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ABSTRACT 

        This thesis illustrates the application of a non-linear robust control to deal with 

friction variations in a hydraulic positioning system. The hydraulic system is modeled 

using analytical and experimental identification techniques considering both linear and 

nonlinear dynamics of the system. In the literature the friction is usually modeled as a 

function of velocity which has static, Coulomb and viscous friction components. 

However, there are several fascinating properties observed in systems with friction.  This 

research is aimed at investigating the friction phenomenon and performing experiments 

on hydraulic positioning system to validate the identification of dynamic friction model 

(behavior in pre-sliding friction regime). The LuGre friction model which combines the 

pre-sliding behavior as well as the steady state characteristics is used to model and 

predict the friction for the controller design.  A sliding mode controller is developed 

which has a feedback linearizing component plus additional terms that explicitly deal 

with system uncertainties due to friction and other unknowns. The sliding mode 

controller performed well during the experiments and simulations.  
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CHAPTER I 

INTRODUCTION 

 

1.1 INTRODUCTION 

         Hydraulic systems are used in a wide variety of industrial applications. These 

systems provide high force, stiffness, and durability suitable for applications in mining, 

machining equipment, and remote manipulator operations in unstructured environments 

such as ground, sea, and space applications. Therefore, controlling of position or force 

outputs of hydraulic actuators should be of great interest in industrial fields to perform 

with improved precision and repeatability.  

         In hydraulic actuator movement of rod, piston, and hydraulic fluids are subjected to 

friction. Friction in mechanical systems is a nonlinear phenomenon which can cause 

control problems such as static errors, limit cycles and stick-slip. 

More accurate friction models have been recently proposed in the literature [1-4], 

introducing two different motion regimes, sliding and pre-sliding, and overcoming the 

discontinuity of the classical model by introducing a relation between friction force and 

relative displacement in the pre-sliding regime.Friction models that have been used in 

literature range from being simple constant force that opposes motion to a seven 

parameter including various behavioral characteristics such as stiction, pre-sliding, a 

negative viscous slope, frictional memory, and hysteresis. 
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1.2 Objectives of This Thesis 

        The objective of this thesis is to develop a hydraulic system model, investigate the 

friction phenomenon, obtain and identify a friction model.  The other sub-objective is to 

develop and implement a control law that can cope with model uncertainties.  The 

performance of the controller is also assessed effectively by performing several 

simulations and experiments in real-time environment so that the motion of the piston can 

be monitored and controlled. The control algorithm is based on the sliding mode control 

philosophy. 

 

1.3 Thesis Overview 

        In this thesis, we focus on identifying the friction phenomenon and the design of a 

sliding mode control in dealing with model uncertainty. The layout of this thesis is 

organized as follows. Chapter II presents detailed investigation of components used for 

the hydraulic system. Chapter III presents the analytical and experimental modeling of 

the hydraulic system and reports the results of this identification. A brief description of 

friction phenomenon is given in chapter IV. Chapter V presents experimental 

identification of the LuGre friction model parameters, and the obtained results. Sliding 

mode control for the hydraulic system is developed in chapter VI. Chapter VII presents 

performance of sliding mode control through simulation and experiment. Finally, chapter 

VIII formulates the summary and further work to be done. 

 

 



CHAPTER II 

DESCRIPTION OF THE HYDRULIC SYSTEM 

  

2.1 Introduction 

         The hydraulic system as shown in figure 2.1 is mainly based on the direct–operated 

proportional DC valve, double acting hydraulic cylinder from Parker Hannifin and digital 

signal processor (DSP) from dSPACE. The flow of hydraulic fluid to the cylinder is 

controlled by a proportional DC valve which has revolutionized the drive technology of 

high response control with voice coil drive (VCD) technology. The operating pressure of 

200 PSI is generated using a hydraulic pump for the actuation system. The position of the 

hydraulic cylinder along its stroke is measured using a linear variable differential 

transformer (LVDT) while pressure transducers are used to measure the pressure in each 

hydraulic cylinder chamber.  

 

Figure 2.1 Electrical connection of the hydraulic system
 3



        Control and signal processing is done with a dSpace 1104 signal processor board, 

which includes onboard A/D and D/A converters and a slave digital signal processor 

(DSP). The schematic for electrical connection is shown in figure 2.1 and brief 

description of the hydraulic system is shown in figure 2.2. 

 

 

      

Figure 2.2 Process and instrumentation diagram of the hydraulic system 
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2.2 Hydraulic Cylinder (Model 1.5F3LLU519A6, Parker) 

        The cylinder shown in figure 2.3 has power stroke in both directions; hydraulic fluid 

is let in both directions for forward or return direction. It is set up in a vertical direction 

with no load except the weight of the piston and rod.  

Table 2.1 Hydraulic cylinder physical parameters 
 

Bore size 0.0381 m 

Stroke length 0.1524 m 

Piston rod diameter 0.015875m 

Piston thickness 0.028575 m 

Mass 0.5 Kg 

 

 

Figure 2.3 Schematic of a double acting actuator 
 

2.3 Direct–Operated Proportional DC Valve (Model D1FPE01BC9NB5, Parker) 

        The direct–operated proportional DC valve shown in figure 2.4 is has revolutionized 

the drive technology of high response control with voice coil drive (VCD) technology. 
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         In contrast to standard proportional solenoid drives, this technology actuates the 

spool using a movable coil. The spool is rigidly connected to the coil, which moves over 

a permanent magnetic cylinder free of friction. When the coil is energized, the spool is 

moved to the desired position. The valve is equipped with linear variable differential 

transformer (LVDT) to measure the spool position and the position signal is fed back into 

control electronics via a high resolution feedback system. 

 

Figure 2.4 Direct-operated proportional DC valve (Courtesy of Parker Hannifin 
Corporation) 

        The direct-operated control valve D1FP features extremely high dynamics combined 

with maximum flow featuring bandwidth frequency of 300 Hz. The frequency response 

for the Parker DFplus valve with VCD shown in figure 2.5 is later used to compare with 

the experimentally determined frequency response of the valve.  
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Figure 2.5 Frequency response of Direct-operated proportional DC valve (Courtesy of 
Parker Hannifin Corporation) 

 
Table 2.2 Specifications of Direct-Operated Proportional DC valve (Courtesy of Parker 

Hannifin Corporation) 
 

Actuation Voice coil drive (VCD) actuator 

 

Step response <9ms at 100% step 

Frequency response (± 5% signal) 300 (amplitude ratio -3dB) 

250 (phase lag -90°) 

Max operating pressure Ports P, A, B 4500 PSI 

Port T 500 PSI 

Flow (Nominal at ∆P=500 PSI per valve 

ports A and B 

0.8 GPM 

Flow maximum 21.2 GPM at ∆P=4500 PSI 

Supply voltage 22V to 30V, ripple <5% eff. 

Input signal 10V to -10V 

 7
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2.4 Linear Variable-Differential Transformer (LVDT) and DTR-451 (Schaevitz) 

        LVDT is used to convert the linear displacement of the piston into an analog 

electrical signal. The Digital transducer readout (DTR) is a self contained, power line 

operated, high stability LVDT signal conditioner digital readout. It supplies a high 

frequency AC voltage for the LVDT and a -7 to 7 VDC analog output for A/D signal 

processor board. 

 

2.5 Hydraulic Pump 

        A gear type hydraulic pump was used to supply constant pressure of to the hydraulic 

system. 

Table 2.3 Hydraulic pump specifications 
 

Motor Baldor, CL3510 

Voltage Input 120 AC 

Operating Pressure 200 PSI G 

Maximum Pressure 1000P PSI G 

 

 

2.6 Pressure Transducers (Series PX215-300GI, Omega) 

        Pressure transducers are used to measure the pressure in each hydraulic cylinder 

chamber, where as the supply pressure is maintained at constant pressure of 200 PSI G. A 

simple circuit containing resistors is used to change the output current from transducers 

to voltage suitable for the A/D signal processor board.  

 



Table 2.4 Specifications of Pressure transducers 
 

Excitation 24Vdc 

Output 4-20mA 

Pressure rating 300PSI G 

 

2.7 Digital Signal Processor Board (dSPACE 1104 Board) 

        Real-time control of the hydraulic system is implemented in MATLAB/SIMULINK 

and carried out using the Math Works Real-Time Workshop connected to dSPACE 1104 

signal processor board around TMS320C31 floating point DSP which includes onboard 

A/D and D/A converters.  

