that the stresses do not exceed
0.003 Pa.

We determined vertical and horizontal displacements in the glass ribbon up
to and including the first order. The vertical displacements are the largest at the
glass/air interface and at the entrance of the furnace. Note that the expression for
the vertical displacement was calculated up to an unknown function of x. Thus, we
can not comment on the function behavior along the length, but rather along the
thickness for a fixed length. Horizontal displacement has a linear profile along the

121



length of the glass ribbon, thus, it is a function of . The horizontal displacements are
the largest at the exit of the furnace and the smallest at the entrance of the furnace
due to the prescribed displacement boundary conditions. Graphing only the first
order solution of the horizontal displacement, we observe the parabolic shape along
the thickness due to the parabolic temperature presence. However, the dominating
term in the full expression for the horizontal displacement is the leading order term.

Temperature, displacements, and thermal stresses are all linked to the anal-
ysis of C(z), equations (3.45) and (3.51). Note also from equation (3.45) that C(x)
is proportional to the longitudinal temperature gradient. Thus, the larger C(z), the
larger the temperature gradient and the thermal stresses. This analysis of C'(z) also
shows that the surface heat transfer across the air/glass and tin/glass interface in-
fluences the longitudinal thermal stresses. In particular, one needs to minimize this
surface heat transfer, while still cooling the glass in order to minimize the thermal
stresses in the longitudinal direction. Velocity V' also has an influence on determining
the thermal stresses since it influences the Peclet number P and hence C(x) and the

temperature gradient. This means increasing velocity (i.e. V = *

m .
s 5 ), increases the

Peclet number P, C'(z), and the displacements/thermal stresses.

The thermal stresses, o,, were minimized by taking into consideration the
temperature of the air on the top of the glass ribbon only. We were able to redefine
the temperature of the air by recalculating the coefficients of the function. The
graphical representation showed the optimized temperature and stresses. We were
also able to lower the temperature of the glass ribbon by some 8°C and bring it down
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to 600.9°C at the exit of the furnace. Therefore, the thermal stresses along the length
of the glass ribbon were also minimized. It is important to mention that the final
stress calculations must include a mechanical stress analysis as well. In this thesis,
we did not consider the mechanical stresses. The size of thermal stresses is also
very significant since the thermal stresses could have an effect on the glass response
particularly if close to the yield strength.

Extending this research to the full three-dimensional problem should give us
better and more applicable results since all three dimensions would be considered. For
example, the pure-layer temperature at the leading order would become a function of
x and y. This will make the problem harder to analyze since the governing equations
will become partial differential equations. Refer to appendix C for an overview. Also,
adding the width will allow us to examine the thermal stresses in more detail and the

possibility of crack propagation inside the glass ribbon.
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APPENDIX A

TABLES FOR THE HEAT TRANSFER PROBLEM

Table A.1: Table of variables for the heat transfer problem (part I)

Symbol Description Units |Reference Value|Citation
Biin, Biot number for tin unitless 0.0024 8]
Bir Biot number for air unitless 0.0024 9]

Co(T) Heat capacity kgLK - 9]
Chr Reference value kgLK 1000 8, 9]
for heat capacity
H Height of the m 0.003 6]
glass ribbon for one-layer
H; Height of the m 0.003 6]
glass ribbon for multi-layer
Hy Height of the m 0.002 -
glass ribbon for multi-layer
H, Height of the m 0.001 -

glass ribbon for multi-layer
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Table A.2: Table of variables for the heat transfer problem (part IT)

of the air

Symbol Description Units|Reference Value|Citation
hui Heat transfer | — || 0.7972678 8]
mn m2K )
coefficient of the tin
Bir Heat transfer W 0.7972678 [9]
m2K
coefficient of the air
k(T) ||Thermal conductivity| — . [9]
mK
k, Reference value for | —- 1 8, 9]
mK
thermal conductivity
kwir | Thermal conductivity| —%- 60 x 1073 9]
arr mK
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Table of variables for the heat transfer problem (part III)

Symbol Description Units |Reference Value|Citation
L |Length of the glass ribbon| m 60 8]
P Peclet number unitless 0.0367 8, 9]

Q(T) Radiative % - -
heat transfer
Q- Reference value for % 830.1447 8, 9]
radiative heat transfer
Rein Radiation number unitless 0.4403 8]
for tin
Ryir Radiation number unitless 0.4403 [9]
for air
S Radiation CVIXQ - -
s Radiation CVH\{Q - -
T Temperature K - -
Ty Reference value K 1373 6, 5]
for temperature
Tiin Temperature K 1013 — 1523 8]
of the tin
Toir Temperature of K 723.3 — 1372 [9]
the furnace (air)
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Table of variables for the heat transfer problem (part IV)