Table 2.3 Technical details of DS1102 controller board 
 

Processor TI’s TMS320c31 floating-point DSP 

Analog input 2 Parallel 16-bit channels, 4µs conversion time 

2 Parallel 12-bit channels, 1.25µs conversion time 

± 10 V input voltage range 

Analog output 4 parallel 12-bit channels, 4µs settling time 

± 10 V input voltage range 

Digital I/O Programmable digital-I/O subsystem based on TI’s 

25 MHz TMS320P14 DSP 

 16 digital IO lines, PWM generation up to 6 channels 

Physical Characteristics +5 V, 1.5 A and ± 12 V, 100mA 
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       Table 2.5 shows the maximum frequencies of the included timing applications for 

different channels in use, assuming that only one type of application is running at a time. 

 The parameters of the controller implemented are changed and monitored through 

ControlDesk software. Figure 2.6 shows the interface developed in ControlDesk software 

later for controlling the hydraulic system. 

 

 

Figure 2.6 ControlDesk user interface developed for controlling position of the piston 
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2.8 Conclusions 

        This chapter gives detailed investigation on every components used for the hydraulic 

system. Study of all the measuring devices led to have accurate measurements as possible 

during experiments, and also the study of the different simulation and instrumentation 

software make it possible to fully utilize everything available. 

 



CHAPTER III 

THE HYDRAULIC SYSTEM MODEL 

 

3.1 Introduction    

        The purpose of modeling the proportional valve and hydraulic actuator is to design a 

controller and predict or simulate the performance for the hydraulic system from the 

theoretical model obtained.  Taking both linear and nonlinearities into account, a model 

for the hydraulic control system is derived and then nonlinear control is developed. The 

models will be validated through comparison of experimental and simulation results. The 

derivation of each the block shown in figure 3.1 will be briefly explained later. 

 

Figure 3.1 The open-loop block diagram for the hydraulic actuator system 
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3.2 System Identification by Frequency Response Method 

         Frequency response is a response of a system to sinusoidal inputs. The frequency 

response of a system consists of transfer functions that tell us how a system will respond 

to a sinusoidal input of any frequency. In the cases where we do not have a good model 

of the system and wish to determine the frequency response magnitude and phase 

experimentally, we can excite the system with sinusoidal signal by varying in frequency. 

The magnitude G(s = jω) is obtained by measuring the ratio of the output sinusoid to the 

input sinusoid in the steady-state at each frequency. The phase angle G(jω)  is the 

difference in phase between input and output signals. 

∠

        A great deal can be learned about the dynamic response of a system from knowledge 

of the magnitude and phase of its transfer function. If the input signal is a sinusoid, then 

the magnitude and phase completely describe the response. Furthermore, if the input is 

periodic, then a Fourier series can be constructed to decompose the input into a sum of 

sinusoids, and again the magnitude and phase can be used with each component to 

construct the total response. 

        It is useful in control system design to indicate the bandwidth of the system. The 

bandwidth is a range the frequencies over which the system will be useful even if the 

system will not be driven with sinusoidal inputs. The value of the bandwidth assumed to 

be the frequency at which the magnitude of the frequency response ratio is -3 dB.  
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3.2.1 Direct-Operated Proportional DC Valve 

        Obtaining the model of the valve dynamics analytically is quite a bit of work and 

complicated but instead we obtained it by means of experimental analysis. The frequency 

response method is used to determine the transfer function. The amplitude ratio and phase 

shift of the spool output to input sinusoid signal have been measured at a sufficient 

number of frequencies with the frequency range of interest.  It’s then plotted in the Bode 

diagram, which is a plot of the logarithmic of the magnitude ratio and phase against the 

frequency on a logarithmic scale. Then the transfer function is determined by asymptotic 

approximations [8].  

        The transfer function to the input to valve, u(t) and output from valve, xv(t) of the 

system is given by 

Gvalve(s) = 
)(
)s(

sU
X V                                                                        (3.1) 

        To perform a frequency-response test, a sinusoidal-signal generated from the 

MATLAB software send to the proportional valve via the dSPACE board. Frequency 

ranges starting from 0.05 Hz to 410 Hz are used to excite the system using 5% command 

signal (amplitude of 0.5 V).  

        The values of amplitude ratio and phase shift for the frequency ranges obtained from 

experiment are shown in table A.1.  

 14



 

Figure 3.2 Frequency response of the proportional valve and approximation models 

        As shown in figure 3.2 the amplitude ratio and phase shift are plotted in a Bode 

diagram and the associated transfer function is determined from it. The frequency 

response is approximated by having a transfer function without time delay and is given 

by the transfer function 

Gvalve(s) =
1

1
+sτ

                                                                                                               (3.2) 

and better approximated by having a transfer function having a time delay of 0.5 msec 

given by 

Gvalve(s) = sde
s

τ

τ
−

+1
1                                                                                                     (3.3) 
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where τ is the time constant, and dτ  is the time delay. Approximation of the delay 

time, dτ  is done using Taylor’s series expansion of first order derivative about (s = 0) is 

given by  

f (s) = f (0) + (0) (s)    ,     where f (s) =                          (3.4) f& sde τ−

   = 1-sde τ− sdτ ≅  
1

1
+sdτ

                                                              (3.5) 

Therefore equation (3.3) can be written as 

    Gvalve(s) =
1)(

1
2 +++ ss dd ττττ

                                                                           (3.6)                                     

        The frequency response obtained from the test resembles the manufacturer’s 

frequency response (5% command signal) diagram which is shown in figure 2.4. It is also 

confirmed here again that it has a bandwidth of 300 Hz, time constant of 0.00056 sec and 

time delay of 0.0005 sec. 

 

3.2.2 Hydraulic Cylinder 

        The non-linear model of the hydraulic cylinder is done analytically later, but here 

assuming as a linear model, the transfer function of the cylinder is obtained from the 

frequency response method.  The values of amplitude ratio and phase shift of the piston 

position to the spool position for certain frequency ranges obtained from experiment are 

shown in table A.2. 
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Figure 3.3 Frequency response of the hydraulic piston 

The transfer function associated to figure 3.3 is found to be  

Gpiston(s) = 
)s(
)s(

V

P

X
X                                                                      (3.7)                         

 Gpiston(s) = 
s
K                                                                             (3.8)  

Where the gain, K is the intersection of frequency asymptote to the 0-dB line and is 

found to be 0.2. The bandwidth is of the hydraulic piston is observed to be close to 0.06 

Hz.  

 

 

 17
 



3.3 System Identification by Step and Pulse Response Method  

        The steady state behavior of the piston for the step and pulse input can also be used 

to determine the transfer function of the system. This test is performed to validate the 

linear model obtained previously between the piston and the valve. 

 

3.3.1 Step Response 

        The transfer function between the valve and the piston position can be found by 

observing the response of the steady state velocity of the piston. The step output from the 

valve to the piston is given by the equation: 

                                    u(t) = 0,                      for t < 0        (3.9)

               = A,                     for t > 0 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
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Figure 3.4 Response of the piston to a step output from the valve 
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        The valve line in figure 3.4 indicates time change in step input where as the 

amplitude is arbitrary. The velocity of the piston is obtained by taking derivative of the 

position signal and passing it through a low pass filter to reduce the noise. 

The open loop transfer function of the system can be given by combining equation (3.5) 

and equation (3.7) 

            Gsystem(s) = Gpiston(s) . Gvalve(s)                                                  (3.10) 

           
)s(
)s(

U
X P  = 

)1)(( 2 +++ sss
K

dd ττττ
                                            (3.11) 

We can write the above equation to represent the velocity of piston under the condition 

that u(t) is a step input of amplitude A: 

             = )s(PX&
)1)(( 2 +++ ss

K

dd ττττ s
A                                          (3.12) 

Using final value theorem [8] the steady state behavior of  as t approaches infinity 

is be given by 

)t(Px&

)(∞Px& = K A                                          (3.13) 

        From figure 3.3, the steady state velocity of piston can be approximated and as a 

result the value K is determined to be 0.236. 
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3.3.2 Pulse Response 

         The transfer function between the valve and the piston position is also found by 

observing the response of the steady state position of the piston to a pulse input to the 

valve is given by 

u(t) = A,                      for 0 < t < t0                                                                (3.14) 

                   = 0,                       for t < 0, t0 < t 
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Figure 3.5 Response of piston to a pulse output from the valve 

        The valve line in figure 3.4 indicates time change in pulse input where as the 

amplitude is arbitrary. The velocity of the piston is obtained by taking derivative of the 

position signal and passing it through a low pass filter to reduce the noise. Writing 

equation (3.9) to represent the position of the piston for the pulse input we obtain: 

)s(PX  = 
)1)(( 2 +++ sss

K

dd ττττ
⎟
⎠
⎞

⎜
⎝
⎛ − − ste

s
A

s
A

0                (3.15) 
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Using the final value theorem [8] the steady state behavior of  as t approaches 

infinity is be given by 

)t(Px

                                    = K A t0                                                                              (3.16) )(∞Px

        Using figure 3.4, the steady state position can be approximated and as a result the 

value K is determined to be 0.24.  

 

3.4 Flow Rate Through Proportional Valve 

        The position of the proportional valve spool controls the flow rate in, q1 and out, q2 

of the hydraulic actuator. However the flow rate also depends on the supply pressure, PS, 

the tank pressure, PT, and the pressure in the bottom actuator chamber, P1, and the upper 

chamber, P2.  

       The turbulent flows through the control orifices of the valve, to and from the two 

sides of the cylinder chambers, are modeled by nonlinear expressions[3,6]. Assuming 

positive flow directions as shown in figure 2.2, we have 

q1 = Cv xv (sgn (xv) )( 1PPs − + sgn(-xv) )( 1 RPP − ),          (3.17)                         

q2 = Cv xv (sgn (xv) )( 2PPs − + sgn(-xv) )( 2 TPP − ),          (3.18)          

Where Cv is the proportional valve coefficient for all the valve ports and sgn(xv) is a sign 

function that indicates the spool is extending or retracting and is given by 

                                      sgn(xv) = 1,                  xv ≥  0                                                 (3.19) 

             = 0,                    xv < 0 

        Starting with the continuity equation and taking the fluid compressibility into 

account, it can be shown that the pressure dynamics [3, 6] are given by  
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)( 11
1

1
leakageqqV

Vdt
dP

−+−= &β                                                     (3.20) 

)( 22
2

2
leakageqqV

Vdt
dP

−−−= &β                                                    

(3.21) 

Where V1 and V2  

                                     V1=V01 + A1 xp                                                                                                               (3.22) 

                                     V2=V02 – A2 xp                                                                                                               (3.23) 

Where A1 and A2 represent the effective areas of the bottom and the top face of the piston 

respectively.  V01 and V02 are the volumes of the bottom and top chamber of the cylinder, 

respectively corresponding to position (xp = 0) of the piston. The fluid bulk modulus is 

denoted by β , and the leakage flow,  is assumed to be negligible. leakageq

   

3.5 Valve Parameter and Fluid Bulk Modulus Identification 

        The proportional valve coefficient, Cv and the fluid bulk modulus, β  have to be 

determined to calculate the flow rates across the valve. The least squares analysis of the 

data obtained from several open loop tests was used to identify the parameters [17]. In 

order to use the least squares analysis, we first need an equation in the form of (XA = Y).  

        According to equation (3.17) the flow equations for the hydraulic valve by taking 

the tank pressure equal to zero and for positive direction of the valve motion can be given 

as: 

q1 = Cv xv 1PPS −                    (3.24)                
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  from equation (3.20) for negligible leakage flows,  can written as follows 1P& leakageq

)( 11
1

1 qV
V

P +−= && β                                                                  (3.25) 

Incorporating V1 into (3.25) through (3.22)  

)()( 11101 qxAxAVP PP +−=+ && β       (3.26) 

Substituting equation (3.24) in terms of q1 in (3.26), we can derive the equation 

PsvvP xAPPxCxAVP &&
11101 )(1

=−++
−
β

     (3.27) 

Which can be written XA=Y form 

         

Where i= 1, 2,…, N    

         Now the above equation is in the form (XA = Y) where xv, xp, P1 and P2 are sampled 

data from experiment using the sampling period of T.  The derivatives (  and ) are 

obtained through numerical differentiation. We can approximate 

2,1 PP &&
px&

Â  which will give the 

sum of least square error and can be calculated as 

YXX
C

A T

v

1)(
ˆ

ˆ/1ˆ −=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=

β
       (3.29) 

        As shown in the figure 3.6, a sinusoidal input is applied to the valve and only the 

part of the data when the valve moves in the positive direction is used in (3.29). 
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Figure 3.6 Data obtained from experiment for a positive direction of the valve for a 
sinusoidal wave input 



         A least squares analysis of the data obtained from several sinusoidal open loop tests 

experiments for the valve parameter and bulk modulus are averaged to get good estimates 

( 2
610816.1

m
N

×=β and 
PaVs

mCv ..
10863.2

2
9−×= ). 

 

3.6 Hydraulic Piston Dynamics 

        Applying Newton’s second law to a hydraulic piston yields the equation of motion 

for an actuator given by 

Px&& = )(1
2211 fFmgAPAP

m
−−−                                              (3.30)      

Where is the acceleration of the piston, m is the mass of piston and rod, Ff  is the 

friction opposing the axial motion, and g is the gravitational acceleration of the earth. The 

non-linear friction force which includes stiction, Coulomb, Stribeck, and viscous 

components is discussed in next chapters. 

Px&&

 

3.7 Conclusions 

        This chapter presents the analytical and experimental modeling of the hydraulic 

system. A second-order model is derived between the spool position of the proportional 

valve and the input voltage applied from the computer. System identification methods by 

frequency, step and pulse response methods are used to determine the transfer function 

between the valve and the piston has shown the same result.  Analytical models for the 

flow rate through the valve and pressure dynamics are also done. At this point we have 

developed transfer functions for the valve and the piston based on experimental Bode 
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plots.  We have also developed a non-linear model for the proportional valve and the 

hydraulic actuator. The linear model for the valve is used to make comparison with the 

company data. The same will later be used in the controller design. The nonlinear 

dynamic model of the cylinder will be used later in Chapter VII when we design the 

sliding mode controller. 
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CHAPTER IV 
 

FRICTION IN HYDRAULIC ACTUATORS 
 

4.1 Introduction 

        Friction is a nonlinear phenomenon which occurs in all mechanical equipments such 

as hydraulic systems, and leads to deterioration of performance. It is therefore important 

for engineers to study and understand the friction phenomenon acting on different 

systems.   

        Friction is usually modeled as a function of velocity which has static, Coulomb and 

viscous friction components. However, there are several fascinating properties observed 

in systems with friction. In applications with high precision positioning and with low 

velocity tracking a better description of the friction phenomenon is necessary.  

      Detailed analysis of friction experiments shows that there are two friction regions:  

pre-sliding and sliding regions. In the pre-sliding region the friction force is considered to 

be a function of the bristle deflections (figure 4.3) as the force at the bristle contacts are 

dominant.   

        Armstrong-Helouvry et al. [3] drive a general model structure which includes 

several experimentally observed friction properties. Many of the information in this 

chapter came from the review of friction research by C. Canudas de Wit, P. Noel, A. 

Aubin, and B. Brogliato [1], C. Canudas de Wit, H. Olsson, K.J. Astrom, and P. 

Lischinksy [2, 5]. 



4.2 Static Models of Fiction 

        The static models describe friction as a force which opposes motion and its 

magnitude is only dependent on velocity. It is also described by a discontinuous relation 

between the friction force and the relative velocity.  

        Leonardo Da Vinci (1519) proposed the first classic model of friction which 

assumes that the friction force is proportional to the normal load and the net deriving 

force on an object is the difference between the applied force and the friction force [15]. 

        Coulomb (1785) further developed the Da Vinci’s friction model and the friction 

phenomena described by the model known as Coulomb friction [15]. 

Ff =  Fc sgn( )                     (4.1) x&

Where  

                                      sgn( ) = 1,                   ≥  0                                                   (4.2) x& x&

             = 0,                     < 0 x&

and the friction force, Fc is proportional to the normal load given by 

Fc = µD FN,                                                                 ( 4.3) 

Where µD describes the dynamic coefficient of friction force,  FN    is the normal force, 

and  is the velocity of the moving object.  x&

        Morin (1833)  stated the basic model of friction, that there is a maximum force 

named static force, Fs  which has to be overcome before any movement occurs[15] 

Fs = µs FN             (4.4) 

Where µs is the static coefficient of friction and it is always greater than the dynamic 

coefficient friction, µD.  
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Figure 4.1 Static plus Coulomb friction model 
 
        Reynolds (1866) developed expressions for the friction force caused by the viscosity 

of lubricants [5]. The viscous friction is described as 

Fv = µv                                                                   (4.5) x&

Where µv is the viscous damping coefficient,  is the velocity of the moving object. Then 

the friction model becomes: 

x&

Ff   = Fs,                           | | = 0                                                         (4.6) x&

      = Fc + Fv,         | | > 0   x&
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Figure 4.2 The static, Coulomb, viscous friction model (Classical model) 
 

4.3 Dynamic Models of Friction 

        One of the main problems with the classical model is the discontinuity between 

static friction and dynamic friction regimes. The classical model uses a switching 

function between the two regimes. Such a switching function is physically not justified 

and may result in implementation problems.  