Symbol Description Units |[Reference Values|Citation
t Time s - -
V Velocity of the glass slab o : 8]
W || Width of the glass ribbon || m 10 8]

p(T) Density % - -
kg
Pr Reference value o 2200 [9]
for density
kg
Pa Reference value T3 1 9]
for density of the air
Emtin Emissivity unitless 0.08 8]
of the tin
Emair Emissivity unitless 0.39 8]
of the air
w Viscosity of the air % 1.73 x 107° [26]
osp  |Stefan Boltzmann constant| —2-— 5.67 x 10712 8]
cm2K
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Table A.3: Subscript identifiers for the heat transfer problem

Subscript| Description

ref reference value
H hot

air air

tin tin

SB Stefan-Boltzman

Table A.4: Superscript identifiers for the multi-layer heat transfer problem

Superscript Description
mll multi-layer region I
mllI multi-layer region II

mlITI multi-layer region III
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APPENDIX B

TABLES FOR THE THERMAL STRESS PROBLEM

Table B.1: Table of variables for the thermal stress problem

Symbol Description Units Value Citation

a Thermal e 0.09 [18]
expansion coefficient
v Poisson’s ratio  |junitless 0.17 (18], [27]

E Young’s modulus Pa ]10.003843 - 10%)| [18], [27]

A Lame’s constant Pa | 8.4604 - 10° 18]

G Modulus of rigidity || Pa || 1.6423 - 105 18]

u Displacement m - [18]

field in x-direction

v Displacement length - [18]

field in y-direction

w Displacement mm - [18]

field in z-direction
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Table B.2: Table of variables for the thermal stress problem

Symbol|Description| Units |Value||Citation

€x Strain in |junitless|| - [18]

x-direction

€y Strain in |lunitless|| - [18]

y-direction

€ Strain in |junitless|| - [18]

z-direction

o Stress in Pa - 18]

x-direction

oy Stress in Pa - 18]

y-direction

o Stress in Pa - [18]

z-direction
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APPENDIX C

3-D HEAT TRANSFER PROBLEM

In this appendix, we shall go through the derivation of the three-dimensional heat

transfer problem. Here, the width of the glass ribbon or the y-direction shall be con-

sidered. Hence, the asymptotic expansion for the temperature profile is represented

as

T([E, Y, Z) = To(ZL', y) + €T1({L’, Y, Z) + 62T2(J],y, Z) + 0(63)'

Recall the nondimensional governing equation for the one-layer system:

2

k,L Vr
H2 H2 O-SBTE[H

where equations (2.18)-(2.24) from Chapter II hold and

1—
e2A =

(C.1)

(C.2)

(C.3)

(C.4)

Also, here in this three-dimensional analysis, we are considering a steady-state prob-

lem as well as neglecting the radiation term from the governing equation.

After applying the Taylor and Binomial expansions to the governing heat equation

and boundary conditions, we can collect the orders.
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Thus, the O(1) governing equation is
[k(To)To.], =0 (C.5)
subject to the boundary conditions at z = 0 and z = 1, respectively
k(To(z =0)Th.(2=0) = 0, (C.6)
k(To(z =1)Tp.(2=1) = 0. (C.7)

Integrating equation (C.5) with respect to z and applying boundary conditions (C.6)-

(C.7), we obtain the solution to the O(1) problem
Ty = TO(xv y) (08)

Clearly, the temperature profile at O(1) is a function of x and y, and it can be found
by going to the higher order, O(e).

The O(e) governing equation is
Pp(To)Cyp(To)Tor — (A)” [k(To)Toy), = k(Ty) T (C.9)
subject to the boundary conditions at z = 0 and z = 1, respectively
KT)Ti: = Bun(To — Tin) + Riin€miin(Ty — Triy), (C.10)
KTo)Tv: = —Bu(To — Tuir) — Rairémair(Ty — Toy)- (C.11)

Applying the boundary conditions (C.10) and (C.11) to the governing equation (C.9),

we obtain the following partial differential equation to be solved for Tj

Po(To)C,(Ty) [TM ~ (@) k;(TO)TOyy} = —Buy (To— Toi)  (C.12)

4 4
_RaiTEmair (To - Tair

) - Btin (TO - ﬂzn) - Rtinemtin (fr(;l - Tt%n) .
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This partial differential equation is two-dimensional. Thus, it takes into consideration
the width, y, of the glass ribbon. The first correction, O(€), becomes a non-linear
partial differential equation in terms of the length =, width y, and height z, T} (z, y, 2),
which would require more effort to solve and we would have to choose a different
numerical analysis approach. Also, it would be parabolic in z.

We should also mention that the thermal stresses should change as well. Thermal
stresses in z-direction should become functions of  and y, whereas thermal stresses in
z-direction should be functions of x, y, and z. Therefore, the stress analysis would also
be more complex, but more accurate. We could possibly track the crack propagation

through the thickness z as well as the width .
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