        Stribeck (1902) observed that for low velocities, the friction force is decreasing 

continuously with increasing velocities[15]. This phenomenon of a decreasing friction at 

low, increasing velocities is called the Stribeck friction or effect. The change in friction 

from dynamic (pre-sliding region) to static (sliding region) is recognized as being 

continuous as shown in figure 4.4. 
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4.3.1 The Dahl Model 

        Dahl [11] developed a friction model for the purpose of simulating control systems 

with friction. The model was comparatively a simple model which was used extensively 

to simulate systems with ball bearing friction and which has been also used as a standard 

simulation model in the aerospace industry. Dahl observed that surfaces are very irregular 

at the microscopic level and two surfaces make contact at a number of asperities, which 

can be thought of as elastic bristles in combination with lubricant effects. As shown in 

figure 4.3, Dahl modeled the bristle as elastic springs. 

  

 

Figure 4.3 Dahl’s spring model 
 
        Dahl used the theory from the stress-strain curve in classical solid mechanics [12].  

He interpreted friction as the friction force increases gradually until rupture occurs when 
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subjected to stress. The friction model is seen to behave as a nonlinear ‘soft’ spring with 

a nearly linear elastic curve for small deflections. Dahl modeled the friction force using 

ασ ))sgn(1( x
F
F

dx
dF

C

ff &−=                      (4.7) 

Where Fc is the coulomb friction which can also be interpreted as a yield force σ is the 

stiffness coefficient and α is the parameter that determines the shape of the stress-strain 

curve.  In this model friction force is only a function of the displacement and the sign of 

the velocity. This implies that friction force is only position dependent.  To obtain a time 

domain model Dahl observed that  

dt
dx

dx
dF

dt
dF ff =                                         (4.8) 

Therefore, equation 4.7 can be written as 

xx
F
F

dt
dF

C

ff && ασ ))sgn(1( −=                                                         (4.9) 

 

Introducing F = σ z, the model can be written as 

z
F

xx
dt
dz

c

|| &
&

σ
−=                               (4.10) 

 

4.3.2 The Bristle and Reset Integrator Model 

        Haessig and Friedland introduced a friction model in [4], which attempted to design 

the irregularities in the contact surfaces or the bristles as springs giving rise to friction. 

The contact between the surfaces thought as a bond between flexible bristles. The bond 
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strain assumed to increase as the surfaces move relative to each other and increasing the 

friction force. The fiction force is given by 

Ff =                                                                    (4.11) )(
1

0 ii

N

i
bx −∑

=

σ

Where N is the number of bristles,  the stiffness of the bristles,  the relative position 

of the bristles, and  is the location where the bond was formed. As  equals 

0σ ix

ib || ii bx − sδ  

the bond is assumed to break and a new one is formed at a random location. The model 

captures fascinating properties of friction but motion in sticking may be oscillatory since 

there is no damping of the bristles in the model and it is inefficient in simulations.  

        Haessig and Friedland also proposed the reset integrator model as an alternative to 

the bristle model. They assume that breakage does not occur but the bond is kept constant 

after it reaches the point of rapture. The friction force is given by 

   Ff = (1+a (z)) ( ) z + 0σ x&
dt
dz

1σ                                               (4.12)                

   
dt
dz  = 0,   if (  > 0 and z ≥  z0) or (  < 0 and z ≤  -z0)            (4.13) x& x&

          = ,   otherwise x&

    a,   if |z| < z0                                                                                                  (4.14) =)(za

            = 0, otherwise 

Where 
dt
dz

1σ   is the damping term, and a(z) is a function which determines the bristle 

deflection. As the deflection reaches its maximum value z0, the variable z remains 

constant. The reset integrator model is efficient to simulate but it is necessary to detect   

when |z|  z0. ≥
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4.3.3 The LuGre Model 

        A model which has combined the Dahl’s [11] consideration and employing the idea 

of averaged deformation of bristles [4] has been developed at the universities of Lund and 

Grenoble [2] and is called the LuGre friction model.  When a tangential force is applied 

to two surfaces, the bristles will deflect like springs, and if the deflection is sufficiently 

large the bristles start to slip. 

 

 

Figure 4.4 The static, Coulomb, viscous plus Stribeck friction model (Dynamic model) 
 
        The LuGre friction model which combines the pre-sliding behavior of the Dahl 

model with the steady state friction characteristics like Coulomb friction, viscous friction 

and the Stribeck effect is shown in figure 4.4. The LuGre friction model uses an internal 

state variable z (bristle deflection) governed by 

z
xg

xx
dt
dz

)(
||

0 &

&
& σ−=                                                                    (4.15) 
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Where  is the relative velocity between the two surfaces, and x& 0σ  is the bristle stiffness 

parameter.  The Stribeck function, is a decreasing function for increasing velocity 

bounded by upper limit equal to Stiction (static friction) force and a lower limit equals to 

the Coulomb friction force, and vs  the Stribeck velocity:  

)(xg &

2)(

10)( sv
x

exg
&

&
−

+= αα                                                                 (4.16) 

The corresponding friction force is described by 

x
dt
dzzFf &210 ασσ ++=                                                            (4.17) 

Where 
dt
dz the average bristle deflection, and 2α  is the viscous friction coefficient. In 

equation (4.17) the first two terms denote the force generated by bristle interactions and 

the last term is the viscous friction force. 

 

4.3.4 The Leuven Model 

        The Leuven model, presented by the authors [18] was based on the experimental 

findings that the friction force in pre-sliding regime is a hysteresis function of the 

position, with non-local memory, which was only approximated by the former models. 

The Leuven model tries to fit this specific behavior into the LuGre-model in order to 

obtain better tracking. 

 

4.4 Conclusions 

        This chapter briefly discusses the progress and the development of friction from 

static to dynamic models. In applications with high precision positioning and with low 
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velocity tracking a better description of the friction phenomenon using the dynamic 

model is necessary because of the low velocities and especially crossing of the zero 

velocity. LuGre friction model is chosen for predicting the friction for the hydraulic 

system since it captures most of the behavior friction.  In the next chapters the LuGre 

friction model approach will be used to model the friction in the hydraulic actuator, and 

also to predict the friction of the piston for the sliding mode control. 



CHAPTER V 

IDENTIFICATION OF FRICTION PARAMETERS 

5.1 Introduction 

        Most of the static and dynamic characteristics of the friction in the LuGre friction 

model appear as a non-linear and are tough to estimate. It is thus important to investigate 

identification mechanisms to estimate the different parameters and derive the friction 

model. The identification of the friction parameters is divided into static (parameters 

affecting the sliding region) and dynamic (parameters affecting the pre-sliding region) of 

the friction.  

        Various ways of identifying the friction parameters have been reviewed from 

literature [9,14].  We have performed many experiments to have good estimates of  the 

friction parameters, and also validation of the friction model has been done by comparing 

simulation and experiment for open and closed loop response of the piston.  

 

5.2 Static Friction Parameters Identification 

        The static parameters of the LuGre friction model are responsible for the behavior of 

the friction in the sliding region. The static parameters for the LuGre friction model are 

the coulomb  friction, 0α , the Stribeck friction, 1α , the viscous friction, 2α , and the 

Stribeck velocity, vs as stated in chapter 4 .  
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5.2.1 Stiction Force   

        The stiction force or sometimes called static friction force is the sum of the Coulomb 

friction, 0α  and the Stribeck friction, 1α  from the LuGre friction model.  

The equation of motion for the hydraulic actuator (3.30) can be written to calculate for 

friction as  

fF = -2211 mgAPAP −− m                                                      (5.1) Px&&

        The driving force to the piston is calculated from the pressure measurements at on 

each side of the piston, and is given by  

drivingF = 2211 APAP −                                                                    (5.2) 

where P1 is the pressure in the bottom actuator chamber, and  P2 is the pressure in the 

upper actuator chamber . The driving force, Fdriving  can be understood as the sum of the  

friction force acting on the piston and weight of the piston before the piston starts to 

move. The maximum value of the driving force can be assumed to be the sum of the 

stiction (static friction) force and the weight of the piston. Therefore combining equation 

(5.1) and (5.2) for zero acceleration (no motion of piston)  gives 

  =drivingF mgFf +                      (5.3)  

        The static friction has been estimated by applying a very slow ramp input  in an 

open loop and taking the value of the driving force at the time instant when the hydraulic 

piston motion starts. An experimental test is conducted by measuring the pressure at both 

ports of the cylinder and the piston position while applying a very slow ramp input to the 

valve.   
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        The driving force is calculated from the pressure data, and also the velocity of the 

piston is obtained by taking derivative of the position signal and passing it through a low 

pass filter (
14.0

1
+s

)  to reduce the noise in the velocity data. The valve line in figure 5.1 

and figure 5.2 indicates time change in the ramp input where as the amplitude is arbitrary. 

 

 

Figure 5.1 Stiction force estimation for zero initial position of the piston (xp(0)= 0 mm) 
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        As it can be seen from the above figure 5.1 for zero initial position of the piston the 

value of the driving force at the instant the piston starts to move is found to be 203.8 N, 

and static friction is calculated to be 198.9 N since the weight of the piston 4.9 N.        

         These kinds of experiments have been done for different initial positions of the 

piston ranging from the bottom to the top cylinder end.  Figure 5.2 shows data obtained 

for different initial positions of the piston.  

 

Figure 5.2 Stiction friction estimation for initial position ( xp(0) = 15 mm ) 

        From figure 5.2 the static friction force is calculated to be 202.3 N different from the 

previously obtained result of 198.9 N.  These kinds of variations in stiction force have 

 40



been also observed from in other experiments performed for different initial positions of 

the piston.  

        The unevenly distributed stiction  along the cylinder also motivated us to see the 

repeatability of the friction. Again another set of experiments have been done at the same 

initial positions and obtained different results of stiction. All values of stiction force 

obtained for the different cases stated previously are summarized in figure 5.3. 

 

Figure 5.3 Stiction force acting on the piston at different initial positions of the piston 
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         The 1st and 2nd experiments from figure 5.3 corresponds to performing tests just 

after running the hydraulic system, and after 45 minutes of running the hydraulic system 

respectively . We can see that the value of stiction force acting on the piston is dependent 

on the initial position and time. The dependency of stiction force on time can be 

interpreted as a change in temperature since the hydraulic fluid, and also the piston and 

the wall of the cylinder temperature increases after running the hydraulic system for long 

time. The value of the stiction force obtained from the experiment is averaged to 240 N.    

However, we avoided taking the value of the averaged stiction force value for granted but 

just used it as initial guess for the numerical curve fitting which was performed later. 

 

5.2.2 Coulomb, Viscous Coefficient and Stribeck Velocity Friction Parameter  

        The Coulomb and viscous coefficient friction parameters are estimated by 

construction of the friction velocity map measured during constant velocity motions. 

From the knowledge of the step response of the piston (chapter III) it is possible to obtain 

(after transient) a constant velocity of the piston by applying a step input to the valve.  

We know that,  the steady state velocities lead to zero acceleration. Therefore, the friction 

for steady state velocities or zero acceleration can be given by  

Ff = mgAPAP −− 2211                                            (5.4)  
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Figure 5.4 Friction estimation at constant velocity of the piston 

 

        One of the several experiments performed for steady state velocities ranging from 

0.04 mm/s to 41mm/s is shown in figure 5.4. A large number of steady state friction 

points are also collected at low velocity in order to improve identification of the Stribeck 

velocity. 

        The model used for friction is the LuGre model as discussed in chapter IV, repeated 

here for convenience 

z
xg

x
x

dt
dz

p

p
p )(

||
0 &

&
& σ−=                                                                  (5.5) 

 43



2)(

10)( s

p

v
x

p exg
&

&
−

+= αα                                                                 

(5.6) 

pf x
dt
dzzF &210 ασσ ++=                                                            (5.7) 

      At steady state friction (friction at constant velocity), we can assume rate of 

deflection, 
dt
dz  equals to zero, because once the piston start moving the bristles slip away 

after elongating to their maximum length (average bristle deflection, z will be constant). 

After the piston motion starts, equation (5.5) becomes 

z
xg

x
x

p

p
p )(

||
0 0 &

&
& σ−=    or                               (5.8) 

z = 
0

)(
|| σ

p

p

p xg
x
x &

&

&
                      (5.9) 

We can simplify equation (5.9) knowing, sgn
||

)(
p

p
p x

x
x

&

&
& =   

   z = 
0

)(
σ

pxg &
sgn         (5.10) )( px&

 The friction can be estimated by substituting equation (5.10) into (5.7) : 

     sgn)(ˆˆ
pf xgF &= pp xx && 2ˆ)( α+                                  (5.11) 

Substituting equation (5.6) into (5.11) in terms of the Stribeck function gives 

      )ˆˆ(ˆ
2)

ˆ
(

10
s

p

v
x

f eF
&

−

+= αα sgn pp xx && 2ˆ)( α+       (5.12) 

        The friction values, Ff  obtained from steady state velocities of the piston is plotted 

in friction- velocity map as shown in figure 5.5. 
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         Nonlinear least squares optimization algorithm [13] from MATLAB is used to fit 

the experimental data shown in figure 5.5 into equation (5.12). The experimental data is 

used to search for 0α̂ , 1α̂ ,  and sv̂ 2α̂  that minimizes the output error function : 

                (5.13) { } 2

1
210 )](ˆ)([ˆ,ˆ,ˆ,ˆ);ˆ,( pif

n

i
pifsff xFxFvFFE && −= ∑

=

ααα

where ) are the experimentally obtained friction values measured at constant 

velocities of the piston, and  is given by equation (5.12) . A good curve fit to the 

experimental data is obtained as it is shown in figure 5.5.   

pif xF &(

)(ˆ
pif xF &
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Figure 5.5 Static friction-velocity map experimental and estimation 

The estimated values of the static friction parameters are summarized in table 5.1 
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Table 5.1 Static LuGre friction parameters 
 

Static Friction Parameters Estimated values 

Stiction  10 αα +  273 N 

Coulomb friction  0α   89 N 

Stribeck friction  1α   184 N 

Viscous coefficient  2α   920 N.s/m 

Stribeck velocity  vs  5.8 m/s 310−×

 

5.3 Dynamic Friction Parameter Identification 

        The dynamic parameters 0σ  and 1σ  are much more difficult to determine because 

the average bristles deflection, z is not measurable. A good estimation of the dynamic 

friction parameters can be made using the non-linear optimization methods. However, for 

a successful estimation of the dynamic parameters a reasonable initial guess is necessary. 

        During the open loop motion of the piston for very slowly changing ramp input to 

the valve,  and px&
dt
dz  can be assumed negligible for very low velocities. Therefore 

equation (5.6) and (5.7) become 

10)( αα +=pxg &         (5.14) 

zFf 0σ=          (5.15) 

Substituting (5.14) and (5.15) into (5.5) gives, 

f
p

p F
x

x
dt
dz

10

||
αα +

−=
&

&         (5.16) 
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Where the friction force for zero acceleration is approximated by 

   =fF mgAPAP −− 2211          (5.17) 

        The average bristles deflection is computed from the numerical integration of (5.16) 

to obtain z(t) where the friction and velocity are obtained from experiment. The 

numerical integration is performed using MATLAB/ SIMULINK software by 

representing the equations as a block diagram as shown in figure B.1. The initial guess 

for 0σ̂  is calculated from the friction data obtained from equation (5.17) and the value z 

obtained from numerical integration of (5.16). Therefore, the value of 0σ̂   can be 

calculated by averaging the data from (5.15) as: 

    
zz

Fz
T

f
T

≈0σ̂                                                                                (5.17) 

Where z is a vector found by integrating (5.17) and Ff  is also a vector obtained from 

(5.17) by taking sampled data from experiment (P1, P2 and ). Now precise value of the 

dynamic parameters is calculated by using SIMULINK to simulate the open loop system 

model given by equation (5.1), (5.5), (5.6) and (5.7) while changing the dynamic 

parameters to get the same response of the piston position as the experiment.  

Px&

         The block diagram representation using equation (5.5), (5.6) and (5.7) is shown in 

figure 5.6 which shows that the friction can be calculated from the piston velocity 

measurement. Now we can simulate the open loop system model using (5.1) and also by 
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using the flow rate and pressure dynamics equation given in the previous chapters.        

 

Figure 5.6 Block diagram representation of the LuGre friction model 

            Experiments are performed as shown in figure 5.7 using a slowly changing ramp 

input to the valve.  The advantage of the slowly changing ramp input is  to capture the 

friction force before it gets to the stiction force as well as to obtain the Stribeck part of 

the fiction which occurs at low velocities. 
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Figure 5.7 Friction estimation using the open loop response of the piston for the initial 
position of  ( xp(0)= 0 m) 

        The pre-sliding region from figure 5.7 can be described as the region before the 

piston motion starts while increasing the driving force. A good approximation to the 

experimental response  is achieved by changing the values of the dynamic parameters of 

the LuGre friction model as shown in figure 5.7 and figure 5.8. Again another set of 

experiments have been done at different initial positions of the piston and we obtained 

different results of dynamic parameters for the LuGre model.  
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Figure 5.8 Friction estimation using the open loop response of the piston for the initial 
position of (xp(0)= 0.015 m) 

 
        The driving force in figure 5.7 and figure 5.8, is calculated using (5.2), and ramp 

valve line indicates time change in the ramp input where as the amplitude is arbitrary. 

As it can be seen from both figures, the approximated response of the piston motion is 

almost identical to the experimental one.  

        The bristle stiffness constant is found roughly being the same for many experiments 

( 0σ = 4×104 N/m) while the bristle damping coefficient found to be very sensitive and it 

varies between (sigma 1  1.64×103 N.s/m - 8×105 N.s/m) .  The uneven distribution of 

the stiction force along the cylinder can be understood as the direct implication of the 

variation of the bristles damping coefficient. 
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5.4 Model Validation 

        The models described in the previous section such as the valve dynamics, the flow 

rate equations, pressure dynamics, piston dynamics and the LuGre friction model is 

implemented in SIMULINK, and open-loop and closed-loop experiments are conducted 

to validate it. The SIMULINK block diagrams are shown in figure (B.1-B.4).  
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Figure 5.9 Comparison of results obtained from simulation and experiment 

        The response of the piston position, the velocity, the friction acting on the piston, 

and the driving force are shown in figure 5.9 for a step input applied to the valve. For the 
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experiment shown in figure 5.9, the static parameters and the bristle stiffness constant are 

kept constant as given in table 5.1 while the bristle damping coefficient is changed to 

1×104 N.s/m, because most of the friction parameter variation observed to be in the 

bristle damping coefficient. 

        The assumption made in the identification process of the parameters of the LuGre 

friction model that the bristles deflection remains constant after the piston motion starts 

while the bristles deflection rate goes to zero can be verified in figure 5.10. 
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Figure 5.10  Average bristle deflection and deflection rate obtained from experiment for a  
step input supplied to the valve 

         The closed loop response of the piston position for a step input of amplitude 0.02 m 

using a proportional controller of gain 10 is shown in Figure 5.11  
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Figure 5.11 Comparison of piston position while tracking the step input in simulation and 
experiment 
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Figure 5.12 Comparison of Control signal (V) for tracking the step input in simulation 
and experiment 
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5.5 Conclusions 

        In this chapter we have presented the identification of the friction parameters by 

dividing the friction phenomenon into two regions, static parameters and dynamic 

parameters. The static parameters are determined from the sliding region of the friction-

velocity curve. The dynamic parameters are determined from the pre-sliding region of the 

friction-velocity curve. We have observed that the stiction force is unevenly distributed 

along the cylinder, and also the damping coefficient of the bristles is very sensitive which 

varies significantly. The variation of the bristle damping coefficient affects directly the 

stiction force because the larger the damping coefficient the larger the breakaway force 

(stiction) needed to deflect or slip the bristles. We have also presented experiments that 

successfully validated the  identified parameters of the LuGre friction model.  Again  

simulation results for some open loop and closed loop responses have shown the 

validation of both the LuGre friction model and also the hydraulic system model. 

 



55 

CHAPTER VI 

NONLINEAR CONTROLLER DESIGN  

 

6.1 Introduction 

         Modeling inaccuracies can have strong adverse effects on nonlinear control 

systems. Nonlinear system model imprecision may come from parametric uncertainties 

and unmodeled dynamics. The first kind corresponds to inaccuracies on the terms 

actually included in the model, while the second kind corresponds to inaccuracies on the 

system order. In the previous chapter we have observed that the friction parameters from 

the LuGre friction model change as a function of position and temperature. Thus it will 

be necessary to design robust controller that can cope with the friction variations. One of 

the most important approaches in dealing with this kind of model uncertainty is a robust 

control. The typical structure of a robust controller is composed of a nominal part, similar 

to a feedback linearizing, and additional terms aimed at dealing with model uncertainty.  

        In our approach, the sliding mode robust controller is derived from a Lyapunov 

analysis of the nonlinear dynamic equations for the proportional valve and hydraulic 

actuator. The basic form of the control law is obtained similar to those developed by 

Batur and Jalal [7] for pneumatic systems. Sliding mode control design provides a 

systematic approach to the problem of maintaining stability and consistent performance 

in the face of modeling imprecision.  
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6.2 Sliding Mode Control Philosophy 

      Sliding mode control gained much popularity in the recent years due to its 

applicability to non-linear systems and the ability to consider robustness issues in the 

global sense. Sliding mode control has been successfully applied to robot manipulators, 

underwater vehicles, automotive transmissions and engines, high-performance electric 

motors and power systems [16]. 

        Sliding mode control provides a systematic approach to the problem of maintaining 

stability and consistent performance in the face of modeling imprecision. Sliding mode 

control systems are a class of systems whereby the control law is deliberately changed 

during the control process according to some defined rules, which depend on the state of 

the system [16]. According to the control objectives, it constructs a so-called sliding 

manifold or sliding surface and forces the system states to reach and subsequently remain 

on within the sliding surface. The sliding surface will be an invariant set by taking the 

square of the sliding manifold function as a Lyapunov function candidate, and choosing 

some parameters. Then the dynamic behavior of the system when confined to the surface 

is described as sliding motion. The complete response of sliding motion control system 

consists of two distinct phases of motion. The initial phase referred to as the reaching 

phase where it takes  a finite time for the state trajectories to reach the sliding surface 

from any initial condition. The second phase is described by a sliding motion after 

reaching the sliding surface and moving to the desired state exponentially. 

 

 

 



6.3 Sliding Mode Control Development 

        We will begin the derivation of the control law from the dynamics of the piston 

motion  
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Differentiating equation (6.1) yields 
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        According to equation (3.20) and (3.21) the pressure dynamics in the hydraulic 

cylinder for negligible leakage flows,  can be written as follows leakageq
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rearranging equation (6.5) gives 
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        According to equation (3.17) and (3.18) the flow equations for the hydraulic valve 

by taking the tank pressure equal to zero can be given as: 

q1 = Cv xv (sgn(xv) 1PPS − + sgn(-xv) 1P ),                           (6.8)                         

q2 = Cv xv (sgn(xv) 2PPs − + sgn(-xv) 2P  ),                     (6.9) 
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substituting equation (6.8) and (6.9) for  q1 and q2 in (6.7) gives 
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        For the simplicity of the controller design, the relation between the spool position of 

the valve, xv and the control input, u is considered instantaneous rather than through 

dynamic equation (3.6). Since the bandwidth of the valve  is large (300 Hz) compared to 

the bandwidth of whole hydraulic system (2.4 Hz) the above assumption above can be 

safely made. With this assumption equation (6.10) can be written as: 
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Now let’s assume equation (6.11) is in the form of 

bufxP +=&&&                      (6.12) 

where u is the control input, the scalar is the output of interest (piston position), the 

control gain, b is known or measurable and the dynamics, f  is a non-linear and not 

exactly known (uncertainty in friction parameters)  
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         Let’s define a surface for the single input dynamic system described by equation 

(6.12) in the state-space by the scalar equation s(x;t) = 0, where 

x
dt
dtxs ~)(),( 2λ+=                    (6.14) 

           = x
dt
d

dt
d ~)( 212

2

λλ ++                                                   (6.15) 

Where 1λ ( 1λ =2λ ) and 2λ  ( 2λ = ) are strictly positive constant, whose choice we shall 

interpret later. The position tracking error,  is defined by 

2λ

x~

Pd xxx −=~          (6.16) 

Where  is the set point. The sliding surface, s which is simply a weighted some of the 

position, velocity and acceleration error can be written as 

dx

xxxs ~~~
21 λλ ++= &&&         (6.17) 

Taking derivative of equation (6.17) gives 

xxxs &&&&&&& ~~~
21 λλ ++=         (6.18) 

xxxxs Pd
&&&&&&&&&& ~~~~

21 λλ ++−=⇒        (6.19) 

Substituting  from equation (6.12) to (6.19) we get: Px&&&~

xxxbufs d
&&&&&&& ~~~

21 λλ +++−−=        (6.20) 

        There are two parts in the control signal, one is the linear part another is the 

robustness part given by 

robustlinear uuu +=         (6.21) 

        The equivalent control is defined as the signal   which makes  =0.   However 

since  f  is not exactly known then an approximation would be  

linearu s&
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b
u dlinear
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        where is an estimate of   f.  The uncertainty in  f  as the result of the friction 

parameter variations is assumed to be bounded by some known function F from the 

knowledge of experiments performed in the previous chapter.  

f̂

Fff ≤− |ˆ|          (6.23) 

        Second part of the control signal is the robustness term, which is designed to take 

care of the uncertainties in f and to force the states to be driven towards the sliding 

surface. Now choosing 

)]sgn([
)(

1 sK
xb

urobust =        (6.24) 

so that the sliding surface becomes attractive, and that can be shown using a Lyapunov 

function  

2

2
1 sV =          (6.25)  

Differentiating equation (6.25) 

ssV && =           (6.26) 

Substituting  from equation (6.20) to (6.26) gives s&

dd xxxsKxxxffs &&&&&&&&&&&&& ~~~)]sgn(~~~ˆ[ 2121 +++++++−−−= λλλλ     (6.27) 

)sgn(ˆ sKffs −−=⇒ &         (6.28) 

Which results in, 

|                               (6.29) |)ˆ( sKffsV −−=&

From the definition of F in (6.23) we can write (6.29) as 
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|||| sKsFV −≤&         (6.30) 

So that, by letting 

η+= FK ,         (6.31) 

we get  

|| sV η−≤&          (6.32) 

Where 0>η , thus it constraints trajectories to point towards the sliding surfaces.  If s = 0 

then the derivative of the Lyapunov function ( ) which implies the trajectories may 

or may not leave the sliding surface but if they leave the sliding surface again they 

will be forced to go back too the surface. Satisfying the sliding condition makes the 

surface an invariant set ( a set for which any  trajectory starting from an initial condition 

within the set remains in the set for all future times). Furthermore equation (6.32) implies 

that some disturbances or dynamic uncertainties can be tolerated while still keeping the 

surface an invariant set. The use of sgn(s) in equation (6.24) creates chattering which is 

undesirable, and in practice the high control activity can possibility excite unmodeled 

high frequency dynamics (e.g. the proportional valve).  

0=V&

)0( ≠s

 

6.4 Chattering Reduction 

        We know that the control law has to be discontinuous across s = 0 in order to 

account for the present modeling imprecision and disturbances. Since the implementation 

of the associated control switching is necessarily imperfect (for instance, in practice the 

presence of finite time delays for control computation and the limitation of physical 

actuators), chattering is undesirable in practice, since it involves high control activity and 
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may further excite the unmodeled dynamics of the system [16]. In general chattering 

must be eliminated for the controller to perform properly. This can be achieved by 

smoothing out the control discontinuity in a thin boundary layer neighboring the 

switching surface. 

 To minimize chattering in the controller, we can use a saturation function defined by 

sat(s)   = s,              if 1|| ≤s                                                     (6.33) 

                          = sgn(s) ,     if  1|| >s

We can approximate the sign non-linearity by a saturation non-linearity with high slope  

   sgn(s) )(sat
ε
s

≈         (6.34) 

whereε is a positive constant, and for good approximation of (6.34) ε  has to be very 

small. However, when ε  is too small, the high gain feedback in the linear portion of the 

saturation function may excite unmodelled high-frequency dynamics. Therefore the 

choice of ε  is a tradeoff between accuracy and exciting unmodeled high frequency 

dynamics. On the contrary, a largeε will reduce the accuracy while smoothing the control 

signal.  In the limit, as ,0→ε the saturation non-linearity )(sat
ε
s approaches the sign 

non-linearity sgn(s) as shown in figure 6.2. 

 

Figure 6.1 Sign non-linearity and saturation function 
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Now using  
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To analyze the stability of the system, we use the Lyapunov function 
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Using equation (6.35) and substituting in (6.20) 
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Which gives, 
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So that by letting η+= FK , in the region ε≥|| s , we have 

ssFsFV ).sgn(][||
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Knowing ||).sgn( sss
=

ε
 



|| sV η−≤&                         (6.44)  

Which shows that whenever ε≥|| s , s(t) will be strictly decreasing until it reaches the set 

}|{| ε≤s  in finite time and remains thereafter. The set }|{| ε=s defines two planes where 

the system states stay between the two planes ε=s and ε−=s . 

        The choice of η  also determines the finite time it takes to reach for the state 

trajectories starting from any initial condition (s(t=0)) to the sliding surface. Integrating 

equation (6.44) for s > 0 between t = 0 and t = tr  gives 

s(tr) - s(0) ≤  -η . tr         (6.46) 

Where tr is the time to reach the sliding surface and knowing s(tr) = 0 

tr  ≤
η

)0(s                     (6.45) 

One would obtain a similar result starting from s < 0, and thus 

   tr  ≤
η

|)0(| s          (6.47) 

        Starting from any initial condition, the state trajectory reaches the sliding surface in 

a finite time smaller than 
η

|)0(| s  . 

 

6.5 Transient and Steady State Response  

        The time response of a control system consists of two parts: the transient response 

and the steady state response. The transient response corresponds to the system output 

just after the system is turned on for a short period of time. If the system is asymptotically 

stable, the transient response disappears otherwise the transient response increase if the 
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system is unstable.  The steady state response corresponds to the difference between the 

desired and the actual output of the system at steady state.       

        After the sliding mode control makes sure that s goes to zero, equation (6.17) 

becomes 

0~~~
21 =++ xxx λλ &&&         (6.45) 

Which represents a linear differential equation whose steady state solution exponentially 

goes to zero ( =0) . The choice of x~ 1λ and 2λ imply the speed of the transient response of 

the system. The characteristics of the transient response of the system such as delay time, 

rise time, maximum overshoot and settling time to a step input can be designed by 

changing 1λ  and 2λ .  

 

6.6 Conclusions 

        This chapter presents briefly the design of the sliding mode controller for the 

hydraulic system. A suitable Lyapunov function candidate is selected to force the state 

trajectories to reach the sliding manifold in finite time and also to remain there. The 

implementation of sliding mode controller by control switching is necessarily imperfect 

and produces chattering. The chattering phenomenon in the sliding mode control is 

eliminated by introducing a thin boundary layer around the sliding surface, and as a 

result, a smooth control signal can be generated.  The performance of the proposed 

controller is experimentally demonstrated in the next chapter. 
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CHAPTER VII 

POSITION TRACKING THROUGH SIMULATION AND EXPERIMENT 

 

7.1 Introduction 

         The proposed sliding mode control is implemented in MATLAB/SIMULINK and 

carried out using the Math Works Real-Time Workshop connected to dSPACE 1104 

signal processor board around TMS320C31 floating point DSP which includes onboard 

A/D and D/A converters. The parameters of the controller implemented are changed and 

monitored through ControlDesk software in real-time. A block diagram of the hydraulic 

control system used for simulation is shown in figure 7.1. The detailed mathematical 

model of each block diagram used in SIMULINK is found in figures (B.1 - B.5) 
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Figure 7.1 Closed loop hydraulic system control 



        The inputs for the sliding mode controller during experiment are obtained from the 

measurement of the piston position, xp , the pressure from the bottom and upper chamber 

of the cylinder, and the spool position, xv, while the friction is predicted using the LuGre 

model which takes the velocity measurement of the piston into account. The velocity of 

the piston is obtained by taking the derivative of the piston position signal and passing it 

through a low pass filter (
14.0

1
+s

) to reduce the noise in the velocity signal. The time 

constant used for the low pass filter is chosen carefully from the knowledge of the 

bandwidth of the system obtained from chapter III so that important velocity signal is not 

lost. 

        To effectively assess the performance of the proposed sliding mode control, several 

experiments and simulations have been performed with different desired inputs and 

sliding mode controller parameters. A step and sine wave inputs are used to evaluate 

position tracking ability of the piston.  However different transient response of the 

hydraulic piston to a step input has been considered by changing the controller 

parameters.  

 

7.2 Sliding Mode Controller (switching) 

        We first proposed in the previous chapter a switched sliding mode Controller where 

the control signal has to be discontinuous across s = 0 (sign function).  Several model 

based simulations are performed to evaluate the performance of the switched sliding 

mode controller before implementing it on the hydraulic system. Figures 7.2 – 7.4 

represent the response for the piston to a step input of amplitude 20 mm. 
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        The controller parameters are chosen (λ1 = 8, λ2 = 32, η=10000) so that the transient 

response characteristics of the system will have a fair overshoot (damping ratio, ζ=0.7) 

and settling time of one second. 

 

 

Figure 7.2 Piston position while tracking the step input of amplitude 20 mm (simulation) 
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Figure 7.3 Control input and the magnified view to show chattering phenomenon 
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Figure 7.4 Position error trajectories sliding on the sliding manifold (s=0) 

        Referring to figure 7.2, position response of the piston from the simulation catches 

the desired position at about one second and with no steady state error.  However, 

fluctuation of the control signal is almost the same with sampling frequency used for the 

simulation. This kind of control chattering is not practical and cannot be implemented on 

the hydraulic system. Figure 7.4 explains the motion of the error trajectories starting from 

( x~ =20 mm) and getting attracted to the sliding surface in a finite time. It can also be 

observed that the error trajectories go to zero at steady state. 
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7.3 Smooth Sliding Mode Controller 

        Smooth sliding mode controller represents the modified sliding mode controller in 

the previous chapter for the purpose of reducing chattering (saturation function). As it is 

shown in figure 7.3 the implementation of control switching is necessarily imperfect due 

to the limitation of physical actuators and can also excite unmodeled dynamics.  

 

7.3.1 Step Response 

       Figures 7.5 – 7.8 represent the response for the step input of amplitude 20 mm. The 

controller parameter are chosen to be the same as before except the new boundary 

thickness parameter, ε which acts as the boundary plane for the error trajectories 

(invariant set) . The boundary thickness, ε is chosen to be 0.1.  

 
 

 
 
Figure 7.5 Comparison of piston position while tracking the step input in simulation and                      

experiment 
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Figure 7.6 Linear and robust part of the Control signal (V) 

 

 
 

Figure 7.7 Switching surface (s) while tracking the step input (experiment) 
 

 
Figure 7.8 Position of the valve for tacking the step input 

 71
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        The boundary thickness, ε is chosen to be very small to maintain good position 

tracking. The chattering in the control signal is reduced while sustaining the desired 

position as shown in figures 7.5 and 7.6.  The sliding surface function, s goes to zero and 

stays around zero as shown in figure 7.8 which implies the error trajectories are getting 

close to zero too. The position of the valve did not go to zero even after the piston 

reached the desired position and that is because the bottom and top chamber of the 

cylinder have different areas. Therefore to compensate for the different cylinder chamber 

areas the valve has to allow more fluid to one side. 

 

7.3.2 Sine Wave Response 

        Experiments and simulations are also done for a sinusoidal wave input of frequency 

0.5 rad/s, phase angle of π/4 and of amplitude 20 mm. The results obtained from 

experiment and simulations for tracking sinusoidal wave are shown in figures 7.10- 7.13. 

The boundary thickness of the sliding mode parameter is selected to be very small (ε = 

0.1)  to have a good tracking accuracy and η is made a large number (η =50000) so it will 

take very small amount of time to reach the sliding surface and also taking care of the 

uncertainty in friction. Recalling equation 6.43, the derivative of Lyapunov function will 

be negative or equal to zero if η is chosen to be large satisfying the sliding condition 

making the surface an invariant set for the error trajectories. 

 



 
 

Figure 7.9 Position of the piston for tracking sine wave input (experiment and simulation) 
 

 
 

Figure 7 10 Linear and robust part of the Control signal (V) 
 

 
 

Figure 7.11 Switching surface (s) while tracking the sine wave (experiment) 
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Figure 7.12 Position of the valve for tacking the sine wave input 
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7.4 Conclusions 

        This chapter has presented simulated results as well as experimental results for the 

closed loop hydraulic system. The results obtained in simulation and experiment did not 

match in the transient period and that is because in simulation we used the averaged value 

of the identified friction parameters. However friction parameters change extensively as 

function of position and temperature as demonstrated in chapter V. Secondly, the initial 

conditions of the pressure in the bottom, pressure in the upper chamber of the cylinder 

and also the bristle deflection are taken to be zero in simulation but actually in the 

experiment it did not start from zero. The sliding mode controller in the experiment has 

demonstrated good position tracking even in the presence of parametric uncertainties in 

friction.  The chattering phenomenon has been reduced while maintaining good position 

tracking accuracy.  
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CHAPTER VIII 

SUMMARY AND FURTHER RESEARCH 

 

8.1 Summary 

        This thesis developed and implemented a sliding mode controller for the task of 

tracking position of a hydraulic system. The analytical and experimental modeling of the 

hydraulic system is developed in Chapter III. System identification methods by 

frequency, step and pulse response methods are used to determine the transfer function 

for the valve and the piston.  Analytical models for the flow rate through the valve and 

pressure dynamics are also developed.  

        The progress and the development of friction from static to dynamic models have 

been studied in Chapter IV. Identification of the friction parameters have been performed 

by dividing the friction phenomenon into two regions, static parameters and dynamic 

parameters. The static parameters are determined from the sliding region of the friction-

velocity curve. The dynamic parameters are determined from the pre-sliding region of the 

friction-velocity curve. Experiments that successfully validated the identified parameters 

of the LuGre friction model and also the hydraulic system model have been presented in 

Chapter V.  In applications with high precision positioning and with low velocity tracking 

a better description of the friction phenomenon using the dynamic model is necessary 

because at low velocities friction is described well.  
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         In Chapter VI the design of the sliding mode controller for the hydraulic system 

using a suitable Lyapunov function candidate is developed to force the state trajectories 

to reach to the desired state. Chattering phenomenon in the sliding mode control is 

eliminated by introducing a thin boundary layer around the sliding surface, and as a 

result, a smooth control signal has been generated. Finally, simulated results as well as 

experimental results for the closed loop hydraulic system using the sliding mode 

controller have shown good position tracking even in the presence of parametric 

uncertainties in friction.   

 

8.2 Further Research 

        The results observed in the previous chapters specifically in the friction parameters 

which change as a function of position and temperature is the major cause of the 

hydraulic model uncertainty. The friction parameters have been identified in off-line 

estimation method in chapter IV. However the same parameter estimation can be made 

on-line by using adaptive control instead of using the off-line averaged parameters for the 

friction model. The basic idea in adaptive control is to estimate the uncertain parameters 

on-line based on the measured input-output data from a plant.  Therefore, adaptive 

control can be used to automatically estimate the friction parameters and as a result 

obtain a good model. 
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APPENDIX A 
 

FREQUENCY RESPONSE EXPERIMENT 
 

Experimental values obtained for identification of transfer function of the valve and the 

piston using frequency response method is found in Table A.1 and A.2. 

Table A.1 Experimental frequency response data for the proportional valve 
 

Sine wave Input to Valve Valve Output  
Freq(Hz) Amplitude (V) Amplitude (V) Phase shift (deg.) 

0.050 5 5 0 

0.070 5 5 0 

0.080 5 5 0 

0.090 5 5 0 

0.100 5 5 0 

0.200 5 5 0 

0.300 5 5 0 

10 0.5 0.511 0 

20 0.5 0.511 -6.47 

35 0.5 0.511 -11.32 

43 0.5 0.511 -16.9 

58 0.5 0.507 -24 

69 0.5 0.49 -27 

84 0.5 0.48 -30.2 

103 0.5 0.476 -33.75 

112 0.5 0.471 -36.8 

119 0.5 0.47 -38.6 

140 0.5 0.456 -50 

155 0.5 0.452 -55 

171 0.5 0.451 -61 

202 0.5 0.43 -72 

221 0.5 0.418 -73 

240 0.5 0.4 -77 

258 0.5 0.383 -83 

274 0.5 0.3735 -90 

284 0.5 0.3715 -92 

300 0.5 0.356 -98.2 

315 0.5 0.348 -104 
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Continued from Table A.1 
  

Sine wave Input to Valve Valve Output  
Freq(Hz) Amplitude (V) Amplitude (V) Phase shift (deg.) 

345 0.5 0.322 -112 
368 0.5 0.3015 -116 
382 0.5 0.305 -124 
395 0.5 0.303 -134 

410 0.5 0.28 -144 

 

 
Table A.2 Experimental frequency response data for the piston 

 
Sine wave Output from Valve Piston Output 

Freq(Hz) Amplitude (V) Amplitude (V) Phase shift (deg.) 
0.050 5 4.35 -90 
0.070 5 2.694 -90 
0.080 5 2.39 -90 
0.090 5 1.94 -90 
0.100 5 1.72 -90 
0.200 5 0.87 -90 
0.300 5 0.625 -90 



APPENDIX B 

HYDRAULIC CONTROL SYSTEM IN SIMULINK 

 

 

Figure B.1 Closed loop hydraulic system used in SIMULINK
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Figure B.2 SIMULINK block diagram used to calculate pressure dynamics and flow rate 
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Figure B.3 SIMULINK block diagram used to model LuGre friction model 
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Figure B.4 SIMULINK block diagram used to calculate f and b for the sliding mode 
controller 
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Figure B.5 Sliding mode controller model in SIMULINK 

 87



APPENDIX C 

EXPERIMENTAL SETUP OF THE HYDRAULIC SYSTEM 

 
 

 
 

Figure C.1 Description of the hydraulic system 
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